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Outline of the talk

e Notation: Let k be a field of characteristic 0 and:
An(k) == k[x1,...,xn]{(01,...,0n), (0 0; = 0 0j,
Bn(k) := k(x1, ..., x2)(O1,...,0n), dia=adi+ £2)
A(K') == k[t](8), A(k):= K{t}{d), K =R, C,
Dp(k) = k((x1, - xn)) (1, ..., 00n),
Dp(k') = K'{{x1,...,xn}}(O1,...,0n), k' =R, C.

e The goal of the talk:

Give constructive proofs of SAtafFord's theoArems on the module
structure of A,(k), Bn(k), A(K"), A(k), Dn(k) and D,(k").

J. T. Stafford, "Module structure of Weyl algebras”,
J. London Math. Soc., 18 (1978), 429-442.

= Every left/right ideal can be generated by 2 elements.

=- Serre's splitting-off theorem, Swan's lemma, Bass' theorem, . ..

Alban Quadrat Constructive versions of Stafford's theorems



Algebraic analysis

e Let D be a noetherian domain and R € D9*P.
e Let us consider the left D-homomorphism:

D1><q -R D1><p

Ai=(A1 ... Ag) — AR
e We introduce the finitely presented left D-module:
M := cokerp(.R) = D'*P/(D*9 R).
e Remark (Malgrange): If F is a left D-module, then:
homp(M, F) = kerg(R.) .= {n € FP|Rn = 0}.

= Algebraic analysis (Palamodov, Sato, Kashiwara, ...).
e Example: D := A,(Q), F := C=®(R").
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Module theory

e D is a noetherian domain = D is a left and a right Ore domain.
= K:=Q(D)={ab'=cd|b deD, acecD\{0}}
= rankp(M) := dimk (K ®@p M).

e Definition: Let M be a finitely generated left D-module.

1. M is free if 3 r € Z, such that M = D1*r,

2. M is projective if 3 r € Z,, 3 P such that: M @ P = D*r,

3. M is torsion-free if:
t(M):={meM|30#deD:dm=0}=0.

4. M is torsion if t(M) = M.

e Theorem (Stafford): If D = Ap(k) or D = B,(k), then every
projective left D-module M with rankp(M) > 2 is free.



Unimodular elements

e Definition: Let M be a left D-module. An element me& M is a
unimodular element of M if there exists ¢ € homp(M, D) s.t.:

o(m) = 1.

e If m is a unimodular of M, then the short exact sequence holds:

0— ker¢p — M 2, D—0. (%)
m — 1

P
m «—— 1

= 3¢ € homp(D,M) : ¢(d)=dm, VdeD.
= gop=idp = MNi=vpor: M =M = M=Dm® ker ¢.
e Remark: me t(M) = V ¢ € homp(M,D): ¢(m)=0

= if mis a unimodular element, then m ¢ t(M) and D m = D.
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Characterization of unimodular elements

e Let M := DY*P/(D¥*9 R), n: DY*P — M be the canonical
projection onto M, and {f;};—1,, the standard basis of D*P.

7777

o If {yj = n(f;)}j=1,...p, then Malgrange's remark yields:
kerp(R.) = homp(M,D)
n o= G Gp(m(N) =np
(601) - )T — ¢
o If t(M) # M then kerp(R.) = homp(M, D) # 0, and thus:
3 Qe DP*™: kerp(R.) = QD"
= ¢ € homp(M,D): ¢(m(A)) = A(Q).
e Lemma: m=7(A) € M, where A € DY*P_is unimodular iff:

IEeD™: ANQE=1.
e Remark: Finding solutions of quadratic equations.
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o Let D := A3(Q) and M := D¥*3/(D'*3 R), where:
2000 0 +1 x03+ 50
R=| —-1x0,-3 0 30
— —2x0; —0o —305
e kerp(R.) = @D, where Q := (=02 01 +x05 —x002—2)".
e Q admits a left inverse T:=1(xx 0 —1) ie, TQ=1
= m:=m(T) is a unimodular element of M.

e Let ¢ € homp(M, D) be defined by ¢(m()\)) = A Q, ¥V A € DI*3:
o(m) =o(x(T)) =T Q=1
e ker ¢ = kerp(.Q)/(D**3 R) = 0 since kerp(.Q) = DY*3 R
= M=Dm=D.



Very simple domain

e Definition: A noetherian domain D is very simple if:
Va bceD, VYdeD\{0}, Ju veD:
Da+Db+Dc=D(a+(du)c)+ D (b+ (dv)c).

e Remark: Every f.g. left ideal of D can be generated by 2 elts
and the stable rank of D is 2 (sr(D) = 2).

e Since D satisfies the right Ore condition, namely
Vdi,do e D\ {0}, e, o€ D\{0}: d=d1e1 =dr e,
= Da+Db+Dc=D(a+di(eru)c)+D(b+ dr(exv)c).
e If D is a very simple domain, then:
Va b,ceD, Vd,dreD\{0}, JuveD:
Da+Db+Dc=D(a+diuc)+D(b+ dyvec).
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Very simple domain

e If D is a very simple domain, then:

Va b ceD, VYdi,deD\{0}, JuveD:
Da+Db+Dc=D(a+dyuc)+D(b+dyvc).

e Application: Ifa=b=0, c =1, then
Vdi,de D\{0}, Ju,veD: D=Ddiu+Ddv,
S dx,yeD: xdiu+ydrv=1.
e Remark: d :=dy =do € D\ {0}, Ju,veD: xdu+ydv=1

= DdD =D = D issimple.
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Stafford’s main theorem

e Theorem (Stafford 78): If k is a field of characteristic 0, then
An(k) and By(k) are very simple domains.

e Constructive proofs: Hillebrand-Schmale (JSC 01),
Leykin (JSC 04, Dmodules), STAFFORD package (Q.-Robertz).

e Theorem (Caro-Levcovitz 10): D, (k) and D,(k) (k =R, C) are
very simple domains.

e Theorem (Q.-Robertz 10): A(k) and A(k) (k = R, C) are very
simple domains.

e Conclusion: Let D = An(k), Bn(k), A(k), A(k), Dn(k), Dn(k).
Vd,dreD\{0}, Juv,x,yeD: xdiu+ydyv=1.

e Example: D := A1(Q), di =9=4d g =t
x=—-t(t+1)(2t+1),u=1, y=0Q2t+1)0—4, v=t+1.



Stafford’'s theorem 2

e Proposition: Let M be a finitely generated left D-module with
rankp(M) > 2. Then, there exists a unimodular element m € M:

> M=DmaoM=DpM.
e Main idea: Find m;, my € M and ¢1, ¢2 € homp(M, D):
p1(m1) #0,  ¢a(m2) #0, ¢1(m2) =0, ¢2(m)=0.

D is a very simple domain = y; ¢1(m1) z1 + yo ¢2(m2) zo = 1.

Let us consider:

¢ = ¢121 + ¢p2 20 € homp(M, D),
m:=y1my+ y2ma.

Then, m is unimodular since:

P(m) = (y1 ¢1(m1) + y2 p1(m2)) z1 + (y1 p2(m1) + y2 g2(m2)) 22
= y1d1(m1) zi + yo po(mp) o = 1.
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Stafford’'s theorem 2

e Proposition: Let M be a finitely generated left D-module with
rankp(M) > 2. Then, there exists a unimodular element m € M:

= M=DmoM=DoM.
Proof. (~ Serre's splitting-off theorem) Let M := D**P/(D'*9 R).
rankp(M) > 2 = t(M)# M = kerp(R.) = homp(M, D) # 0.
Let Q € DP*™ be such that kerp(R.) = Q D™.
Applying the functor homp( -, D) to the following exact sequence

ps K pr. & pm
we get the complex D1*49 R, ptxp -9, pixm
t(M) = kerp(.Q)/(D**9 R) = exth (M, D).

e Pick m; ¢ t(M) = take m; = m(A1) such that \; Q # 0.



Stafford’'s theorem 2

e ¢1 € homp(M, D) is defined by ¢1(m()\)) = A @&y, VA € DYXP,
e Take ¢1 € homp(M, D) such that ¢1(m;1) # 0 by considering:
€D M Q& F#0.

o Let 41 = Q&1. The following commutative exact diagram holds:

pxa R, pbe T, M 0
! 1 m A 1 &
o — D ¥ p o

e ker o1 = kerp(.p1)/(D¥*9 R).
¢ 0#D¢p1(m) Cim¢ps €D = rankp(imeg) = 1.

e The short exact sequence 0 — ker¢py — M — im¢; — 0
yields rankp(ker ¢1) = rankp(M) — rankp(im ¢1) > 1.
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Stafford’'s theorem 2

e rankp(ker ¢1) > 1 = ker ¢; is not a torsion left D-module.

e Pick my € ker ¢y = kerp(.1)/(D**9 R) such that my ¢ t(M):
Let S € D™*P such that kerp(.ju1) = DY S.

Find v € DY*" such that A\, = v/ S satisfies \» @ = /(S Q) # 0.
e Find & € D™ such that A\x Q & # 0 and define pup = Q & and:

$2 € homp(M, D) : ¢o(m(N)) = App, ¥ A € DP.

Then, ¢2(mz2) = ¢2(m(A2)) = A2 Q&2 # 0.
e Since A\, € kerD(.,ul), gf)l(mg) = ¢1(7T()\2)) =X w1 = 0.
e We get my, my € M and ¢1, ¢2 € homp(M, D) such that:

¢1(m) #0, ¢2(m2) #0, ¢1(m2) =0.
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Stafford’'s theorem 2

o If po(my) # 0, then by the right Ore property of D:
dn, mne D\{O} : ¢1(m1)r1+¢2(m1) rn =0.
Then, ¢, = @111 + ¢ r» € homp(M, D) satisfies:

{ ¢h(m1) = ¢1(m) r + da(m) ra =0,
$5(m2) = p1(m2) r + p2(m2) ra = ¢p2(m2) ra # 0.

= one can suppose w.l.o.g. that ¢o(m;) = 0.

e Since D is strongly simple, there exist y1, y», z1, 2z € D such that:

y1 ¢1(m1) zi + yo p2(m2) zo = 1.
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Stafford’'s theorem 2

e Let us consider p* = i1 z1 + pp 20 € kerp(R.) and:
¢ =¢121+ p2z0 € homp(M,D):  ¢(m(N)) = Ap*~.
o If \* = y1 A1 + 1o Ao € DY*P, then
m=n(A)=y1m+ymeM
is unimodular since (¢1(m2) =0, ¢2(my) = 0):

P(m) = (y1 ¢1(m) + y2 ¢1(m2)) z1 + (y1 d2(m1) + y2 d2(m2)) 22

=y1¢1(m) z1 + y2 pa(m2) o = 1.
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Stafford’'s theorem 2

e M = D m @ ker ¢, where ker ¢ = kerp(.u*)/(D**9 R).
e Let S € D*P be such that kerp(.p*) = D** S,
e Let S, € D' be such that kerp(.T) = D*t S,.
o Let F € D9%° be such that R = F S.

= ker¢ = L := DV /(DY(aTD (FT s)T),
where the isomorphism is defined by

m(vS) — a(7),

and ¢ : DY(9+1) [ is the canonical projection onto L.

e Theorem (Stafford): Let D be a very simple domain and M a
finitely generated left D-module. Then:

M= D> &M, rankp(M')<1.

If t(M) =0, then rankp(M') =1 and M’ = D di + D d>.



o let D:= A3(Q), R = (81 0> 83) and M = D1X3/(D R)
e We have rankp(M) = 2 and kerp(R.) = @ D3, where:

0 —-03 O
Q= O3 0 -0
-0 O 0

elet \;:=(0 —1 0). Then, \1Q=(-05 0 0;)#0.
e Taking&1:=(0 0 )7, 1y =Q& =02 —01 0)7 and:
)

mp ‘= 7T()\1), ( ()\ )—/\[Ll, d1 = (/)1(m1):)\1u1 :81.
o kerp(.p11) = DY*2? S, where S and thus S Q are defined by:

01 0 0 003 —0103 0
5 = S — .
( 0 0 1 ) ’ @ ( —0h O1 0 )
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eletv:=(0 1). Then,v(SQ)#0and N :=vS=(0 0 1).
elet&H:=(0 1 0)'. Then, o= Q& =(—-03 0 )7,
my =m(X2),  P2(m(A)) = Apz,
d i= ¢a(m2) = Ao pa = 01, P2(m1) = A1 p2= 0.
e Computing a solution of yy dy z1 + y» db zo = 1, we get:

z=1 n=xx+1l, n=-x-1, y=1
= m = 7(A\*) is a unimodular element of M, where:
No=yidi+y =0 xx+1 1)
o =zt =(0—(a+1)03 —01 (xx+1)o+1)7.
e Let ¢ € homp(M, D) be defined by ¢(m(N)) = A u*.
e Then, we have ¢(m) =\ p* =1
= M=Dm®ker¢p, ker¢p=kerp(.*)/(DR).



e We have kerp(.p*) = D*2 S, where:
o < 1 —(a41)(0—(a+1)85) (x141)93— s )
' 0 (x1+1)01 +2 0
e kerp(.S) =0.
o let F:=(01 0O»— (x1+1)03) be such that R = F S.
= M=Dgkerp= D@ D¥™?/(DF).
ey +dhu+d3u3 =0 Ova+ (02— (x1+1)03) vz =0,
vi = (x1+ 1)+ us,

vo=u1—(x1+1)(02—(a+1)03)ua+ ((x1 +1) 03 — 0a) us,
V3 = ((X1 + ].) 81 + 2) 7)) + 81 us,

u = (02— (a+1)9s) i + v,
= up = —01vi + v3,
u3=((a+1)0+1)vi — (a+1)vs.
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Stafford’s theorem 3

e Theorem (Stafford): Let M and N be finitely generated left
D-modules satisfying M C N and rankp(M) > 2. Then, there
exists m € M which is a unimodular element of . Hence, we get:

M=DmaoM C N=DmaN, M=MnN.
e Remark: This result ressembles the properties of vector spaces
over a division ring where rankp(M) > 1.

e The result is a relative version of Stafford’s theorem 2:

ptxa K, ope T, 0

1l .P L.P I

/ ’
pixd  Koprr T, N o,

where ¢ is an injective left D-homomorphism and M := (L) C N.

!
o Idea: Replace A € D'*P by A P € D**P'l



Algorithm

000000

o

Compute @ € DP'*™ such that kerp(R'.) = Q' D™
Pick A; € DY*P such that A\; (P Q') # 0.

Find & € D™ such that (A, P Q)& # 0 and g = Q' &1
Compute S € D™*P such that kerp(.(P u1)) = D¥*"' S.
Pick v € D" such that v (SP Q') # 0 and )\, := v S.
Find & € D™ such that (A2 P Q') & # 0 and o == Q' &.
If A1 P 2 # 0, then compute r1, r» € D\ {0} such that

(AL Pp1)rn+ (A Pu2)ra =0,

and pp «— p1n + p2 r2.
Compute y1, y2, 21, 20 € D such that:

vi ()\1 P/l,l)Zl + ¥ ()\2 P/IQ)Zz =1.

Return \* = y1 A1 + yvo Ao and p* = 1 z1 + o 2.
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Stafford’s reduction

e Let P € DP*P and L = D™P'/(D'*P P).
o M=DYPPCN=DY

o If rankp(M) > 2, then Stafford’s theorem 2 shows that there
exists a unimodular element A P which is a unimodular of D1*F’

= D*PP=D(AP)eM C D>P =D(AP)® N
= L=DYF /(DP' P)= N'/M'.
e Let R € D9%P be such that kerp(.P) = D'*9 R,

e The following commutative exact diagram holds:

ptxa B pxe T, | 0

l l P l L
0 — pv L pue g
= We can apply the above algorithm with (R, P, 0).



Main result

e Theorem: Let P € DP*P' and L := DY*F' /(DY*P P).
If rankp(D™P P) > 2 and p’ > 3, then 3P € D*(m-1) st

~ [ := D=1 /(D P).

~

Moreover, if p > 3, then P can be chosen so that s = p — 1, i.e.:

L =T := D=1 /(D= p),

e Corollary: Let P € DPXP' p/ > 2 and L := DlXp//(D1XP P) be
a torsion left D-module. Then, there exists P € D?*5 such that:

L= :=DY?/(D'*P).

Moreover, L = |/J, where | = D di + D d5 is a projective ideal.
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o Let D := A3(Q) and L := DY*3/(D'*3 P), where:

0 —-03 O
P = 03 0 -0
-0 01 0

ekerp(.P)=D (01 0> 03) = rankp(DY3P)=2.
e p' = p = 3. Algorithm with (R, P,0) + basis computations yield

| — Dl><3/(D1><3 P) o~ Z — D1><2/(D1><2 ﬁ)~

B —(03+ (1 +1) D)2 (1 +1)02+03) 01 — 02
o —((X1+1)82+83)81 — 20 a% .

i kerD(.ﬁ) =D(-01(x1+1)0+03) = rankD(Dlwﬁ) =1.
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More results

e Theorem (Stafford). Let P be a finitely generated left D-module
that is not a torsion module, i.e., rankp(P) > 1. Then, 1 < 2:

O rankp(P)=r>1.

@ a. Either P2 D>’ je., P can be generated by r elements,

b. or P can be generated by r + 1 elements but no fewer.

e Corollary (Stafford): A finitely generated left D-module P can be
generated by 2 elements iff rankp(P) < 1.

e Theorem (cancellation): If M is such that rankp(M) > 2, then:
MeD=N&D = M=N.
e Corollary: If M is such that rankp(M) > 2 and:
M@ D9 = DVP = M = pt*(p=a),
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Swan’'s lemma

e Lemma: Let M be s.t. rankp(M) > 2, (d*, m*) € U(D & M).
Then, there exists ¢ € homp(D, M) such that:

m* 4+ ¢(d*) € U(M).
e Proof: Let w = w1 ® wy € homp(D @& M, D) be such that:
w((d*, m*)) = wi(d*) +wa(m*) = 1.

o rankp(M) > 2 = I my, mp € M, 3 1, 5 € homp(M, D):

e1(m1) #0,  p1(m2) =0, @a(m) =0, a(mz)#0.

= r,seD: pi(m*)D+ @a(m*)D +d*D
= (p1(m*) + d* rpi(m)) D + (p2(m*) + d* s p2(m2)) D
= da, e D:
d* = (p1(m*) + d* ri(mi)) a + (p2(m*) + d* s pa(m2)) 5.



Swan’'s lemma

o Let x = p1a+ w2 8 € homp(M, D) and ¢ € homp(D, M):
VdeD, ¢(d)=d(rm +sm).
x(o(d*)) = x(d* ¢(1)) = d* x(r m1 + s my)

=d* (e1(rmi + smp) a+ a(r my + smy) f3)
= d* (rpi1(m) a+ spa(m) B),

X(m”™ 4 ¢(d™)) = pr(m*) a + @a(m™) B+ d™ (rp1(m) @ + 5 p2(m2) B)

= (e1(m") + d* ror(m)) a + (p2(m*) + d* s p2(m2)) 3
— d*.
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Swan’'s lemma

o Let t = wi(1) —wa(¢p(1)) € D and ¢ = wyr + x t € homp(M, D).
S (4 6(d)) = (w2 + X E)(m* + B(d")
= wa(m") + wa(¢(d")) + x(m” + ¢(d™)) t
=1—wi(d*) + wa(d*¢(1)) + d* t
=1—d wi(1l)+ d*wa(e(1l)) + d*t
=1-d't+d"t=1
= m* + ¢(d*) € U(M).
e Equivalent formulation: Let d* € D and m* = 7w(\*) be such
that there exist e € D and p € kerp(R.):
w((d*, m*))=d e+ =1
Then, there exist A € D*P and [z € kerp(R.) such that
p(m* +¢(d*)) = p(a(\* + d*N)) = (V" + d" A i = 1,

where ¢ € homp(D, M) defined by ¢(d) = d x(X).and ¢ = .



e Theorem (cancellation): If M is such that rankp(M) > 2, then:
MeD=Ne&D = M=N.

- Dlxp/(Dlxq R) X ( X1 X2 >
N = D% J(D1¥d R), X1 X2
P=(0 R)eDy(1tpr), X1 € D, Xi2 € DV,
P'=(0 R)eDT*C), Xa1 € D, Xpp € DPX7,
L = D*(+p) /(D1Xa P) = D gy M, T=id®m,
U'=DWH /(DT PY=D&N, | e

e Let f be a left D-isomorphism defined by:
f:L — U
() — T(¢X).
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F(10)=1F(r(1 0))=7((X11 Xi2)) = (X1, 7'(X12)) € U(L).
e Applying Swan's lemma to d* = Xj; and n* = 7/(X12), there
exist A € DY*P’ such that ¢ € homp(D, N) defined by

VdeD, ¢(d)=dr'(\)

satisfies 7/(X12) + ¢(X11) = 7/(X12 + X11 A) € U(M'), i.e., there
exists 1 € kerD(R’.) such that (X12 + X1 /\) n=1

X1 X1 [ X X 1 A 1 0
X5 X ' X1 X2 0 Iy X Ay

B 0 X11 A+ X12
Xo1 — (Xoaa A+ X2) i X1 X A+ X2 )
e The left D-homomorphism from M to N is then defined by:

w:M — N
T(A) — T (A (X + (X3 — X 1) X12)).-
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Stafford’s theorem

e Corollary: If M is such that rankp(M) > 2 and
M @& D9 =~ pt*p — N =~ pix(p—a),
e Proof: M is stably free = split exact sequence:
0— D9 R pbxp T om0 je, RS=I,

g :D>9gM — DIXP

R gfl : D1><p N Dlxq@ M
0,7(A) — (0 A ( )

SR A — (AS, 7(\).

e P=(0 R)eD@te), p'=0, L=DYatpP)/(DIxqp)
e We apply Bass' theorem on the left D-isomorphism:

f:L — |'=DI*p

R
7((0 N) — (0 A) I _sp |
.



