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» discretization error
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“Guaranteed Integration”

» computing with enclosures
» VNODE-LP (Nedialkov):
interval arithmetic + Taylor series
» COSY (Makino, Berz):
Taylor models + Picard iteration
» GRKLIB (Bouissou et al.):
affine arithmetic + Runge-Kutta
> issue: correctness of computed enclosures?

» VNODE-LP - literate programming
» Taylor Models: formalizations in Coq
» Picard iteration: formalization in Coq

Contribution

verification of (Bouissou et al.’s) algorithm
in interactive theorem prover Isabelle/HOL
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v

formal language to express mathematics

v

mechanically checked proofs

v

constructed from first principles:
» 0,Succ ~» N~ Z~Q~R
» multivariate analysis R”
» ODEs, existence/uniqueness

v

functional programming

» code extraction

Theorem (mechanically checked)

functional program computes enclosure for unique solution of ODE
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Overview

» Numerics

» Rigorous Numerics / Enclosures
» ODEs

» certification
» discretization

> optimizations

» application: Tucker's “computer-aided” proof for the Lorenz
attractor
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» algorithms formalized for abstract type R
> R represented by F = {m-2¢ | m,e € Z}
» Real(m-2°) e R
» e.g., Real(x) + Real(y) = Real(x + y)

> explicitly round m
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interval arithmetic:
dependency problem:
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wrapping effect:

.
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Rigorous Numerics / Enclosures

affine form: y(ag,...,ax) = {ao + Z:l'(:l €i - aj

g€ [-1; 1]}

linear operation A: R" — R™:
> A<ao7 RN ak> = <Aao, ey Aak>
> rotation without wrapping effect

nonlinear operations (%, /): approximation with quadratic error
round-off errors: fresh noise symbols ¢;

formalization: functions {a: N — R" | finite {i | a; # 0}}
implementation: sparse lists of sorted coefficients (N x R") /ist
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ODEs

Initial value problem (IVP)
» x(t) = f(x(t))
» x(0) = xo
X, t) for solution of ODE depending on initial value

o
> SO(XO’ t+ 5) = 90(90()(0’ t)v 5)
o(
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With Banach fixed point theorem:
unique solution ¢(xp, t) exists on [0; A], if:
> Pp:C([0; h],R™) — C([0; h],R")

h
Pu(p) = (t = xo + [y f(o(t))dt)
is a contraction

» establishing for xg € Xp, f € CL:
Qp: Z(R") — Z(R"™)
Qn(X) = Xo +[0; ] - £(X)
post fixed point Y 2 Qx(Y)
implemented in certify-stepsize

Theorem

If xo € Xo and certify-stepsize(Xo) = (h, Y),
then unique solution ¢(xo, [0; h]) C Y

10/22



Discretization: One-Step Methods

» “approximate” Euler step:
> 97(X07 O) = Xo

11/22



Discretization: One-Step Methods

©

> “approximate” Euler step: Ih- f(xo)
» ©(x0,0) = xo X0
> LIQ(X(), h) =~ X0 —|— h - f(Xo) _—

11/22



Discretization: One-Step Methods

» “approximate” Euler step:

> (r;(XOa 0) = X0
> LIQ(X(), h) =~ X0 =+ h- f(Xo) + O(h2)

O(h?)
h- f(Xo)

X0

11/22



Discretization: One-Step Methods

O(h?
. ()
> “approximate” Euler step: X, h-f(xo)
> ©(x0,0) = xo Xo
> LIQ‘(X(), h) =~ X0 =+ h- f(Xo) + O(h2)
0 h

» set-based Euler step
> xo € Xp

11/22



Discretization: One-Step Methods
O(h?)
» “approximate” Euler step:

> LIJ(XOa 0) = X0
> LIQ‘(X(), h) =~ X0 =+ h- f(Xo) + O(h2)

h- f(Xo)

» set-based Euler step
» xg € Xp
» f enclosed by F, i.e. f(X) C F(X)

11/22



Discretization: One-Step Methods
O(h?)
» “approximate” Euler step:

> LIJ(XOa 0) = X0
> LIQ‘(X(), h) =~ X0 =+ h- f(Xo) + O(h2)

h-f(x0)

» set-based Euler step
> xo € Xp
» f enclosed by F, i.e. f(X) C F(X)
» Df enclosed by DF

11/22
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» “approximate” Euler step:

> Ll:(XOuO) = X0
> o(x0,h) = xo + h- f(x0) + O(h?)

» set-based Euler step

X0 € Xo

f enclosed by F, i.e. f(X) C F(X)
Df enclosed by DF

(X0, [0; H]) € Q

vV vy VvVvyy
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> set-based Euler step

xo € Xo

f enclosed by F, i.e. f(X) C F(X)

Df enclosed by DF

©(Xo, [0; h]) C Q = certify-stepsize( Xo)
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O(h?
» (%)
> “approximate” Euler step: X, h-f(xo)
> ©(x0,0) =xo Xo
> o(x0,h) = xo + h- f(x0) + O(h?)
0 h

» set-based Euler step

X0 € Xo

f enclosed by F, i.e. f(X) C F(X)

Df enclosed by DF

©(Xo, [0; h]) C Q = certify-stepsize(Xo)

Eulerp,(Xo) = Xo + h- F(Xo) + %hz -box (DF(Q)(F(Q)))

vV vy VY VvVYyy

Theorem
©(Xo, h) C Euler;(Xo)
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Discretization: One-Step Methods

Iterate:
X1 = Eulerh(Xo)
certify-stepsize(X1) ~» Eulerp(X1)

optimizations:
» steps with error < O(h?) (Runge-Kutta, TSE)

» adaptive step size control

12/22
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Experiments

Isabelle’s code generator: translation of
executable fragment of HOL to SML

results:

» efficient enough to compute
non-trivial examples

Y
iy
1588
1588
1580
1888

IRERERN (AR EERE RN
et thrrhiamy
PR I Y
Py
SR50500: AR50 00
SRAESRRL SRR RRRRRRNN!
i P
I ISRRRN
I IBRRRS!
130 T
118 P
a8 P
I P
T Prit
th AARAR

Oil reservoir problem

y(8) = 2(1)
Z'(t) = z(t)? -
y(0) =10;z(0) =0

1
10—3+y(t)?

13 /22



Experiments

Isabelle’s code generator: translation of
executable fragment of HOL to SML

results:

» efficient enough to compute
non-trivial examples

» verified algorithm — rigorous proof
for enclosures
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Further Optimizations

problem: affine arithmetic represents
only convex sets

» splitting (fixed scale)
problem: splitting large sets /
redundant computations

» reduction transversal to flow:
geometric intersection of zonotopes
with hyperplanes
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atmospheric flows

> numeric experiments: chaotic
structure/strange attractor

» classic example of chaos

» Tucker 1999: proof combining guaranteed
numerics and analysis

» unverified C+4 program: some
(mathematically nontrivial) bugs repaired
since

» certify computations with Isabelle/HOL

16 /22



Computations for Tucker's Proof

Attractor studied via Poincaré
map:

first return map R of dynamics
on section ¥ C R?

17/22



Computations for Tucker's Proof

Attractor studied via Poincaré
map:

first return map R of dynamics
on section ¥ C R?

» numerical propagation of
small initial Rectangles
N;CX

17/22



Computations for Tucker's Proof

Attractor studied via Poincaré
map:

first return map R of dynamics
on section ¥ C R?

» numerical propagation of
small initial Rectangles
N;CX

> iterate R until invariant set
RINCNCEX

17/22



Computations for Tucker's Proof

Attractor studied via Poincaré
map:
first return map R of dynamics
on section ¥ C R?
» numerical propagation of
small initial Rectangles
N, CX
> iterate R until invariant set
RINCNCEX
» abort computation close to
origin

17/22



Computations for Tucker's Proof

Attractor studied via Poincaré
map:

first return map R of dynamics
on section ¥ C R?

» numerical propagation of
small initial Rectangles
N, CX

> iterate R until invariant set
RINCNCEX

» abort computation close to
origin

» =~ 100 CPU-days
(embarrassingly parallel)

17/22



Computations for Tucker's Proof

Attractor studied via Poincaré
map:

first return map R of dynamics
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» numerical propagation of
small initial Rectangles
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An Invariant Subset of the Return Plane &
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Missing Computations for Tucker's Proof

Current/future work:
establish further properties used
in Tucker's proof

» symbolic propagation close
to origin: few additional
computations

» propagation of DR

Is Tucker’s proof then formalized? No:
» correctness of symbolic propagation
» no formalization of chaos theory
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Summary

formalization in Isabelle/HOL

>

>

v
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rigorous numerics and enclosures with affine arithmetic
discretization of ODEs via one-step methods
reduction /splitting for nonlinear dynamics

application: Lorenz attractor



Thank you for your attention
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