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Motivation: zero-dim PoSSo and applications
PoSSo: Polynomial System Solving

PoSSo Problem: univariate polynomial representation
Input: Z = (f1,..., fs) CKz1,..., 2]

Assumptions: 7 radical and zero-dimensional, K infinite
Output: Z = (1 — hi(zpn), ..., Tn-1 — hn—1(zn), hn(zn)).

Applications

Coding theory, cryptanalysis, computational game theory, optimization, etc

v

Example: Point Decomposition Problem (DLP over Elliptic Curves)
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Faugere, Gaudry, Huot, R. (J. Crypto 13)
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State of the art

D = degree of T C K[z1,...,x,| = #solutions of f; =--- = fs = 0.

Particular cases
K field of characteristic zero; 6 < D number of real roots.
@ (Mourrain, Pan 1998) Approximate all the real roots: O(12"D?) if
6 = O(log,(D));

@ (Bostan, Salvy, Schost 2003) RUR: O(n2"D?) if the multiplicative structure
of the quotient ring is known.

General case

Computing Univariate Polynomial Representation: O(nD?).

Our aim

The first algorithm with sub-cubic complexity to solve this problem.
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PoSSo and Grobner basis

=" Efficient Computation of 0-dim Grobner Bases by Change of Ordering
(FGLM: Faugere, Gianni, Lazard, Mora 1993)

Univ. Pol. Representation ~ LEX Grobner basis in Shape position.

Efficient Computation of a LEX Grobner basis
Input: S C K[zy,...,2,).
Output: The LEX Grébner basis of (S).

© Compute DRL Grébner basis of (S);

(
@ Compute LEX Grdbner basis of (S) by change of ordering algorithm.
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Grobner basis and Complexity

(f1,--., fn) regular sequence with deg(f;) < d.
2 < w < 2.3727 is the linear algebra constant.

Z={f1,.sfn)

Fy, F5 | (Bardet, Faugere, Salvy 2005) O (dwn)

Y

[ GB DRL

6 n—
@ generic Z: (Faugere, Mou 2013) O < D2+nl>

Change of Ordering nmw

@ non-generic Z: (FGLM 1993) O(nD?).

GB i_EX
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Grobner basis and Complexity

(f1,--., fn) regular sequence with deg(f;) < d.
2 < w < 2.3727 is the linear algebra constant.

I:<f17---7fn>

Fy, F5 | (Bardet, Faugere, Salvy 2005) O (dwn)

4

[ GB DRL

— Bézout's bound reached: O(D¥)

Change of Ordering

Bottleneck

@ generic Z: (Faugere, Mou 2013) O

(

6

D2+";1>

nm

@ non-generic Z: (FGLM 1993) O(nD?).

GB i_EX

w= Change of ordering in O(nD*) = PoSSo in O(d“™ + nD%)
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Change of Ordering Complexity: Contributions

GB DRL

Change of Ordering

Bottleneck 6 o
@ generic Z: (Faugere, Mou 2013) O —D*
nm

@ non-generic Z: (FGLM 1993) O(nD?).

GB i_EX

w Change of ordering in O(nD¥) = PoSSo in O(d“" + nD%)

Contributions
o Consideration of Faugere & Mou in the non sparse case

@ Use of the staircases structures for LEX and DRL Grobner basis
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Grobner basis

Initial ideal
Z an ideal and > a monomial ordering in~ (Z) = {LT~ (f) | f € Z}.

Grobner basis (not unique)

Fix a monomial ordering >, {g1,...,9s} GB w.r.t. > of Z if
° {g1,...,9s} CI;
@ (LT~ (g1),.-.,LT= (gs)) =in> (Z).

Reduced Grobner basis (unique)
G={g1,...,9s} GBof Z C K[zy,...,2z,] w.rt. > s.t.

LT~ (g;) does not divide any terms in g; for all 1 <1 # j <s.

= i = LT (9i) + D _qenn Cax® with 2% ¢ ins (7).
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Quotient ring

Normal Form

Let Z C K[z1,...,x,] be an ideal. For any f € K[z, ...,z,] there exists
a unique h € K[zy,...,zy] s.t.

o f—hel
@ h =73 cnnCax® With 2% ¢ in. (7).

h = NFs (f)

Quotient ring as K-vector space of dimension D

Klz1,...,zn]/Z ={[f] | f € I} ~ Span(z® ¢ ins (Z))
with [f] = {h € K[z1,...,2,] | f —h €T}

T dimension zero = {2% ¢ ins (Z)} ={ep > --- > € =1}
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Change of ordering algorithm: key ideas
Coordinate vector (G~ GB of Z w.r.t. >) J

Vo = (c1,...,cp) st. NFs (%) = 2 ¢

f=2aenn car® €T NF (f) =0

& D penn Cala =0

Multiplication matrices iz, ..., fiz,
NF> (€1$i) 000 NF> (GD{Ei)
* * €1
* * €D
Let 1 = (]woa XX ’0) = Y(0,...,0) 7 Vo = Hgll o :U’%;Ll
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FGLM in a nutshell

From DRL to LEX with 1 > 29 > -+ > z,
V =Klz1,...,2,]/Z is a D-dim K-vector space

GB DRL of Z GB LEX of 7

Multip. repr. of V Deduction

Y
Multiplication matrices /i,

Biex ={l=w1 <--- <wp}

® BprL = P Biex
@ [y, 1t — NFDRL(.ZL'it)
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FGLM in a nutshell

From DRL to LEX with x1 > 29 > -+ >z,
V =K]|x1,...,2,]/Z is a D-dim K-vector space

GB DRL of 7

Multip. repr. of V

Y

Multiplication matrices i,

P

Y

GB LEX of Z

Deduction

?

BLEX:{1:w1<"'<’LUD}

Assume the f;; known

I

® BprL = P - Biex
QO Uy, : t— NFDRL(ﬂjit)

t = ait’ = pg, (Pt)

Z2
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FGLM in a nutshell

From DRL to LEX with 1 > 29 > - > z,
V =K|x1,...,2,]/Z is a D-dim K-vector space

GB DRL of Z GB LEX of 7

Multip. repr. of V| O(nD?)
Y
BDRL:{1:€1<"'<€D} P

Multiplication matrices /i, O(nD3)

Deduction

Biex ={l=w1 <--- <wp}

@ BprL = P - Biex
@ gy, : t— NFDRL(xit)

1 Use structures of GB LEX
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Faugere & Mou Sparse FGLM framework

Assumption: GB LEX of Z is in shape position

Z={(x1—hi(xn),...,Tn-1 — hpn-1(zpn), hn(zy))

GB DRL of 7 GB LEX of 7

Partial Multip. repr. Deduction

— - ‘ Min. pol. recons.
’ Multiplication matrix pg,, | g hpy,hp—1,...,h1 ‘
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Faugere & Mou Sparse FGLM framework

Assumption: GB LEX of Z is in shape position

T = <x1 — hl(l‘n), ey Tp—1 — hn—l(xn)7 hn(xn»

GB DRL of Z GB LEX of 7

Partial Multip. repr. Deduction

A,

— - ‘ Min. pol. recons.
’ Multiplication matrix pg,, | 1 hpyhn—1,..., ‘

Faugere & Mou reconstruction of h;: deterministic Wiedemann

o I’L‘?Tn : 17/’6‘;‘3n(u3)1 : 1)7 AR 7#%7L</’an_1 ' 1)7 j e {07 . 72D - 1}
o n Hankel linear systems to solve O(n.D?)
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Faugere & Mou Sparse FGLM framework
Pt S =[x, 1) | 5=0,...,2D — 1] with (r, 1, 1) = (‘4 r, 1)
Compute hy, ..., h, 1

Bl = Son i
D—1
z; — hi(zn) €T & P 1 — Z C’L’,kf/”'gnl =0
k=0

xu?,;n for j=0,...,D—1and (r,-) ~ Hankel linear systems

(Zﬂgnr7 Ml‘z]') (Z#%nr7 1) (ZM%HI‘: 1) s (2“5511‘7 1) €i,0
(“pe, T, pa;1) (pa,r,1)  (pz,r,1) ... (“pi,r, 1) Ci,1
(“pzy ' i 1) Cpon'r,1) (Cpz,r1) ... (pe 7 r1) ¢i,D-1
—_— ~ ~

b; H Ci
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Faugere & Mou Sparse FGLM framework
Assumption: GB LEX of Z is in shape position

1= <1’1 — hl(l‘n), v, Tp—1 — hnfl(fﬂn)» hn(xn»

GB DRL of 7 GB LEX of 7

Partial Multip. repr. Deduction

— - ‘ Min. pol. recons.
’ Multiplication matrix pg,, | 1 By hn—1, ., b ‘

Faugere & Mou reconstruction of h;: deterministic Wiedemann (i, dense
o n Hankel linear systems to solve O(n.D?)

85 1, - 1 = 21 is known with no cost = i, is sufficient!
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Faugere & Mou Sparse FGLM framework
Assumption: GB LEX of 7 is in shape position

Z={(x1—hi(zn),...,Tn-1— hpn_1(zpn), hn(xn))

GB DRL of GB LEX of 7

Partial Multip. repr. Deduction

— - ‘ Min. pol. recons.
’ Multiplication matrix pg,, | g hpyhp_1,...,h1 ‘

Contribution: use of Keller-Gehrig O(nlog(D)D*)
pa, (pa,r | 1) = (i3, | 4l x)

2[1032(Dﬂ( 9lloga (D)1 _1 | | ) ( 2D—1

D [loga (D)]
xn paP e 2Pl " )
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Faugere & Mou Sparse FGLM framework
Assumption: GB LEX of 7 is in shape position

7 = <1171 — hl(mn), e, Tp—1 — hn—l(xn)7 hn(xn»

GB DRL of 7 GB LEX of 7

Partial Multip. repr. | 777 Deduction

’ Multiplication matrix g, } - 5 ~{ hpyhn—1,..., ‘
O(nD¥ 4+ nD?)

Contribution: use of Keller-Gehrig O(nlog(D)D*)

1z, (pa,r | 1) = (3, v | p2 r)

Qﬂogz(Dﬂ( 9lloga (D)1 _1 | | ) 2D—2

2D—1
In r

[loga(D)]
(u2P~ |2k 2

r|... g,
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Computing p,, : the FGLM Lemma

Computing (i, < computing NFg4, (e;x,,) @ € {1,..., D}.

FGLM Lemma — Only three cases to consider

I

X X X - - —--—--- 1
1
|
X X X X X X .-——I
1
1
X X X X X X X |
1
x X X X X x x Soocoog |
1
|
X X X X X X x x X - - — - — — |

L2
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Computing p,, : the FGLM Lemma

Computing (i, < computing NFg,; (e;x,,) @ € {1,..., D}.

FGLM Lemma — Only three cases to consider
z1
poesoesssos 1 NFg (t) =t

X X
X X Soocoog |

1

|
X X X X X b3 X X X * - — - — - |

T2

Case (1) t =€xj € B
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Computing p,, : the FGLM Lemma

Computing pi,, < computing NF4, (e;x,) @ € {1,..., D}.

FGLM Lemma — Only three cases to consider
I
P 1 NF 4, (t) =t — g with g € Ggy and t = LT (g)
X X X X X X X i— ————— 1
T
Case (2) t = eiw; € E(I) = {LTar (9) | g € Gan} )

13/24



Computing p,, : the FGLM Lemma

‘Computing g, < computing NF g, (e;2,,) i € {1,...,D} ‘

F={ez;|i=1,...,Dand j=1,...,n}\ B: border

FGLM Lemma — Only three cases to consider
T D

Z2

D
Case 3) t =€z, € F\ E(I) = t = zxt’ with t' € F with NF g (t') = Zazee
=) 1

3
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Computing p,, : the FGLM Lemma

Computing p,, < computing NFg,. (e;x,) @ € {1,..., D}.

FGLM Lemma — Only three cases to consider

z1

D

x2

1= Only the Case (3) is costly - can a structure avoid it?

..,OéD)t
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The (1, 2)-staircases position
DRL ordering with 1 > z9 > z3

T2

z1

T3
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The (1, 2)-staircases position
DRL ordering with 1 > z9 > z3

T2

z1

T3
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The (1, 2)-staircases position
DRL ordering with 1 > z9 > z3

T2

z1

T3
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The (1, 2)-staircases position

DRL ordering with 1 > z9 > z3

T2
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The (1, 2)-staircases position: Generic ldeals

Moreno-Socias 1992

For a generic ideal Z, its DRL GB verifies ex,, € BU E (I) for € € B.
A generic ideal is in (1, 2)-staircases position.

FGLM Lemma: the no cost situation
For any instantiation of deg, for j € {1,...,n —1}\ {i}

T

~ Sy vyl
WW\LIL_,I
~ Y Y Y Y Y Y Y Y Yy Ll

1= The computation of i, is free!
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Faugere & Mou Sparse FGLM framework

Assumptions: LEX GB of 7 is in shape position
DRL GB of Z is in (1,2)-staircases position (Generic Ideals)

GB DRL of Z

Partial Multip. repr.

No cost!

A
’ Multiplication matrix pg,,

GB LEX of Z

Deduction

F‘\/Iin. Pol. Recons

|

+hnuhn—lu s

7h1‘

' O(nD¥ +nD?)

1= Non generic ideals?
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(1,2)-staircases and shape position
Galligo, Bayer and Stillman, Pardue (1970's - 2000's)

7 an homogeneous ideal. There exists a Zariski open subset U C GL(K, n)
st. Vge U, g-Iisin (1,2)-staircases position.

v

Shape Lemma, Gianni and Mora (1989)

T a radical ideal. There exists a Zariski open subset U’ C GL(K, n) s.t.
Vg e U', g- I is in Shape position.

Main theorem

= The (1,2)-staircases and shape position is generic!

T regular affine 0-dim and radical and g € U N U’(# (). The change of
ordering from DRL to LEX of g - Z can be done in

O(nD¥ + nD?)

= " Randomization” on the choice of g
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New algorithm for PoSSo
Let d such that deg(f;) <d.

Algorithm 1: Another algorithm for PoSSo.

Input : S ={f1,...,fn} CKzy,..., 2] s.t. (S) is radical and regular.
Output: g in GL(K,n) and the LEX Grobner basis of (g - .S) or fail.

“Randomly’ choose g in GL(K,n);
Compute Ggy the DRL GB g - 5; O(d“™)
if u,, can be read from Gg4, then
Extract pg, from Gyu; No cost
if (g-S) is in Shape Position then
From g, and Ggy compute
Glex;

O(log,(D)(nD* + nlog,(D)D?))
return g and Gey;

return fail;

Total complexity: O(d“” +nDY) arithmetic operations.
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Practical implications

| System [ n ]| D TJAlgorithm [ Gan | pay | #NF [ Giex [ Total
Random 15 | 32768 usual 1580s 41.5s 0 1330s 2950s
d=2 This work | 1580s 41.5s 0 1330s 2950s
Random 6 | 26656 usual 632s 20.3s 0 1700s 2350s
d=06 This work 632s 20.3s 0 1700s 2350s
Random 3 | 27000 usual 48.7s 0.9s 0 95.6s 145s
d=30 This work 48.7s 0.9s 0 95.6s 145s
usual 28.2s 36.5s 1153 0.43s 65.1s
13| 2048 This work | 12.0s 0.18s 0 0.23s 12.4s
usual 176s 1100s 2353 1.47s 1280s
Eco 1414096 | i work | 57.0s | 0.74s 0 1235 | 59.0s
15 | 8192 usual 1030s | > 2 days | 4853 > 2 days
This work 348s 3.47s 0 30.6s 382s
usual 12300s | > 2 days > 2 days
Edwards | 5 165536 | r1i ork | 12300s | 40.8s 0 7820s | 20200s
Edwards 5 | 65536 usual 566s 15.1s 0 2150s 2730s
weights This work 566s 15.1s 0 2150s 2730s
9 512 usual Os 12.8s 255 0.01s 12.8s
This work | < 0.01s | < 0.01s 0 < 0.01s | < 0.01s
. usual 0s 7520s 1023 23.0s 7540s
Pathological | 11 | 2088 | 130 ok | 5.02s | 0.155 0 0.13s | 5.28s
usual 0Os > 2 days | 32767 > 2 days
16165536 | 1pic work | 38100s | 195 0 | 14300s | 52600s
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First conclusion
New probabilistic algorithm for solving PoSSo

o Complexity O(d“™ + nD") arithmetic operations
@ Real impacts in practice intractable — 20k seconds

Deterministic computation of 1,7

\xl\ Y Y Y Y Y
N N N N N N N
Y Y Y Y Y Y Y
N S N N N N N
K- - —~-v -\ - N N
Y Y ‘\ Y Y
N N N N N N N
N N N N N N N
X X X Lt e e N
N N N N N SO
Y Y Y Y Y Y Y
N N N N N N S
X X X X X X - M
N N N N N N ‘\
N N N N N N N
Y Y Y N N N N
X X X X X X X » N
N N N N N N
N N N N LN N N
N N N N N N N
X X X X X X X k‘--\———)
N N N N N
N N N N N CELEREN
Y Y Y Y A N Y
X X X X X X X X X & — = = -
N N N N N N N
N N N N N N N
S S S S S S N
N N N N N N
N N N N N N
N N N N N N N

= All the NF of same degree terms are computed at the same time!

20/




Computing

/L$17'- '7/L$n

Computing fiz,, - ..

s Pz, = computing NFpryr (e;2;) i =1,...,D and j =

This work

N |
Y

N

C N
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Computing

/L$17'- '7/L$n

Computing fiz,, - ..

s Pz, = computing NFpryr (e;2;) i =1,...,D and j =

This work

N |
Y

N

®

. .
x X X x x x @——,
~ ~ I
. .
LN O
x X X X x x x
. .
N N I
. .
c e OO
~ ~
N N !
A A
X X x X X X x x x @—@——,
N N
N N !
N N /M
N N o/
~ ~ T2
~ ~
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Computing fig,, ..., fha,

Computing fig,, - .., fa, < computing NFppy (6;2;) i=1,...,D and j =

This work

\xl N N N N N
N

N N N N

N N N
~ ~ ~
K)~ - B - A S
N A A A N N N
.
N

. . . . . . .
N N N N N N
X X X X X X X N
. . . . . .
N N N N L RN S
. . . .
X X X X X X X - -
~ ~ ~ ~ ~
N N N N N RS
A A A A A
X X X X X X X X X — - -
N N N N N
N N N N N N N
N N N N N N D\
. . . . . N4
~ ~ ~ ~ ~ ~ I
~ ~ ~ ~ ~ ~ ~
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Computing iy, ..., iz, using fast linear algebra

Iterative algorithm: loop on the degree d

tp e F

deg(ty) = d

4Ny 000
:'theF,deg(tj)<d6 0 - 0
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Computing iy, ..., iy, using fast linear algebra
Iterative algorithm: loop on the degree d

tp € F t; €F € €B
deg(ty) =d deg( ) <d

| 1 * * ok *  * *
€T LT (f) =t 0 1 . I8 Aok ek
Vi € F, deg(t)=d : T -. * : A : : B :!
TR 0.0 -ri 1 kv & & oo &)
h-nF) 00 ‘'S 0 *C *
L I NS N IR O ST S

o If tg € E(>1)Z then fy = g with g € Gs, st LT, (g) = ts;

@ Elsety € F\ E(>1)Z = t; = x4t; and
fo=ar(t; = NFs, (t;)) =te + Z 2y QGTRE;.
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Computing iy, ..., iy, using fast linear algebra

Iterative algorithm: loop on the degree d

theF [ HEF &cB
deg(ty) = d deg(tj) < d Read NF

01 : 0 - 0 x - x L —NF(t)

Reduced Row.,, .. ... ...
Echelon Form e el s s s o e s oo

tj — NF (t5)

The normal forms of all the monomials of same degree can be
computed simultaneously.
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Computing iy, ..., iy, using fast linear algebra

Size of M at most (nD x (n+ 1)D).

Theorem

Given Gprr, the computation can be done in
O(dypmaxn® D¥) arithmetic operations

where dpax = max{deg(t) | t € F'} = max{deg(g) | ¢ € GprL} -

Regular System

Let S ={f1,..., fn} with deg(fi) < d and (f1,..., fn) is a regular
sequence. For the DRL ordering

e Macaulay's bound = dpax < n(d—1) + 1;
@ Bézout's bound = D < d".

d fixed integer = O(dpaxn®D*) = O(nT1D*) = O(logy(D)* 1 D¥).
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Final conclusion

@ New probabilistic algo for solving PoSSo with omplexity

O(d“™ +nD¥) arithmetic operations

@ Sub-cubic deterministic algo for the computations of the y,'s ~
triangular sets (see Louise's PhD, extended version)

Thank you!
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