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Motivation

o Ubiquity: combinatorics, number theory, algebraic geometry

@ Confluence of several domains:

— functional equations
— automatic sequences
— complexity theory

e One of the most difficult questions in modular
computations is the complexity of computations
mod p for a large prime p of coefficients in the
expansion of an algebraic function.

D. Chudnovsky & G. Chudnovsky, 1990
Computer Algebra in the Service of
Mathematical Physics and Number Theory
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Problem and main result

Input:
— prime field K =F,
~ E(z,y) € K[z, y], with E£(0,0) =0, E,(0,0) #0
- NeN

Output:

— the Nth coefficient of the unique solution f(x) € K][z]] of
E(z, f(x)) =0, f(0) =0
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Problem and main result

Input:
— prime field K =F,
~ E(z,y) € K[z, y], with E£(0,0) =0, E,(0,0) #0
- NeN

Output:

— the Nth coefficient of the unique solution f(x) € K][z]] of
E(z, f(x)) =0, f(0) =0

Main result:

— arithmetic complexity linear in log N and almost linear in p
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State of the art

First N coefficients complexity at best O(V)

Chudnovsky + Chudnovsky, 1986
On expansion of algebraic func-
tions in power and Puiseur se-
ries, I
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State of the art

compute Nth term after precomputation

d = deg, E(x,y)

Method

char. 0

char. p

Binary powering (d = 1)
Baby steps — Giant steps

Divide and Conquer

O(logy N) 4+ O(1)

O(N) +0(1)
X

b 4
O(log, N) x O(p*?)
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State of the art

compute Nth term after precomputation d = deg, E(x,y)
Method char. 0 | char. p
Binary powering (d = 1) O(logy N) + O(1)
Baby steps — Giant steps | O(vV/N) + O(1) X
Divide and Conquer X O(log, N) x O(p*?)
Miller + Brown, 1966 Fiduccia, 1985
An algorithm for An efficient formula for
evaluation of remote terms in linear recurrences

a linear recurrence sequence
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State of the art

compute Nth term after precomputation d = deg, E(x,y)
Method char. 0 | char. p
Binary powering (d = 1) O(logy N) + O(1)
Baby steps — Giant steps | O(v/N) 4+ O(1) X
Divide and Conquer O(log, N) x O(p*?)

algebraic equation — differential equation — linear recurrence

Chudnovsky + Chudnovsky, 1988
Approzimations and

complex multiplication

according to Ramanujan
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State of the art

compute Nth term after precomputation d = deg, E(x,y)
Method char. 0 | char. p
Binary powering (d = 1) O(logy N) 4+ O(1)
Baby steps — Giant steps 6(\/N) +0(1)
Divide and Conquer X O(log, N) x O(p*?)

algebraic equation — Mahler equation — DAC recurrence

Christol + Kamae + Allouche + Shallit, 1992
Mendés France + Rauzy, 1980 The ring of
Suites algébriques, automates k-regqular sequences

et substitutions
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From algebraic equation to Mahler equation

Algebraic equation y = 2z + 2zy + xy® + xy®

3 9 27 p=3
y vy Yy Y
14222423 14202 42342254264 28429402114 512
1 0 1 12’ fa”
z3 212
14z 14z+202 42342 1ta+222 403 42442254220 42207428429 4210424114 4124 4,13
y 1 £ P 13
y2 0 9 9 1+ac+2g:2+:1:3 2+2z+z2+213+2z4+z5+x6+T;+2z8+2m9+2x10+m11+2m12
x x

Mahler equation

(2x2 + 223 + ac4) f(z)
+ 1+ 2?4223 + 22 + 20 + 2x6) f(z)?
+ (24 22% 4 22° 4+ 2° + 22°) f(2)? + 27 f(2)*" =0
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From algebraic equation to Mahler equation

Algebraic equation y = 2z + 2zy + xy® + xy®

3 9 27 p=3
y vy Yy Y
14222423 14202 42342254264 28429402114 512
1 0 1 12’ fa”
z3 212
14z 14z+202 42342 1ta+222 403 42442254220 42207428429 4210424114 4124 4,13
y 1 £ P 13
y2 0 9 9 1+ac+2g:2+:1:3 2+2z+z2+213+2z4+z5+x6+T;+2z8+2m9+2x10+m11+2m12
x x

Mahler equation
(2x2 + 223 + ac4) f(z)

+ 1+ 2?4223 + 22 + 20 + 2x6) f(z®)
+ (24 223 4 22° 4+ 2° + 22°) f(2°) + 2 f(2*") = 0

Frobenius f(x)? = f(aP)
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From Mahler equation to DAC recurrence

Algebraic equation y = 2z + 2zy + zy? + zy°
Mabhler equation x® f(x?)
(22 + 22° + 2%) f(2)
+ (1+ 22+ 223 + 22t + 25 + 2x6) f(z®)
+ 2+ 223 4 225 + 2% + 21:9) f@) +2°f(2*) =0

Divide-and-conquer recurrence frn—s
q

2fn72 + 2fn73 + fnf4
+ f% + fn—2 -I‘ 2fn—3 ‘I‘ 2fn—4 ‘I‘ fn—5 ‘I‘ 2fn—6
3 3 3 3 3
+2fn +2fn-3 +2fns + fn6 +2fn-9 + fno =0
9 9 9 9 9 27

fm=01f$¢N20
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From Mahler equation to DAC recurrence

Algebraic equation y = 2z + 2zy + zy? + zy°
Mabhler equation x® f(x?)
(22 + 22° + 2%) f(2)
+ (1+ 22+ 223 + 22t + 25 + 2x6) f(z®)
+ 2+ 223 4 225 + 2% + 21:9) f@) +2°f(2*) =0

Divide-and-conquer recurrence frn—s
q

2fn—2 +2f7=3 + fa
+ f% + fn—2 -I‘ 2fn—3 ‘I‘ 2fn—4 ‘I‘ fn—5 ‘I‘ 2fn—6
3 3 3 3 3
+2fn +2fn-3 +2fns + fn6 +2fn-9 + fno =0
9 9 9 9 9 27

fm=01f$¢N20
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From algebraic equation to DAC recurrence

(62165 45216425163 4 95162 4 43161 35160 93155 4 55158 5151 1 4150 1 35149 46,147

+ml44+21143+51142+ 14]+31140+()z139+1137+2z136+ )1135+1134 133+ 1132+2z130

+41129+3z128+41127+6I126+61125+61123+51122+2 121+ 120+41119+3r118+' 116

114+4zll3+z112+61111+4z106+6z104+41102+1101+61100+5z98+2z71+3z69

+3z115+4z
267 49266 4 5,65 5,64 5,63 4,62 5 5Ty 55 5053 4 52 4 51 49 o 46 5 45, A4
6013 12 oAl 5,39 38 0BT 5036 35 4 34 5032 g 31 30 .20 o 28 o027
2025 +4224 4322346221 46218+ 521 T+ 221042215 4214 432154208 4305 200 4405 4302 +6) £ (019)

+(a;165+2z164+5m163+5x162+3w161+41160+5x155+4m153+5:z:151+3x150+4z149+x147)f(z343):0

O(log, N) x p*

Fast Computation of Algebraic Series



Nth coefficient using section operators

Section operators
fl@) =) far" € K[la]]
n>0

S f(@) =D forsrz®, 0<r<p
k>0

Bostan, Christol, Dumas Fast Computation of Algebraic Series



Nth coefficient using section operators

Section operators

f@) =Y faz" € K[[z]]

n>0
Sef(@) = fohr®, 0<r<p
k>0
Lemma
Let f = anx" be in K[z]] and let N = (Ny--- N1No), be the radiz p
n>0

expansion of N. Then fn = (SN, -+ - SN SN, f)(0).
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Nth coefficient using section operators

N = 100000 p=T7
=5x168074+6x2401+4x343 +3 x49+5xT7+5x1
=(5,6,4,3,5,5)7

f(@) = fo+ frz+ for® + fsa® + faz' + fsa® + -

Ssf(x) = f5 + frox + frox? + fogx® + fazx? + frox® 4+ ---
S5S5f(x) = fao + feow + fras®? + figra® + fozex® + fogsa® + -+
538555 f(x) = fist + fss0x + fsrsz® + fr2162° + fissez® + fiooaz® + -+
545935555 f (x) = fisso + faos0t + feserx” + faveax® + frirgsaz + - -
S65459355S5 f(2) = fisoes + fazrrax + faosror? + foease®> + fsziox® 4 -
555651535555 f () = fio0000 + f217640% + fassoost” + faszoara® + - --
5586545935555 f(0) = f1o0000
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Diagonal (forward)

Flo,y) y(1 — 5zy — 2y? — 33y%) .
x,y) = = p=
’ 1 — 2z — 5zy — 4ay? — zy3

Y +2zy  +4z?y 2Py 2ty 442y oSy 4227y 4408y +2%  + 2010

+3Jt2y2 +5x3y2 +x4y2 +5x5y2 +2$6y2 +2$7y2 +6x9y2 +3x10y2

+ 3y + 3a3y3 +6a5y? + 4283 +2Ty? 462843 + 621043
+ 5oyt + 622yt Fatyt byt Tyt 4328yt 4 5%yt

+ 2123;5 + 213y5 + 6z5y5 + 416y5 + 5z7y5 + 4z9y5 + 4110y5

4+ 22256 43236 4 524y0 + 50648 4 627yS + 42995 4+ 621046

+522y7 4 623y7 + 5a5y7 +627y7 + 3297 + 521047

+2x4y8 +3x5y8 +2$6y8 +3x8y8 +6m9y8 +5x10y8

+x3y9 +w4y9 +3x5y9 +6x6y9 +6:c7y9 +m9y9 +6w10y9

+ SZSylo + 615y10 + 216y10 + zSylo + 4110y10
+atyll p oSyl 5Byl L agTyll | g8yl 4 9g9y 11

+6z5y12+2z6y12 +z7y12 +3z9y12+ 3zloy12

+521y13 + 526413 4329913 4 210413

+ 5x5y14 + 3:c7y14 + 4$9y14+ 2m10y14

+ styls + wals + 3x7y15 + w8y15 + 2w9y15+ 4210y15

+ 515y16 + 416y16 + 4z7y16 + 51:9y16+ 4110y16

f(z) = DF(z) = 2z + 322 + 323 + z? + 62° + 526 + 627 +JB:L'8 + 29 + 4210 + .

, Dumas Fast Computation of Algebraic Series 41st ISSAC 11 / 24




Diagonal (backward)

Theorem (Furstenberg’s theorem)

Every algebraic series is the diagonal of a bivariate rational function.

E(z, f(x)) =0, f(0)=0, Ey0,0)#0

f(x)zD% with a(z,y) = yEy(zy,y), b(z,y) = E(ry,y)/y

Furstenberg, 1967,
Algebraic functions over

finite fields
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Sections are diagonals

univariate sections S,.: action on algebraic formal series

Srf
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Sections are diagonals

univariate sections S,.: action on algebraic formal series

S f= STD% diagonal
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Sections are diagonals

univariate sections S,.: action on algebraic formal series

S f= STD% diagonal

|

bivariate sections S,: action on bivariate rational functions
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Sections are diagonals

univariate sections S,.: action on algebraic formal series

S f= STD% diagonal

|

bivariate sections S,: action on bivariate rational functions

a

b

S,.D =D&%

commutation rule
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Sections are diagonals

univariate sections S,.: action on algebraic formal series

S f= STD% diagonal

|

bivariate sections S,: action on bivariate rational functions

STD% = DST% l commutation rule

pseudo-sections 7,.: action on bivariate polynomials
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Sections are diagonals

univariate sections S,.: action on algebraic formal series

S f= STD% diagonal

|

bivariate sections S,: action on bivariate rational functions

STD% = DST% l commutation rule
pseudo-sections 7,.: action on bivariate polynomials
S,abP~1
Sy f = DST% = D% Frobenius
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Sections are diagonals

univariate sections S,.: action on algebraic formal series

S f= STD% l diagonal

bivariate sections S,: action on bivariate rational functions

STD% = DST% l commutation rule

pseudo-sections 7,.: action on bivariate polynomials
S,abP—1
b

T,
S f = DST% =D = DTG Frobenius

T.v = S,vbP~!
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Sections are diagonals

univariate sections S,.: action on algebraic formal series

S f= STD% diagonal

|

bivariate sections S,: action on bivariate rational functions

a a
STDE =DS,— commutation rule

|
pseudo-sections 7,.: action on bivariate polynomials
S,abP—1

a
Srf:DSTE =D b

= D% Frobenius

Tov = S,vbP~1

Christol, 1979,
Ensembles
presque périodiques

k-reconnaissables
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Nth coefficient using pseudo-section operators

univariate sections S,: action on formal series

fN - (SNe ’ "SN1SN0f)(O)

bivariate sections S,: action on bivariate rational functions

pseudo-sections 7;: action on bivariate polynomials
fy = (T, - - - TN, Ty @)(0,0)

b(0,0)
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Nth coefficient using pseudo-section operators

univariate sections S,: action on formal series

fn = (SN, - SNy SN, £)(0)

bivariate sections S,: action on bivariate rational functions

pseudo-sections 7;: action on bivariate polynomials
fy = (T, - - - TN, Ty @)(0,0)

b(0,0)
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Finite dimensional stable subspace

T.v = S,vbP~! B =11
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Finite dimensional stable subspace

Tov = S,vbP~! B=w!

dz = max(deg, a,deg, b), dy = max(deg, a, deg, b)

T

]Fp[x?y]dz,dy — Fp[xvy] — Fp[l"y]
vi— VP ' =vB+— SwB=Tw
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Finite dimensional stable subspace

Tov = S,vbP~! B=w!

dz = max(deg, a,deg, b), dy = max(deg, a, deg, b)

T

]Fp[x?y]dz,dy — Fp[xvy] — Fp[l"y]
vi— VP ' =vB+— SwB=Tw

Fplx,yla,.q, stable by the T}
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A geometrical evidence

T,

Fp [$7 y]dz 7dy — ]FP [x7 y]sz 7pdy — ]FP [x7 y]dz:dy
vi— P '=vB+—— S.wB=Tw

40
30
p=11
E=(+a)(z—y)+2°y> + (1 +o)y® +y°
a=—y—ay? +3y> + 4y + 32yt + 2202y 20
b=—1+z—azy+y?+ay+y>+ayd +22y3
dy =2,dy =4
10
small box [0, dgz] X [0, dy]
ag
oo

10 20
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A geometrical evidence

T,

Fp [$, y]dz 7dy — FP [$7 y]sz 7pdy — FP [x7 y]dz:dy
vi— P '=vB+—— S.wB=Tw

40

30

ooooo

20
dilation with ratio p — 1

large box [0, (p — 1)dz] X [0, (p — 1)dy]

B =P~

ooooooooooo

0oo oooo _ooooo _oooo

oooo_ooo

10 20
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A geometrical evidence

T,

Fp [$, y]dz 7dy — FP [x7 y]sz 7pdy — FP [x? y]dz:dy
vi— P '=vB+—— S.wB=Tw

40

00 0D 0o ooo oo oo op

o
o
o
o
o
o
o
o
o
o
o
o
o
o
o
o
o
o
T

30}{ oo ocoooooooooo_ oo

20

o
o
o
o
o
o
o
o
o
o o
o
o
o
1= - - - - -

translation by (1, 3)

ooooo
o
o
o
o
o
o
o
o
o
o
o
o
o
o
o
=}

very large box [0, pdy] X [0, pdy] zy°B

a
a

a

a

a

o

a

a

a

a

3 a
. . . a

v = zy® in the canonical basis o
a

a

a

a

a

a

o

a

a

a

o

o
ooo o
oooooooo
oopoooooooo

10 20
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A geometrical evidence

T,

Fp €, y]dzvdy — Fp[x7 y]Pdedy — ]Fp[l" y]dz:dy
vi— P '=vB+—— S.wB=Tw

40

00 0D 0o ooo oo oo op
0000DO00000DO000000
00 _0ooooooooo ooooog
30}{ oo ocoooooooooo_ oo

T

o
o
o
o
o
o
o
o
o
o
o
o
o
o o
o oo
o
o
o
o
o
1= - - - - -

20

ooooo
o
o
o
o
o
o
o
o
o
o
o
o
o
o
o
=}

:L‘y3B

a
a
a
a
o
a
a
a
filter » = 3 g
a
o
a
a
a
o

oomoooooooo e

10 20
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A geometrical evidence

T,

vi— P ' =vB+— SwB=Tw

40

00 0D 0o ooo oo oo op

o
o
o
o
o
o
o
o
o
o
o
o
o
o
o
o
T

o
o
o
o
o
o
o
o
o
o o
o
o
o
1= - - - - -

contraction

o
ooa ao”8oaon
§oooo. ooo Goo-og
50000000000a000aaR
small box [0, dy] X [0, dy] 000000000 GO00000)
800ooooooo Goooo
oo oooooo. o oooo
3 3 0o0oooonogoooooan
Tazy3 = Sazy3B oooooo ooo oooo
3wy” = Sgry 88385803850538
8000000000808
8o00oooo o0ao
5oogoooan
Soocooon
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A geometrical evidence

T,

Fp [l’, y]dz \dy — FP [.f[f, y]sz 7pdy — FP [x7 y]dz:dy
vi— P '=vB+—— S.wB=Tw

We can compute fy in O((dyd,)?log N)
if we know the matrices
AOv A17 R Ap—l
of
To, Ty, ..., Ty
in the canonical basis (2"y™) of Fplx, yla,.d,-
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16 / 24



Precomputation of Ay, Ay, ..., A,

All information is in B = bP~1.

matrix A4,: 2"y" ——— 2"y"B ———— S, 2"y B
translation selection
No computation in K = [F,,, except raising b to the power p — 1

Cost: O(p?) (binary powering, Kronecker substitution, FFT)

Theorem

The Nth coefficient can be computed in time

5(;02) + O(log, N).

Bostan, Christol, Dumas
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Precomputation of Ay, Ay, ..., A,

All information is in B = bP~1.

matrix A4,: 2"y" ——— 2"y"B ———— S, 2"y B
translation selection
No computation in K = [F,,, except raising b to the power p — 1

Cost: O(p?) (binary powering, Kronecker substitution, FFT)

Theorem

The Nth coefficient can be computed in time

5(;02) + O(log, N).

To be compared with
O(p3d) x O(log, N)

Bostan, Christol, Dumas
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Only a small part of B = b’~! is enough

Task: Computation of Ay, A1, ..., Ap—1

row index ¢ = (k, ¢)
column index j = (n,m)

B= Z cawgz‘o‘yﬂ
a7/3

translation selection
YT Y cq Y > g gty

aMB a’ﬁ
(@)

(C’){ Zio‘ﬂ::@’;j; = B=a+pl—k)+n—m

Bostan, Christol, Dumas
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Only a small part of B = b’~! is enough
p=11 p =109
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Improved precomputation

B(x/t,t) an prth = = Zm;(w)t‘s
6
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Improved precomputation

B(x/t,t) an prth = = Zm;(av)t‘s
6

Frobenius

Bla/tt) = blajt, =t = LD L e

ba/tt) — b(w/tt)
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Improved precomputation

B(x/t,t) an prth = = Zm;(av)t‘s
6

Bz /t,t) = b(w/t, )P ((Z/ /tt’tt)) - (x/lm) < b(a? /1P, 1P)

1 u
D)~ 2!

rational series
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Improved precomputation

B(z/t,t) an prth = = ng(av)t‘s
6

Bz /t,t) = b(w/t, )P ((Z/ /tt’tt)) _ (x/lt’t) < b(a? /17, 17)

x/t 5= 2l b(a? [, 19) = 32, by (a?)t"

rational series for free
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Improved precomputation

B(z/t,t) an prth = = Zﬂ'g(l‘)ta
6

Bz /t,t) = b(w/t, )P ((Z/ /tt’tt)) _ (x/lt’t) < b(a? /1P, 1P)

b(a:/lt, t) - Z cu(@)t! b(aP [tP,1P) = 37, by (xP)tPY

rational series for free
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Improved precomputation

400

0 = B — a = intercept of the strips with the

_ i 300
vertical axis

200

big leaps from one strip to the next 5(p):
e Kronecker substitution
o FFT

o Newton iteration 0 100 200
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Main result

Theorem

Let E be in Fy[z,ylnq satisfy E(0,0) =0 and Ey(0,0) # 0, and let
[ e Fpllx]] be its unique root with f(0) = 0. One can compute the
coefficient fn of [ in

O(h(d + h)°p) + O(h*(d + h)?log, N)

operations in I,

Bostan, Christol, Dumas
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Timings

Maple implementation; timings on Intel Core 15, 2.8 GHz, 3MB.

102

10

10~t p = 9001
d=4

running time for N in s. (log scale)
-

1010 1010 1l0®  ql0*  qglo®  qglo°
N (log-log scale)

log running time(N) = loglog N + C
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Timings

Maple implementation; timings on Intel Core 15, 2.8 GHz, 3MB.
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N (log-log scale)

log running time(N) = loglog N + C
running time(N) = K log N
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Timings

Maple implementation; timings on Intel Core i5, 2.8 GHz, 3MB.
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precomputation time for p in s.(log scale)

running time(N) = K log N precomputation time(p) = Kp
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Timings

Maple implementation; timings on Intel Core 15, 2.8 GHz, 3MB.
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running time(N) = K log N precomputation time(p) = Kplogp
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Timings

Maple implementation; timings on Intel Core 15, 2.8 GHz, 3MB.
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precomputation time for p in s.(log scale)
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p (log scale)

O(log N) O(p)

Bostan, Christol, Dumas Fast Computation of Algebraic Series 41st ISSAC

23 / 24



Theorem

Let E be in Fplx, ylpq satisfy £(0,0) =0 and Ey(0,0) # 0, and let
f € Fpllz]] be its unique root with f(0) = 0. One can compute the
coefficient fn of f in

O(h(d + h)°p) + O(h*(d + h)?log, N)

operations in I,

Thanks for your attention!
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