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Abstract

» Generating functions of automatic sequences are solutions
of Mahler equations

¢py+an 1¢p y+ ~+apy =0,

where p > 2, ¢py(z) := y(zP) aj € C(z), 0 # ao.
» Many authors are interested about the differential-algebraic
properties of such generating functions.

» In this talk we use parametrized differential Galois theory
to study this question in a systematic way.
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Case n=1

Proposition (D., Hardouin, Roques)
Let f # 0 such that ¢p(f) = aof. The following statements are
equivalent:

1. f is hyperalgebraic over C(z)';

2. there existc € C*, me Z and u € C(z)* such that
ap = cz’”—d”’f,“).

'We say that f is hyperalgebraic over C(z) if there is an algebraic relation
over C(z) between f and its derivatives.
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Casen=2

Theorem (D., Hardouin, Roques)
Let f(z) € C((2)) be a nonzero solution of

@5y + ardpy + aoy = 0. (1)

Assume that (1) can not be reduced into an order one
equation?. Then, f is hypertranscendental over C(z).

2More formally, we assume that the difference Galois group contains
SL,(C).
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The Baum-Sweet sequence

Example
The generating function of the Baum-Sweet sequence satisfies

¢3y + 2oy — y = 0.

It is hypertranscendental.
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The Rudin-Shapiro sequence

Example

The generating function of the Rudin-Shapiro sequence

satisfies ’ ]
2 —_— —_ — =
It is hypertranscendental.
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Difference Galois theory

Parametrized difference Galois theory

Hypertranscendence of solutions of Mahler equations
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Consider the field '
K= U C (21/1) ,

j21

we equip with the automorphism ¢,. Let

0 1
$pY = <_b _a> Y = AY,

which is equivalent to
py + adpy + by =0,
with a,b € C(z), b # 0.
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Picard-Vessiot extension

A Picard-Vessiot ring for (2) over K is a difference ring
extension R|K such that

1) there exists U € GL»(R) such that ¢,(U) = AU,

2) Ris generated, as a K-algebra, by the entries of U and
det(U)~";

3) the only ¢p-ideals of R are {0} and R.
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Difference Galois group

Let R|K be a Picard-Vessiot ring for (2). The difference Galois
group Gal(R/K) of R over K is the group of K-automorphisms
of R commuting with ¢p:

Gal(R/K) := {o € Aut(R/K) | ¢ppo o =0 o ¢p}.
The image
Gal(R/K) — GL ( )
o — U o(U)
is an algebraic subgroup of GLy(C).
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Proposition

The algebraic dimension of R|K equals to the dimension of
Gal(R/K) C GL; (C).
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Theorem (Roques)
One of the three following cases occurs.

1. Gal(R/K) is conjugated to a group on upper triangular
matrices. This happens if and only if there exists a solution
u € K of the Riccati equation (¢p(u) + a)u = —b.

2. The first case does not occur and Gal(R/K) is conjugated
to a subgroup of

(5 5)poecrjoi(t o

happens if and only if the first case does not occur and
there exists a solution u € K of the Riccati equation

(80 (43 () ~entor+ 52 u =522

3. Gal(R/K) contains SLy(C).

v,€ € CX}. This
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Differentially closed field

Definition

Let C be a field equipped with a derivation §.

We say that (C, ) is differentially closed if, for every (finite) set
of 6-polynomials F in coefficients in C, if the system of
differential equations F = 0 has a solution with entries in some
0-field extension L, then it has a solution with entries in C.

Any é-field € has a differential closure C.
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Consider the derivation
d 1= zlog(z)0z, suchthat § o ¢p = ¢pod.
Let (C, 6) be a differential closure of (C, §). Let

L := Frac ((E ®c K(Iog)) .
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Parametrized Picard-Vessiot extension

A parametrized Picard-Vessiot ring for (2) over L is a
differential-difference ring extension S|L such that

1) there exists U € GLy(S) such that ¢p(U) = AU,

2) Sis generated, as a §-L-algebra, by the entries of U, and
det(U)~";

3) the only (9, ¢p)-ideals of S are {0} and S.
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Parametrized difference Galois group

Let S|L be a parametrized Picard-Vessiot ring for (2). The
parametrized difference Galois group PGal(S/L) of S over L is
the group of L-automorphisms of S commuting with ¢, and ¢:

PGal(S/L) := {0 € Aut(S/L) | gppoo =00 ¢p,6 00 =0 06}.
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Linear differential algebraic group

Definition N
We say that a subgroup G of GLy(C) is a differential algebraic
group if there exist Py, .. ., Py, d-polynomials in 4 variables and

in coefficients in C such that for A= (a;)) € GL5(C),

Aece G P1 (a,-,,-) == Pk(a;J) =0.

The image B
PGal(S/L) — GL»(C)
o — U 1o(U)

is a differential algebraic subgroup of GLy(C).
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Proposition (Hardouin-Singer)
The differential dimension of S|L equals to the dimension of
PGal(S/L) C GL, (C).
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Case n=1

Proposition (D., Hardouin, Roques)
Let f # 0 such that ¢p(f) = af with a# 0. We have the
following alternative:

1. f is hypertranscendental over C(z). In this case
PGal(S/L) = C*;
2. f is hyperalgebraic over C(z). In this case PGal(S/L) is
conjugated to a subgroup of C*.
Furthermore, the last case occurs if and only if there exist
ceC*,meZandue C(z)* such that a = czm¢pT(‘”.
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From now, we consider

dpY = (_Ob _13> Y = AY, )

and assume that Gal(R/K) contains SL,(C). This implies that
PGal(S/L) contains SLy(C).
Let U € GL,(S) be a fundamental solution. det(U) is solution of

¢pdet(U) = det(A)det(U) = bdet(U).
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det(U) is hypertranscendental

Assume that det(U) is hypertranscendental over C(z). We
have the following alternative:
1. PGal(S/L) is conjugated to C*SLy(C);

2. PGal(S/L) is equal to a GL»(C).

Moreover, the first case holds if and only if there exists
B € K?*2 guch that

pép(B) = ABA™ + 20,(A)A™T — %z@z(b)b‘1 b.
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det(U) is hypertranscendental

Theorem (D., Hardouin, Roques)

Assume that det(U) is hypertranscendental over C(z). Assume
that ¢f, y + agpy + by = 0 admits a nonzero solution f € C((z)).
Then, f is hypertranscendental over C(z).
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det(U) is hyperalgebraic

Theorem (D., Hardouin, Roques)

Assume that det(U) is hyperalgebraic over C(z). Then, the
parametrized difference Galois group PGal(S/L) is a subgroup
of C*SLy(C) containing SL5(C).

Furthermore, if <;5,% Y + agpy + by = 0 admits a nonzero solution
f € C((2)), then f is hypertranscendental over C(Zz).
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