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® x = (x1,...,%n) coordinates on (C*)"

® f: (.fla"wff) EC[I75671V
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Generalized Euler integrals [GKZ]:
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Generalized Euler integrals [GKZ]:

z = (z1,...
f=0,--
s=(s1,...

a=(ai,...,

7ff) € C[I7:C71V
,50) €ECY v=(11,...
ar) €25, b= (by,...

,Zn) coordinates on (C*)"

,Un) €C"

,bn) €Z™
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Generalized Euler integrals [GKZ]:

® x = (x1,...,%n) coordinates on (C*)"

° f=(f,..., fe) EClz,z ']

® s=(s1,...,80) €C,, v={(v1,...,vn)EC"
'a:(al,...,ae)ezé, b= (b1,...,bn) €Z"

°* I' ¢ Hy(X,w), where w = dlog(f°z")
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Generalized Euler integrals [GKZ]:

14 n
dx +a; 1p, | dz dx
s+a _v+b — Il _SJ+°‘J . |I ‘_’z“'bl o0 o
/rf v x /r <j_1fj ) < " ) z1 hoeh In

1=1

® x = (x1,...,%n) coordinates on (C*)"

° f=(f,..., fe) EClz,z ']

® s=(s1,...,80) €C,, v={(v1,...,vn)EC"
° a:(al,...,ae)ezé, b= (b1,...,bn) €Z"
°* I' ¢ Hy(X,w), where w = dlog(f°z")

Denote

X ={ze(@)"[filx) - felx) #0} = (C)"\V(fr---fo) C (C)"



Motivation: Feynman integrals in Particle Physics
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Motivation: Feynman integrals in Particle Physics
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Generalized Euler Integrals arise as Feynman Integrals in the Lee—Pomeransky representation:
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Vector Spaces of Generalized Euler Integrals

Vr := Spang {[F] — / fera 2Vt d:-:}
r

(a,b) €2t x 7"

Mizera,Mastrolia

Ve 1= Spang {(s’y) — / pota grtd dxm}
r

(a,b) €Z¢x Z™

M= TP\N) Bitoun, Bogner, Klausen, Panzer

| Ve« 1= Spang {c — / f(m;C)Sw”dw}
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Vector Spaces of Generalized Euler Integrals

Vr o= Spanc {[F] — / fera LVt d:-r_x}
r

(a,b) €2t x 7"

Mizera,Mastrolia
Twisted de R&aw

coloinology
d
V;’V = Span(c(s,y) {(37]/) — / fs+¢l mVer _CIZ}
/Q A r z (a,b) €Z¢x Z™
M= TR}Q Bitoun, Bogner, Klausen,‘ Panz'er o
= Differential and divterence
opefatofs
d
Ve~ := Spang {c — / f(z; )’ ¥ _x}
a-boo r T ) e, (X w)

se @k Ve fC %ev\eric Matsubara-Heo, Chestnov et al.
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Theorem

Let X = (C)"\V(f1--- fe) C (C*)", where f; are Laurent polynomials with fixed monomial
supports and generic coefficients. Consider Vr, Vs ,,, Vo= with generic choices of parameters each. Then

dime (Vr) = dimggs,py (Ve) = dime (Ver) = (=1)" - x(X),

where x(X) denotes the topological Euler characteristic of X.
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Theorem

Let X = (C)"\V(f1--- fe) C (C*)", where f; are Laurent polynomials with fixed monomial
supports and generic coefficients. Consider Vr, Vs ,,, Vo= with generic choices of parameters each. Then

dime (Vr) = dimggs,py (Ve) = dime (Ver) = (=1)" - x(X),

where x(X) denotes the topological Euler characteristic of X.

Outline:

©® Twisted (co)homology;
® Differential operators and Mellin transform;

® One slide on Numerical Nonlinear Algebra
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1. Twisted deRham Cohomology
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1. Twisted deRham Cohomology

Ia,b(r) ::/ fs+a ZUV+b % :/ fs I . fail?b d_l'
r r

T

CHoose A BRANCH

N

X
A®¢ € Cn(X, L))
14

Zsj~ dlog (f;) + Zyi' dlog (z;) € Q%(X).

j=1 i=1

w = dlog(f°z")

® (d—wA)p =0 solution sheaf L



Twisted boundaries and chain complexes

0w (A ®c ¢) = 0A @c ¢

Ouw : Cr(X,LY) — Cr_1(X, L))  Kernel: twisted k-

cycles

Hi(X,L£Y) = kerdk/im9F+'  k-th twisted homology

/7 .
H (X, w)
Vi := Spang {[P] l—)/ fore Tt d_x}
. x

(a,b) € Z¢x Z™

C Home( Hn(X,w), C).



Twisted cohomology

® Regular functions

Q% (X) = 3, C-fa

® Regular k-forms Q% (X) = Zi1<-»-<ik Q% (X) -dzsy A--- Aday,

(2% (X),

® Twisted differentials

Vo): 0 — Q%(X) 2% 0k(X) Y% ... Y5 0

V() = (d+wh)o



Twisted cohomology

® Regular functions Q% (X) = Za,b(C-f”mb

® Regular k-forms Q% (X) = Zi1<-»-<ik Q% (X) -dxsy A--- Aday,

(% (X), Vi) 0 — Q% (X) % Q% (X) 2% ... Yo o (x) ¥ o,
® Twisted differentials V. (¢) := (d + wA)¢p
Twisted de Rham cohomology:
H*(X,w) = ker (% (X) % Q51 (X)) / im (5 1(X) 2% Q% (X)).
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Proposition B\ = \ £ ;‘/:P
v
The C-vector spaces Vr, H"(X,w), and Hir (X,w) are isomorphic.

a‘zge'bra\t analytic

r

Vanishing Theorem of twisted de Rham cohomology (Matsubara-Heo):
Fix f € Clz,z7*]% and let X = (C*)" \ V(f1,..., fr). For general (s,) € C**", we have that

H(X,w) =0 whenever x # n.



Proposition I} Y = \ 1

The C-vector spaces Vr, H"(X,w), and Hir (X,w) are isomorphic.

algebraic analytic
Vanishing Theorem of twisted de Rham cohomology (Matsubara-Heo):
Fix f € Clz,z7*]% and let X = (C*)" \ V(f1,..., fr). For general (s,) € C**", we have that
H(X,w) =0 whenever x # n.

Theorem

The Euler characteristic x(X) equals the alternating sum

2n
> (=1)" dime H* (X, w).
k=0

Corollary
dime Vr = dime H™(X,w) = |x(X)].

r
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Relations in cohomology

H"(X,w) — Homc¢( Hn(X,w),C), [fa:cbdf} — Iy

For all complex constants Cy 5

an,b-za,b =0inVp <
a,b

S Cus- fa? ‘ﬂ — 0in H"(X,w)
a,b

o pdz .
= an,b'f T ~ € im(V,).

a,b
Hence for any ¢ € S)?{l(X)7 we find linear relations between the generators I, by expanding

Vold) = 3 Con(9) - 122" 2.
a,b

xT



Example (n =1,/ =2)

Let f=(z—1,2—2) € Clz,27 )%, so X =P"\ {0,1,2,00}.

) = /\/cc— -2z &

Takes:(%, ),y:%andsetqﬁzlz

o1d$ —1 1d95 oodx

Vo(1) = 7f1 + f1f2 — + f1

Hence, C'—1,0,1(1) = Clo,-1)1(1) = Co,0,0(1) = 3-

For every choice of the twisted cycle I', we have

V(i —=1)(z—2)x Ve —=1)(z—-2 Vie—=1)(z—-2)x
/ dzr + dz

r—1

10



2. Mellin transform

Let f € Clz1,...,z,)", fix s € C*

M) = / fra &

r T

where I' :=T'(s,v) € Hn(X,w(s,v)).



2. Mellin transform

Let f € Clz1,...,z,]" fix s € C*

m(ryo) = [ e
r
where I' :=T'(s,v) € Hn(X,w(s,v)).
{ n54a |
Properties: m H X

0 Mz - f7Hv) = M Hv +e),

2] Dﬁ{w o, }(V) = —vi- M }w).



D, = Clz1,...,2,]{01,. ..

® [0i,ai] = Oizi —2:0; =1# 0, wherei=1,...,n.

° (9@'-[“:$i'(9i+1€Dn:Whereasai.xi:16(c[xl’”.

s On ),

7x"]'

neth, Weyl Algebrs

Q_ - %.'9[ R gupa/c

o)oeraizf

12



D, = C["El,...7wn}<817"'aan>7 I’l—ﬁf\ Wﬁyl Algebfd

® [0;,x;] == 0ixs —x:0; =1 #0, wherei=1,...,n.

® 9, -x; =x;-0; +1 € D,, whereas 8¢0xi:16C[x1,...,xn]. a55x|'9L' R a&}b
operator

Dxyn = Clzit, .. .,x,ﬂfl]((’)l, ceeyOn)

= Clat, .., (0, ., 00),

12



D, = Clz1,...,z,]{01,...,0n),
® [0;,x;] == 0ixs —x:0; =1 #0, wherei=1,...,n.
L4 8i~mi:xi-8i—|—1€Dn,whereas@ioxi:16(C[x1,...,xn].

Dxyn = (C[:v:ltl,...,xfl]@l,...,an)
—Clt a0, 0,
SN :— (C[Vl,...,Vn](afl,...,crf1>

* oy, = (i £1)oF, wherei=1...,n.

n-th Woy | Algebrd

A Eulor

o)'De,rérh)r

a- =X 9[

n-H Shift A\gebra

12



Algebraic Mellin transform

E)Jl{} DG% [81, ey Sz]
+1

0:

Si

x

A

Sn [81,...

+1

—VU;

Si
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Algebraic Mellin transform

E)ﬁ{} DG% [81, ey Sg]
il

0;

Si

Example (n = ¢ =1):

A

S [s1,. .., 8]
+1

—VU;

Si

Let P = 228, — 320, + 20, — 2xs + 3s € Cle, z s](0),

M{P} = —vo+3v — 207y — 250 + 3s
=—(v+1)o+3v—2v—1)0 ' —2s0+3s

/

41 )
g V=Wl

13



Computing linear relations: /=1

Let f € Clz1,...,zx], the Bernstein—Sato polynomial of f is the unique monic polynomial by € C|s]
of smallest degree for which there exists Py € Dy[s] such that

Pr(s) e f7 = byp(s) - f°

14



Computing linear relations: /=1

Let f € Clz1,...,zx], the Bernstein—Sato polynomial of f is the unique monic polynomial by € C|s]
of smallest degree for which there exists Py € Dy[s] such that

Pr(s) e f5H = by(s) - f°
me-f
MPr} oMLY = by(s)- M7y lowerng i s
wrike Tpo(sv) i terms § Iqb(su,u)

14



Computing linear relations: /=1

Let f € Clz1,...,zx], the Bernstein—Sato polynomial of f is the unique monic polynomial by € C|s]
of smallest degree for which there exists Py € Dy[s] such that

Pr(s) e f1 = bs(s) - f°
mi-§
M{Pr} e MF '} = by(s) - M{p7}  lowerng in &
write Too(s0) in torms & L, (s+10)

MY = ML F} = MFFeM}  raising i 5
——

€Sn

Remark

It is enough to consider just shifts in the vector b € Z™ .

14



Example (n = ¢ =1)

Let f = (z—1)(z — 2) € C[z]

Annp, ()(f*) = {P € Dy[s] | Pe f* =0}

We can compute it using the library dmod_1ib in Singular:

LIB "dmod.lib";

ring r = 0,x,dp; poly f = (x-1)*(x-2);
def A = operatorBM(f); setring A;

LD; // s-parametric annihilator of f”s

15



Example (n = ¢ =1)

Let f = (z—1)(z — 2) € C[z]

Annp, (g (f°) = {P € Dy,[s] | Pe f* =0}

We can compute it using the library dmod_1ib in Singular:

LIB "dmod.lib";

ring r = 0,x,dp; poly f = (x-1)*(x-2);
def A = operatorBM(f); setring A;

LD; // s-parametric annihilator of f”s

Annp, (5)(f°) = (fOr — 50z e f)

A linear relation in Vs, among Euler integrals can be attained by expanding

M{fOy — 50, @ fLeM{f*} = (—(v+1)o+3v—2(v—1)o ' — 250 + 3s)) o/

r

fsiﬂyi
x

dx

15



Theorem [BBKP19]:

When ¢/ =1, I' = R>(, the dimension of V; , is given be the signed topological Euler characteristic of
the hypersurface complement (C*)™ \ V(f), i.e.,

dimee) (Vs) = (=1)" - x ((C)"\V(£)).
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Theorem [BBKP19]:

When ¢/ =1, I' = R>(, the dimension of V; , is given be the signed topological Euler characteristic of
the hypersurface complement (C*)™ \ V(f), i.e.,

dimee) (Vs) = (=1)" - x ((C)"\V(£)).

Definition

Let £ > 1 and a € N*. The a-Bernstein—Sato ideal of (fi1,..., f¢) is the ideal
B, . ¢, 2 Cls1,...,s¢] consisting of all polynomials p € Cl[s1, ..., s¢] for which there exists
P € Dyls1,..., s such that

Pe(firten. . frerar)y = po o fie
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Theorem [BBKP19]:

When ¢/ =1, I' = R>(, the dimension of V; , is given be the signed topological Euler characteristic of

the hypersurface complement (C*)™ \ V(f), i.e.,

dimee) (Vs) = (=1)" - x ((C)"\V(£)).

Definition

Let £ > 1 and a € N*. The a-Bernstein—Sato ideal of (fi1,..., f¢) is the ideal
B, . ¢, 2 Cls1,...,s¢] consisting of all polynomials p € Cl[s1, ..., s¢] for which there exists
P € Dyls1,..., s such that

Pe(firten. . frerar)y = po o fie

Thorem [AFST22]
Let f € Clz1,..., :rn]é. Then dimgs ) (Vo) = (1) - x ((C)"\ V(f1--- fo))-

16



(Co)homology and Mellin transform

Proposition [AFST22]:

Let £ =1 and consider a differential operator P € Annp, 4(f*) which is of degree at most 1 in

31,. .. ,On, i.e.,

P = Zpi(x,s)~6¢+q(w,s), where pi1,...,pn,q € Clz1,...,2Zn, 5]

i=1

Then the equalities M{P} e M{f°} =0 and V., (¢) =0 in H"(X,w) with

n
| dz,_ dz. d
¢:§ (_]_)’ 1&&/\.../\&/\M/\.../\ﬁ
- €T; I1 Ti—1 Tit+1 Tn
i=

lead to the same linear relation of integrals I 4.

17



Computing Euler Characteristics

Theorem (Huh):
The Euler characteristic x(X) equals the number of complex critical points of

14

L = log(f°z") = Zsj log f; + Zl/i log z;

i=1 i=1

for general s, v.
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Computing Euler Characteristics

Theorem (Huh):
The Euler characteristic x(X) equals the number of complex critical points of

14

L = log(f°z") = Zsj log f; + Zl/i log z;

i=1 i=1
for general s, v.

Homotopy
Solving rational function equations: Contlnué't'ionj'l

using HomotopyContinuation

@uar x y s v[1:2]

f = —xxy”~2 + 2%xxy”3 + 3xxT2ky - xT2%y"3 - 2%x"3*y + 3*kx"3xy~2
L = sxlog(f) + v[1l*log(x) + v[2]*log(y)

F = System(differentiate(L, [x;y]), parameters = [s;v])

18



REPOSITORY IN THE SCIENCES
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°°—§@ SOFTWARE /ror MATHEMATICS

https://mathrepo.mis.mpg.de/Eulerlntegrals

Thank you!
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https://mathrepo.mis.mpg.de/EulerIntegrals

Theorem

Let X = (C*)"\V(f1--- fe) C (C*)", where f; are Laurent polynomials with fixed monomial supports
and generic coefficients. Consider Vr, Vs ., Ver, H 4 (k) with generic choices of parameters each. Then

dimc¢ (VF) = dimC(s,u) (‘/s,u) = dimc (‘/c*) = dirnC((:) (R4/(RA : HA(H))) = (_1)n : X(X)7

where x(X) denotes the topological Euler characteristic of X.

20



Theorem

Let X = (C*)"\V(f1--- fe) C (C*)", where f; are Laurent polynomials with fixed monomial supports
and generic coefficients. Consider Vr, Vs ., Ver, H 4 (k) with generic choices of parameters each. Then

dime (Vr) = dime(s,y) (Vo) = dime (Ver) = dimee) (Ra/(Ra - Ha(r))) = (=1)" - x(X),

where x(X) denotes the topological Euler characteristic of X.

Outline

® Twisted (co)homology;

® Differential operators and Mellin transform;

20



2. GKZ systems

Let v € C", s € C*, and the integers a = b = 0 to be fixed,

Ve := Spang {c — / f(z;e)® ¥ d_x}
r x

[T]€Hn (X,w)

21



2. GKZ systems

Let v € C", s € C*, and the integers a = b = 0 to be fixed,

Ve~ := Spang {c — / f(ac;c)sx"dx}
r ¥ ) e (x )

We fix finite subsets {A;};=1,...¢ of Z" representing the monomial supports of the f;:

filz;e5) = Z Cayj 2.

Ay

b
I

a€A;
Az

0

1

0

A
0 0
0 0
1 1

21



2. GKZ systems

Consider the Weyl algebra Da = Clca | € A{0a | a € A).
Definition

Ia = (0" — 8" |u—v € ker(A), u,vGNA> A4 Cloa | € A].

22



2. GKZ systems

Consider the Weyl algebra Da = Clca | € A{0a | a € A).
Definition

Ia = (8" —8"|u—v e ker(A), u,v € N*) a C[da | € A].
Let &k = (—v,s)" € C",
Jae =((A0 — k)i, i=1,...,n+1),
where 6 := (0a)aca and 0o = caOa.

22



2. GKZ systems

Consider the Weyl algebra Da = Clca | € A{0a | a € A).
Definition

Ia = (8" —8"|u—v e ker(A), u,v € N*) a C[da | € A].
Let &k = (—v,s)" € C",
Jae =((A0 — k)i, i=1,...,n+1),
where 6 := (0a)aca and 0o = caOa.

HA(k) = Ia+Jarx < Da

22



2. GKZ systems

Consider the Weyl algebra Da = Clca | € A{0a | a € A).

Definition

Ia = (8" —8"|u—v e ker(A), u,v € N*) a C[da | € A].

Let &k = (—v,s)" € C",
Jae=((A0 —kK);, i=1,...,n+1),

where 6 := (0a)aca and 0o = caOa.

HA(k) = Ia+Jarx < Da

Remark
The Newton polytope of the polynomial

14

-1 -1
h = Zanrj fj(x,Cj) € C[xlv"'mnleaxl vy Tpge
j=1

coincides with the convex hull of the columns of A.

22



2N

Example (n =2,/ =1):

We consider the polynomial f = —zy? + 2z1° + 322y — 22y® — 223y + 32%y* € C[z, y], but replace its
y Y Y Y Y Y Y Y
coefficients by indeterminates c1,...,¢s :
f= clmy2 + cQa:y3 + C3a:2y + C4x2y3 + csx3y + csx3y2

1 3 3
A=12 1 2.
1 1 1

Then

— W =
— = N
— W N

vol(NP(h)) = vol(A) = 6,

where h =z - f

23



Example (n =2,¢=1):

Using the Macaulay2 package Dmodules, one computes that the toric ideal 14 is generated by

Ia = (9205 — 0106, 0304 — 0106, 0205 — D305, D105 — 9506, 0305 — 0203,
010405 — 20506, 9103 — 9305, 205 — D705, 0305 — 87 0a).

The ideal J4,, is generated by the 3 operators

01+ 02 + 203 + 204 + 305 + 306 + 11, 201 + 3602 + 03 + 304 4 05 4+ 206 + 12, 01 + 02 + 03+ 604+ 05 + 05 — s.

Together, these 12 operators generate H4 (k).

G = gkz(A,k)
holonomicRank G
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Theorem [Cauchy, Kovalevskaya, and Kashiwara]:

The dimension of the space of solutions of a D-ideal I on any simply connected domain U outside the
singular locus Sing(I) is equal to the holonomic rank of I.

The singular locus of our GKZ system is the principal A-determinant {E4(c) = 0}.
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Theorem [Cauchy, Kovalevskaya, and Kashiwara]:

The dimension of the space of solutions of a D-ideal I on any simply connected domain U outside the
singular locus Sing(I) is equal to the holonomic rank of I.

The singular locus of our GKZ system is the principal A-determinant {E4(c) = 0}.

Theorem

Let ¢* € C* be such that E4(c*) # 0 and let k be non-resonant. For any simply connected domain
Uex > ¢* such that U N{Ea(c) = 0} = 0, we have that

dime (Ver) = dime(e) (Ra/(Ra - Ha(x))) = [x(X(c"))| = vol (NP(h)),
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Theorem [Cauchy, Kovalevskaya, and Kashiwara]:

The dimension of the space of solutions of a D-ideal I on any simply connected domain U outside the
singular locus Sing(I) is equal to the holonomic rank of I.

The singular locus of our GKZ system is the principal A-determinant {E4(c) = 0}.

Theorem

Let ¢* € C* be such that E4(c*) # 0 and let k be non-resonant. For any simply connected domain
Uex > ¢* such that U N{Ea(c) = 0} = 0, we have that

dime (Ver) = dime(e) (Ra/(Ra - Ha(x))) = [x(X(c"))| = vol (NP(h)),

Remark

For any choice of parameters k = (—v, s), the following inequality holds

dime(e) (Ra/(Ra - Ha(k))) > vol (NP(h)).

25



Motivation: Feynman Integrals in Particle Physics

Let G be a connected Feynman diagram.

Definition 5 %

2535 SR~ O 0=l

TeTq 2 ¢T

e Spanning tres of G

Fa,s = Z H Te ;[ g ]—/ 7 N
TsUTs€Tg e¢Ts,Tg / N b - — R
N s N

The second Symanzik polynomial Fg

Fom Y (zp,.ffc,s _ (z iz,

5,567)@ i€S e=1

’\ PARTITIONS OF n EXTERNAL 1eGS

INTO 2 DISTOINT SUBSETS

The first Symanzik polynomial Ug is

For S C {1,...,ng}, define

m 7 LY N
)Z/{G
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