Multi-Summation in Refined Difference Fields

Microsoft Research - Inria Joint Centre

Campus de I'Ecole polytechnique, Palaiseau

Multi-Summation in Refined Difference Fields

Carsten Schneider
Research Institute for Symbolic Computation (RISC)
Johannes Kepler University Linz

November 8, 2012

RISC-Linz Carsten Schneider



Telescoping in difference fields Multi-Summation in Refined Difference Fields

Indefinite summation

Simplify

S (1 (0 — 2) S1(8) (Z) -0,

k=0

k
1
where S;(k E —
)
=1
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Telescoping in difference fields Multi-Summation in Refined Difference Fields

GIVEN f(k) = (1+ (n— 2k) Sy(k)) (”)

FIND g(k):

f(k) =g(k+1) — g(k)

RISC-Linz Carsten Schneider



Telescoping in difference fields Multi-Summation in Refined Difference Fields

GIVEN f(k) = (1+ (n— 2k) Sy(k)) (”)

FIND g(k):

[f(k) =gk +1) — g(k)|

Sigma computes

RISC-Linz Carsten Schneider



Telescoping in difference fields Multi-Summation in Refined Difference Fields

GIVEN f(k) = (1+ (n— 2k) Sy(k)) (”)

FIND g(k):

[f(k) =gk +1) — g(k)|

Summing the telescoping equation over k from 0 to a gives

> 1+ (n—2k) Si(k)) <Z> :‘g(a +1) — g(0) ‘

k=0

—1+ (n —a)S(a) (Z)
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Telescoping in difference fields Multi-Summation in Refined Difference Fields

GIVEN f(k) = (1+ (0 — 2k) 5y (k)) (Z)

FIND g(k):

[fk) =gk +1) — g(k)|

A difference field for the summand:
Construct a rational function field

F := Q(n)

and a field automorphism o : F — [F defined by
o(c)=c VceQ(n),

RISC-Linz Carsten Schneider



Telescoping in difference fields Multi-Summation in Refined Difference Fields

GIVEN f(k) = (1+ (n—2K) 5, (k)) <Z>

FIND g(k):

[f(k) =gk +1) — g(k)|

A difference field for the summand:
Construct a rational function field

F:=Q(n)(k)

and a field automorphism o : F — [F defined by
o(c)=c YeceQ(n),
ok)=k+1, Sk=k+1,

RISC-Linz Carsten Schneider



Telescoping in difference fields Multi-Summation in Refined Difference Fields

GIVEN f(k) = (1+ (n —2k) S1(k)) (Z)

FIND g(k):

[f(k) =gk +1) —g(k)|

A difference field for the summand:
Construct a rational function field

F:=Q(n)(k)(h)

and a field automorphism o : F — [F defined by
o(c)=c VYeceQ(n),
o(k)=Fk+1, Sk=k+1,
1 1
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Telescoping in difference fields Multi-Summation in Refined Difference Fields

GIVEN f(k) = (1 + (n — 2k) Si(k)) (E)
FIND g(k):

[f(k) =gk +1) — g(k)|

A difference field for the summand:
Construct a rational function field ’ (F,0) is a IIX-field

F := Q(n)(k)(h)(b) Karr 1981

and a field automorphism o : F — [F defined by
o(c) =c VYeceQ(n),

o(k)=Fk+1, Sk=k+1,
1 1
J(h)—h-ﬁ-m, S Sy (k) —Sl(k)-i-m,
n—k n n—=k(n
ob) =17 b S<k>:k+1<k>'
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Telescoping in difference fields Multi-Summation in Refined Difference Fields

CONSTRUCT a I1X-field (F,0):
» a rational function field
F:=K
» with an automorphism

o(lc)=c VYeeK

such that

const,F = {c € K lo(c) = c} =K.

RISC-Linz Carsten Schneider



Telescoping in difference fields Multi-Summation in Refined Difference Fields

CONSTRUCT a I1X-field (F,0):
» a rational function field

F:=K(t)
» with an automorphism
o(c)=c VeceK
a(tl):altl—i—fl, aleK*, f1€K
such that
const,F = {c € K(¢;) lo(c) = ¢} =K.

RISC-Linz Carsten Schneider



Telescoping in difference fields Multi-Summation in Refined Difference Fields

CONSTRUCT a I1X-field (F,0):
» a rational function field
F:=K(t1)(t2)
» with an automorphism

o(c)=c VeceK

o(ty) =a1t1 + f1, a1 € K", fiek
U(tg) =asty + f2, ay € K(tl)*, f2 € K(tl)
such that
const,F = {c € K(t1)(t2) lo(c) = ¢} =K.

RISC-Linz Carsten Schneider



Telescoping in difference fields Multi-Summation in Refined Difference Fields

CONSTRUCT a I1X-field (F,0):
» a rational function field
F:=K(t1)(t2)(ts)
» with an automorphism

o(c)=c VeceK

O'(tl) =ayt; + f1, a1 e K, fiekK
U(tg) =asty + f2, ay € K(tl)*, f2 € K(tl)
o(t3) = aztz + f3, a3 € K(ty,t2)", f3 € K(t1,1t2)
such that
const,F = {c € K(t;)(t2)(t3) 0(c) = ¢} = K.

RISC-Linz Carsten Schneider



Telescoping in difference fields Multi-Summation in Refined Difference Fields

CONSTRUCT a I1X-field (F,0):
» a rational function field
F:=K(t1)(t2)(ts) ... (te)
» with an automorphism

o(c)=c VeceK

oti)=arti + fi, a1 €K, fiek
o(ta) = agte + fa, az € K(t1)", J2 € K(ty)
o(t3) = astz + f3, az € K(ty,2)", J3 € K(t1,12)

U(te) :aete—i—fe, Qe EK(tl,...,te_l)*, fe EK(tl,...,te_l)
such that

const,F = {c € K(t))(t2)(t3) ... (t)|o(c) = ¢} = K.

RISC-Linz Carsten Schneider



Telescoping in difference fields Multi-Summation in Refined Difference Fields

CONSTRUCT a I1X-field (F,0):
» a rational function field
F:=K(t1)(t2)(ts) ... (te)
» with an automorphism

o(c)=c VeceK

oti)=arti + fi, a1 €K, fiek
o(ta) = agte + fa, az € K(t1)", J2 € K(ty)
o(t3) = astz + f3, az € K(ty,2)", J3 € K(t1,12)

U(te) :aete—i—fe, Qe EK(tl,...,te_l)*, fe EK(tl,...,te_l)
such that

const,F = {c € K(t))(t2)(t3) ... (t)|o(c) = ¢} = K.

GIVEN f € F;
FIND g € F such that

olg)—g=1




Telescoping in difference fields Multi-Summation in Refined Difference Fields

GIVEN f(k) = (1+ (n— 2k) Sy(k)) (”)

FIND g(k):

[f(k) =gk +1) — g(k)|

0

GIVEN f := (1+ (n —2k)h)b € F.
FIND g € F:

f=o0(9)—g

RISC-Linz Carsten Schneider



Telescoping in difference fields Multi-Summation in Refined Difference Fields

GIVEN f(k) = (1+ (n— 2k) Sy(k)) (”)

FIND g(k):

[f(k) =gk +1) — g(k)|

1
GIVEN f:= (14 (n—2k)h)b e F.
FIND g € F:
f=olg9)—yg
J Sigma
g=(kh—1)b

RISC-Linz Carsten Schneider



Telescoping in difference fields Multi-Summation in Refined Difference Fields

GIVEN f(k) = (1+ (n— 2k) Sy(k)) (”)

k
FIND g(k):
J(k) =gtk +1) —g(b)]
!
GIVEN f:= (14 (n — 2k)h)b € F.
FIND g € F:
f=0(g)—yg
h =5 (k)
1 Sigma b= (})
g=(kh—1)b

RISC-Linz Carsten Schneider



Creative telescoping and examples Multi-Summation in Refined Difference Fields

A family of identities discovered by S. Ahlgren (see Paule/Schneider 03):

n (1+ au(n — 2k) S (k) (Z) ! =7

k=0

RISC-Linz Carsten Schneider



Creative telescoping and examples Multi-Summation in Refined Difference Fields

A family of identities discovered by S. Ahlgren (see Paule/Schneider 03):

n (8%
Z (1+ c(n — 2k)Si1(k)) (Z) =7
k=0
a=1: ,:0 (1+ (n — 2k)Sy (k) (Z) =1+ (n—a)Si(a) (Z)
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Creative telescoping and examples Multi-Summation in Refined Difference Fields

A family of identities discovered by S. Ahlgren (see Paule/Schneider 03):

n (1+ au(n — 2k) S (k) (Z) ! =7

k=0

aTh zn:(1+(n—2k)sl(k))<z> =1

k=0

RISC-Linz Carsten Schneider



Creative telescoping and examples Multi-Summation in Refined Difference Fields

A family of identities discovered by S. Ahlgren (see Paule/Schneider 03):

1:0 (1+ au(n — 2k) S (k) (Z) ! =7
a=1: n n
kz_o (1+ (n — 2k)S1(k)) <k> =1
a=2
k:O (1+2(n—2k)S1(k)) <Z>2 - leo ny(l,; 2nsita) (Z)
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Creative telescoping and examples Multi-Summation in Refined Difference Fields

A family of identities discovered by S. Ahlgren (see Paule/Schneider 03):

1:0 (1+ au(n — 2k) S (k) (Z) ! =7
a=1: n n
kz_o (1+ (n —2k)S1(k ))<k> =1
a=2: n n\ 2
2 (1+2(n — 2k)S:i(k)) <k) =0

RISC-Linz Carsten Schneider



Creative telescoping and examples Multi-Summation in Refined Difference Fields

A family of identities discovered by S. Ahlgren (see Paule/Schneider 03):

n «
L+ am—26)S k) () =2
| ©)
a=1 n n
Z (1+ (n—2k)S1(k)) <k> =1
k=0
o =2 n n 2
2 (1+2(n — 2k)S:i(k)) <k) =0
a=3: n 3
2 (1+3(n—2k)Si(k)) (k) =7
o =4: n n 4
D1+ 4(n — 2k)S1 (k) (k) =7
k=0
a=5 n n\°
2 (1+5(n—2k)S1(k)) (k) ?

RISC-Linz Carsten Schneider



Creative telescoping and examples Multi-Summation in Refined Difference Fields

A family of identities discovered by S. Ahlgren (see Paule/Schneider 03):

n (1+ au(n — 2k) S (k) (Z) ! =7

k=0
a=1: n n
kz_o (1+ (n —2k)S1(k ))<k> =1
o =2 n n\ 2
2 (1+2(n — 2k)S:i(k)) <k) =0
a=3 n n\ 3
;;o —|—3n—2]<:)51(k))<k> = (-1)"
o Zn: 1+ 4(n — 2k)Sy (k) <Z>4 —(—1)n (2:)
a =5 ’ " 5
3" (1 +5(n — 2k)S1(k)) (Z) =7
k=0

RISC-Linz Carsten Schneider



Creative telescoping and examples Multi-Summation in Refined Difference Fields

Telescoping

GIVEN SUM(n) := i (14 5(n — 2k)S:(k)) <n>5 .

FIND g(n, k) and

gk +1) =g k) |=|  f(n.k)]

forall 0 <k <nandalln>0.

no solution @

RISC-Linz Carsten Schneider



Creative telescoping and examples Multi-Summation in Refined Difference Fields

Zeilberger's creative telescoping paradigm

GIVEN SUM(n) := i (14 5(n — 2k)S:(k)) <n>5 .

k:0 . "

FIND g(n, k) and co(n), c1(n) :

L9k +1) — g(n. k) | = co(n) F(n. k) + ca(n) f(n + 1) |

forall 0 <k <nandalln>0.

no solution @

RISC-Linz Carsten Schneider



Creative telescoping and examples Multi-Summation in Refined Difference Fields

Zeilberger's creative telescoping paradigm

GIVEN SUM(n) := i (14 5(n — 2k)S:(k)) <n>5 .

k:0 . "

FIND g(n, k) and co(n), c1(n), ca(n) :

l9(n.k+1) —g(n, k) |= [ co(n) f(n,k) + c1(n) f(n + 1,k) + ea(n) f(n +2,k) |

forall 0 <k <nandalln>0.

no solution @

RISC-Linz Carsten Schneider



Creative telescoping and examples Multi-Summation in Refined Difference Fields

Zeilberger's creative telescoping paradigm

GIVEN SUM(n) := i (14 5(n — 2k)S:(k)) <n>5 .

k:0 . "

FIND g(n, k) and co(n), c1(n), ca(n), cs(n) :

lg(n,k+1) = g(n, k) |= [co(n)f(n, k) + -+ + cy(n) f(n +3,k) |

forall 0 <k <nandalln>0.

no solution @

RISC-Linz Carsten Schneider



Creative telescoping and examples Multi-Summation in Refined Difference Fields

Zeilberger's creative telescoplng paradigm

GIVEN SUM(n) := Z (1+ 5(n — 2k)S1(k)) <Z>5 .

kJ:O . "

FIND g(n, k) and co(n), c1(n), ca(n), cs(n) :

lg(n,k+1) = g(n, k) |= [co(n)f(n, k) + -+ + cy(n) f(n +3,k) |

forall 0 <k <nandalln>0.

No solutions implies that the sequences

a

(S1(a))axo, ( ) a0 Zf n,k))a0, -5 (O f(n+3,k))az0 € Q)"

k=0

are algebraically independent over the field of rational sequences.

For more details see: Parameterized telescoping proves algebraic independence of sums, Ann. Comb. 2010

RISC-Linz Carsten Schneider



Creative telescoping and examples Multi-Summation in Refined Difference Fields

Zeilberger's creative telescoping paradigm

GIVEN SUM(n) := i (14 5(n — 2k)S:(k)) <n>5 .

kJZO . - "

FIND g(n, k) and co(n), c1(n), ca(n), c3(n), ca(n)

[g(nk+1) —g(n.k) |= [ co(n)f(n.k) + -+ caln) f(n + 4,k) |

forall 0 <k <nandalln>0.

‘ Sigma computes: ‘ co(n),...,ca(n) € Q[n]

_(n ° p1(k,n, S1(k))
Sl (k) (k—n—4%(k—n—3p(k—n—2°(k—n—1)°’

_mE palk,n, S1(k))
el ) = (k> (k—n—a)s(zk—n—12>5(k—n— 1)

RISC-Linz Carsten Schneider



Creative telescoping and examples Multi-Summation in Refined Difference Fields

Zeilberger's creative telescoping paradigm
GIVEN - n\°>
SUM(n) := Z (14 5(n — 2k)S:(k)) <k> :

kJZO . - "

FIND g(n, k) and co(n), c1(n), ca(n), c3(n), ca(n)

lg(n.k+1) = g(n, k) |= |co(m)F(n, k) + -+ ca(n) f(n+4,k) |

forall 0 <k <nandalln>0.

Summing this equation over k from 0 to n gives:
lg(nn+1) —g(n,0)|=

co(n) SUM(n)+
c1(n) [SUM(n+1) — f(n+1,n+1)]

IC4(n) [SUM(n+4) — f(n+4,n+1) — f(n+4,n+2) —--- — f(n+4,n+4)].

RISC-Linz Carsten Schneider




Creative telescoping and examples Multi-Summation in Refined Difference Fields

Zeilberger's creative telescoping paradigm
GIVEN - n\°>
SUM(n) := Z (14 5(n — 2k)S:(k)) <k> :

kJZO . - "

FIND g(n, k) and co(n), c1(n), ca(n), c3(n), ca(n)

lg(n.k+1) = g(n, k) |= |co(m)F(n, k) + -+ ca(n) f(n+4,k) |

forall 0 <k <nandalln>0.

Summing this equation over k from 0 to n gives:
lg(nn+1) —g(n,0)|=

co(n) SUM(n)+
c1(n) [SUM(n+1) — f(n+1,n+1)]

IC4(n) [SUM(n+4) — f(n+4,n+1) — f(n+4,n+2) —--- — f(n+4,n+4)].

RISC-Linz Carsten Schneider




Creative telescoping and examples Multi-Summation in Refined Difference Fields

A family of identities discovered by S. Ahlgren (see Paule/Schneider 03):

n n (0%
1+ a(n —2k)Si(k) =7 xtended
2o -2so)() e
a=1: n n\ Krattenthaler/Rivoal 07
> 1+ (n—2k)Sy (k ))<k> =1
k=0
a=2: n 2
2 (1+2(n — 2k)Si(k)) <k) =0
a=3 n n\ 3
> (1 +3(n — 2k)S1(k)) <k> = (-1)"
k=0
a=4 n n 4 2
1+ 4(n — 2k)S;1 (k) =(-1)"
s -or()

ki:o (1+5(n — 2k)S:i(k)) (Z)5 = (—1)" jZO (?)2 (njj>

RISC-Linz Carsten Schneider



Creative telescoping and examples Multi-Summation in Refined Difference Fields

Apéry's proof (1979) of the irrationality of ((3) relies on the following fact:

-2 () 6

and

satisfy both the recurrence relation

(n+1)>A(n)—(2n+3) (17n* + 51n + 39) A(n+1)+(n+2)>A(n+2) = 0.

RISC-Linz Carsten Schneider



Creative telescoping and examples Multi-Summation in Refined Difference Fields

Apéry's proof (1979) of the irrationality of ((3) relies on the following fact:

-2 () 6

=32 (") (1) (5600 32 g

k=0 m=1 m

and

satisfy both the recurrence relation

(n+1)>A(n)—(2n+3) (17n* + 51n + 39) A(n+1)+(n+2)>A(n+2) = 0.

Van der Poorten (1979) points out that Henri Cohen and Don Zagier
showed this fact by

“some rather complicated but ingenious explanations”

based on the creative telescoping method.

RISC-Linz Carsten Schneider



Creative telescoping and examples Multi-Summation in Refined Difference Fields

Apéry's proof (1979) of the irrationality of ((3) relies on the following fact:

-2 () 6

and

SO A i (—1)m-t
b(n) = ( > < ) <Ss(n)+ Py Ry
A 2 T ()
satisfy both the recurrence relation

(n+1)>A(n)—(2n+3) (17n* + 51n + 39) A(n+1)+(n+2)>A(n+2) = 0.

a(n)-case: trivial exercise by Zeilberger's algorithm (1991)

RISC-Linz Carsten Schneider



Creative telescoping and examples Multi-Summation in Refined Difference Fields

Apéry's proof (1979) of the irrationality of ((3) relies on the following fact:

-2 () 6

and

SO A i (—1)m-t
b(n) = ( ) < > <Ss(n)+ Py Ry
A 2 T ()
satisfy both the recurrence relation

(n+1)>A(n)—(2n+3) (17n* + 51n + 39) A(n+1)+(n+2)>A(n+2) = 0.

b(n)-case: skilful application of computer algebra

1. Generalization of the Cohen/Zagier method in the WZ-setting
(Zeilberger, 1993)

2. Multi-summation + holonomic closure properties (Chyzak/Salvy, 1998)



Creative telescoping and examples Multi-Summation in Refined Difference Fields

Apéry's proof (1979) of the irrationality of ((3) relies on the following fact:

-2 () 6

and

SO A i (—1)m-t
b(n) = ( > < ) <Ss(n)+ Py Ry
A 2 T ()
satisfy both the recurrence relation

(n+1)>A(n)—(2n+3) (17n* + 51n + 39) A(n+1)+(n+2)>A(n+2) = 0.

b(n)-case: plain sailing (and not plane sailing) by

RISC-Linz Carsten Schneider



Discovering identities Multi-Summation in Refined Difference Fields

The other direction:

n «
2 (1+ (n — 2k)S;(k)) (k> =7
a=—1: a -1
n (a+1)Si(a) +1
1—(n—2k)S1(k -
> (1~ n—205100) (}) =

RISC-Linz Carsten Schneider



Discovering identities Multi-Summation in Refined Difference Fields

The other direction:

n

(0]
2 (1+ (n — 2k)S;(k)) (k> =7

N
(1 — (n — Qk)Sl(k)) (k) = (TL + 1)51(’0) +1

a=—1: n

k=0

RISC-Linz Carsten Schneider



Discovering identities Multi-Summation in Refined Difference Fields

The other direction:

n

(1+ au(n — 2k)Sy (k) (Z) “ =7

k=0

(1— (n—2k)Si(k)) (Z) =(n+1)S1(n)+1

(1—2(n — 2k)Sy(k)) (Z) -

(n+1)2 N (a+1)(—a+2n+2(a+1)(n+2)Si(a) + 3)
(n+2)? (n+2)2(") 2

RISC-Linz Carsten Schneider



Discovering identities Multi-Summation in Refined Difference Fields

The other direction:

n (0]
2 (1+ (n — 2k)S;(k)) (k> =7
a=—1: n n —1
2 (1= (n—2k)S1(k)) (kz) =(n+1)Si(n)+1
a= -2 . .
k:()(l —2(n — 2k)S1(k)) <k>

(n+1)2 (n+2(n*+3n+2)S1(n)+3)(n+1)
(n+2? " (n+2)?

RISC-Linz Carsten Schneider



Discovering identities Multi-Summation in Refined Difference Fields

The other direction:

n

(1+ au(n — 2k)Sy (k) (Z) “ =7

k=0
a=-—1: n —1
(1 — (n - 2]4:)51(]4:)) (Z) = (n + 1)51(’&) +1
k=0
a= -2 . L
k:O(l —2(n — 2k)S1(k)) <k>
(n+1)2 (n+2(n*+3n+2)S1(n)+3)(n+1)
Tz T EED)Y:
a=—3:
n -3
kZ:O (1 —3(n — 2k)51(k)) <k> =

RISC-Linz Carsten Schneider



Discovering identities Multi-Summation in Refined Difference Fields

The other direction:

n

(1+ au(n — 2k)Sy (k) <Z> “ =7

a=—1: n = n\ L
(1- (n—2k)S1(k))(k> =(n+1)S1(n)+1
k=0
a=—2 . L
1—2(n — 2k)S1(k) ("
> (1200~ 25 (})
(n+1)2 (n+2(n*+3n+2)S1(n)+3)(n+1)
, Tz T (n 1 92

n -3
Z (1 —3(n —2k)Si(k)) <Z> =5(—1)"S_3(n)(n+1)3

k=0
—6(=1)"S_21(n)(n+1)* +6S1(n)(n +1) + 1

RISC-Linz Carsten Schneider



Discovering identities Multi-Summation in Refined Difference Fields

The other direction:

n 8}
> (1+ au(n — 2k)Sy (k) (Z) =7
o= —4:
& n\ "t (10(n +1)Si(n) + 3)(n +1)
k:0(1 — 4(n — 2K)S: (k) (k> = 2; 5
(_1)71(27;1)— n+ 1 7 n 21)51( )
+ (4n(n + (2 — Z

RISC-Linz Carsten Schneider



Sigma summation spiral Multi-Summation in Refined Difference Fields

Summation paradigms
1. Creative teleSCOping (for the special case of hypergeometric terms see Zeilberger's algorithm (1991))

GIVEN a definite sum

n
A(n) = Z f(n’ k); f(n,k): indefinite nested product-sum in k;
=0 n: extra parameter

FIND a recurrence for A(n)

RISC-Linz Carsten Schneider



Sigma summation spiral Multi-Summation in Refined Difference Fields

Summation paradigms
1. Creative teleSCOping (for the special case of hypergeometric terms see Zeilberger's algorithm (1991))

GIVEN a definite sum

n
A(n) = Z f(n’ k;); f(n,k): indefinite nested product-sum in k;
=0 n: extra parameter

FIND a recurrence for A(n)

2. Recurrence solving

GIVEN a recurrence ao(n),...,aq(n), h(n):
indefinite nested product-sum expressions.

aa(n)A(n +d) + - -+ ag(n)A(n) = h(n);

FIND all solutions expressible by indefinite nested products and sums
(Abramov/Bronstein/Petkoviek /CS, in preparation)

RISC-Linz Carsten Schneider



Sigma summation spiral Multi-Summation in Refined Difference Fields

Summation paradigms
1. Creative teleSCOping (for the special case of hypergeometric terms see Zeilberger's algorithm (1991))

GIVEN a definite sum

n
A(n) = Z f(n’ ]{;); f(n,k): indefinite nested product-sum in k;
=0 n: extra parameter

FIND a recurrence for A(n)

2. Recurrence solving

GIVEN a recurrence ao(n),...,aq(n), h(n):
indefinite nested product-sum expressions.

aa(n)A(n +d) + - -+ ag(n)A(n) = h(n);

FIND all solutions expressible by indefinite nested products and sums
(Abramov/Bronstein/Petkoviek /CS, in preparation)

NOTE: By construction, the solutions are highly nested.

RISC-Linz Carsten Schneider



Sigma summation spiral Multi-Summation in Refined Difference Fields

Summation paradigms
1. Creative teleSCOping (for the special case of hypergeometric terms see Zeilberger's algorithm (1991))

GIVEN a definite sum

n
A(n) = Z f(n’ k;); f(n,k): indefinite nested product-sum in k;
=0 n: extra parameter

FIND a recurrence for A(n)

2. Recurrence solving

GIVEN a recurrence ao(n),...,aq(n), h(n):
indefinite nested product-sum expressions.

aa(n)A(n +d) + - -+ ag(n)A(n) = h(n);

FIND all solutions expressible by indefinite nested products and sums

(Abramov/Bronstein/Petkoviek /CS, in preparation)

3. Indefinite summation for simplification
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Sigma summation spiral Multi-Summation in Refined Difference Fields

A difference field approach (M. Karr, 1981)

GIVEN a IIS-field (F, o) with f € F

FIND g € F:
o(g)—g=Ff

RISC-Linz Carsten Schneider



Sigma summation spiral Multi-Summation in Refined Difference Fields

A symbolic summation approach

‘ 1. FIND an appropriate I1X-field (IF, o) with f € F.

2. FIND g € F:
o(g)—g=Ff

RISC-Linz Carsten Schneider



Sigma summation spiral Multi-Summation in Refined Difference Fields

A symbolic summation approach

‘ 1. FIND an appropriate I1X-field (IF, o) with f € F.

2. FIND an appropriate extension E > F with g € E:

o(g)—g=1.

RISC-Linz Carsten Schneider



Sigma summation spiral Multi-Summation in Refined Difference Fields

A symbolic summation approach

‘ 1. FIND an appropriate I1¥X-field (IF, o) with f € F.

2. FIND an appropriate extension E > F with g € [E:

o(g)—g=1F.

appropriate = sum representations with optimal nesting depth

Example:

RISC-Linz Carsten Schneider



Sigma summation spiral Multi-Summation in Refined Difference Fields
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Sigma summation spiral Multi-Summation in Refined Difference Fields
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Sigma summation spiral

Multi-Summation in Refined Difference Fields
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Sigma summation spiral

Multi-Summation in Refined Difference Fields

71
k le
-k
I1¥-field (Q(k)(h)(s)(t), o) with
olk)=k+1
1
o(h)
o(s) =s+ Pl
o(s)
o(t)=t+ Pl

No simplification

RISC-Linz Carsten Schneider



Multi-Summation in Refined Difference Fields

1
1

Sigma summation spiral

P
L2
j=1 7 h

=
I5-field (Q(k)(h)(s)(t), o) with |[TIS-field (Q(k)(h), o) with
o(k) =k +1 (k) =k+1
g(h)=h+ki1 a(h):h—kkil
.
() =t+ /:(+S)1

RISC-Linz Carsten Schneider



Sigma summation spiral

Multi-Summation in Refined Difference Fields

— 1
Jj=1 - E(hQ 4+ hg)
k=1
I1>2-field (Q(k)(h)(s)(t), o) with |II¥-field (Q(k)(h)(h2),0) with
olk)=k+1 ok)=k+1
1 1
a(h) _ 1
U(S>:S+k+1 U(hQ)_h2+(k+1)2
R C)
(t)=t+ P

RISC-Linz Carsten Schneider



Multi-Summation in Refined Difference Fields

k
=1
2.5 1, 1., 1

n]:1
> 6

o
IS field (Q(k)(h)(3)(£), o) with | TI5-field (QUk) () (hz) (ha), o) with
o(k) =k +1 k) = k+1
o) =+ o) =h+ s
o(s) = s+ ]j(f)l o(h) = ha + j 7
<t):t+]:f)1 a(h3)=h3+(k+11)3

RISC-Linz Carsten Schneider



Sigma summation spiral

Multi-Summation in Refined Difference Fields

k
”;:31 (&) 1 (&1 1) 11
; “sl27) alze)(Xi)sw
k=1 i=1 i=1 i=1 i=1
TIS-field (Q(k)(h)(s)(t), o) with |[TIS-field (Q(k)(h)(ha)(hs), o) with
ok)=k+1 olk)=k+1
a(h):h—l—kil a(h):h+kJ1r1
o 1
0(8) S+k$L)1 J(h2)2h2+ (k‘—i—l)2
J(t}zt—l-]:_(i_s)l U(h?’):hg_'_(k—il)?’

RISC-Linz Carsten Schneider



Sigma summation spiral Multi-Summation in Refined Difference Fields

Summation paradigms
1. Creative teleSCOping (for the special case of hypergeometric terms see Zeilberger's algorithm (1991))

GIVEN a definite sum

n
A(n) = Z f(n’ k;); f(n,k): indefinite nested product-sum in k;
=0 n: extra parameter

FIND a recurrence for A(n)

2. Recurrence solving

GIVEN a recurrence ao(n),...,aq(n), h(n):
indefinite nested product-sum expressions.

aa(n)A(n +d) + - -+ ag(n)A(n) = h(n);

FIND all solutions expressible by indefinite nested products and sums

(Abramov/Bronstein/Petkoviek /CS, in preparation)

3. Indefinite summation for simplification
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Sigma summation spiral Multi-Summation in Refined Difference Fields

Summation paradigms
1. Creative teleSCOping (for the special case of hypergeometric terms see Zeilberger's algorithm (1991))

GIVEN a definite sum

n
A(n) = Z f(n’ k;); f(n,k): indefinite nested product-sum in k;
=0 n: extra parameter

FIND a recurrence for A(n)

2. Recurrence solving

GIVEN a recurrence ao(n),...,aq(n), h(n):
indefinite nested product-sum expressions.

aa(n)A(n +d) + - -+ ag(n)A(n) = h(n);

FIND all solutions expressible by indefinite nested products and sums

(Abramov/Bronstein/Petkoviek /CS, in preparation)

4. Find a “closed form”

‘ A(n)=combined solutions. ‘

RISC-Linz Carsten Schneider




From Feynman diagrams to multi-sums Multi-Summation in Refined Difference Fields

Evaluation of Feynman diagrams
(long term project with J. Bliimlein, Deutsches Elektronen—Synchrotron)

Behavior of particles
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From Feynman diagrams to multi-sums Multi-Summation in Refined Difference Fields

Evaluation of Feynman diagrams
(long term project with J. Bliimlein, Deutsches Elektronen—Synchrotron)

/ O(n, e, z)da

Feynman integrals

Behavior of particles
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From Feynman diagrams to multi-sums Multi-Summation in Refined Difference Fields

Evaluation of Feynman diagrams
(long term project with J. Bliimlein, Deutsches Elektronen—Synchrotron)

/ O(n, e, z)da

Feynman integrals

Behavior of particles

DESY

> fnek)

multi sums
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From Feynman diagrams to multi-sums Multi-Summation in Refined Difference Fields

Evaluation of Feynman diagrams
(long term project with J. Bliimlein, Deutsches Elektronen—Synchrotron)

/ O(n, e, z)da

Feynman integrals

Behavior of particles

DESY

symbolic summation
simple sum expressions E f(n, e k)

multi sums
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From Feynman diagrams to multi-sums Multi-Summation in Refined Difference Fields

Evaluation of Feynman diagrams
(long term project with J. Bliimlein, Deutsches Elektronen—Synchrotron)

/ O(n, e, z)da

Feynman integrals

Behavior of particles

Evaluations required for the DESY
LHC experiment at CERN

processable by physicists

symbolic summation
simple sum expressions E f(n, e k)

multi sums

RISC-Linz Carsten Schneider




Warming up example Multi-Summation in Refined Difference Fields

Warming up example
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Warming up example Multi-Summation in Refined Difference Fields

A warm up example

GIVEN F(n ZZ €+1

( T(k+1) TEIA-HIG+1- LG +1+ 5k +j+1+n)

F(k+2+n) FG+1-5)TG+2+n)l(k+j+2)

D(k+1) D(=5TA+5)T +1+elG+1-5)0(k+j+1+5+n)

L(k+24n) FrG+rG+2+5+n)k+5+2+5) '
f(n’k;7])

Arose in the context of
I. Bierenbaum, J. Blimlein, and S. Klein, Evaluating two-loop massive operator matrix
elements with Mellin-Barnes integrals. 2006

RISC-Linz Carsten Schneider



Warming up example Multi-Summation in Refined Difference Fields

A warm up example

GIVEN F(n ZZ €+1

( T(k+1) TEIA-HIG+1- LG +1+ 5k +j+1+n)

C(k+2+n) TG+1-STG+2+n)(k+j+2)

Pk+1) TD(=5)TA+5)TG+1+e)lG+1-5)0(k+5+14+5+n)

L(k+24n) FrG+rG+2+5+n)k+5+2+5) '
f(n’k;7j)

FIND the first coefficients of the e-expansion

F(N) = F()(n) —|—€F1(n) +

Arose in the context of
I. Bierenbaum, J. Blimlein, and S. Klein, Evaluating two-loop massive operator matrix
elements with Mellin-Barnes integrals. 2006
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Warming up example Multi-Summation in Refined Difference Fields

A warm up example

GIVEN F(n ZZ €+1

( T(k+1) TEIA-HIG+1- LG +1+ 5k +j+1+n)

T(k+2+n) TG+1-TG+2+n)T(k+j+2)

Pk+1) TD(=5)TA+5)TG+1+e)lG+1-5)0(k+5+14+5+n)

I'(k+2+n) FrG+rG+2+5+n)k+5+2+5%) '
f(n’k:7j)

Step 1: Compute the first coefficients of the e-expansion

f(n,k,j) = fo(n, k. j) + efi(n, k,j) +

Arose in the context of
|. Bierenbaum, J. Blimlein, and S. Klein, Evaluating two-loop massive operator matrix
elements with Mellin-Barnes integrals. 2006

RISC-Linz Carsten Schneider



Warming up example Multi-Summation in Refined Difference Fields

A warm up example

GIVEN F(n ZZ €+1

( T(k+1) TEIA-HIG+1- LG +1+ 5k +j+1+n)

T(k+2+n) TG+1-TG+2+n)T(k+j+2)
Pk+1) TD(=5)TA+5)TG+1+e)lG+1-5)0(k+5+14+5+n)
I'(k+2+n) FrG+rG+2+5+n)k+5+2+5%) '
f(n’k:7j)

Step 2: Simplify the sums in

Zz.f(nak7j):ZZfO(nvka])+5ZZf1(nvkaj)+
k=0 j=0 k=0 j=0 k=0 j=0
Arose in the context of

|. Bierenbaum, J. Blimlein, and S. Klein, Evaluating two-loop massive operator matrix
elements with Mellin-Barnes integrals. 2006

RISC-Linz Carsten Schneider



Warming up example Multi-Summation in Refined Difference Fields

Simplify

(25 + k +n+ 2kl + k +n)!
;)jgo((j+k+ DG +n+1)G+k+11G+n+1D)(k+n+1)
+j!k!(j +k4+n)! (=51(j) + S1(j+ k) +S1(j+n) —Si1(j + k+n)) )

GHeE+DG+n+DI(k+n+1)!
fG)

where

RISC-Linz Carsten Schneider



Warming up example Multi-Summation in Refined Difference Fields

Simplify

(25 + k +n+ 2! + k +n)!
g;(mm DG +n+1)G+k+11G+n+1D)(k+n+1)
+j!k!(j +k4+n)! (=51(j) + S1(j+ k) +S1(j+n) —Si1(j + k+n)) )

GHeE+DG+n+DI(k+n+1)!
fG)

FIND g(5):

fG)=9G+1) —90)

RISC-Linz Carsten Schneider



Warming up example Multi-Summation in Refined Difference Fields

Simplify

(2] + k +n + 2)51K1(j + k + n)!
g;(mm DG +n+1)G+k+11G+n+1D)(k+n+1)
+j!k!(j +k4+n)! (=51(j) + S1(j+ k) +S1(j+n) —Si1(j + k+n)) )

GHeE+DG+n+DI(k+n+1)!

f@)
FIND ¢(j):
1£G) =G +1) — 9(j)]
/]\
_ GHRAHD G+ DGR+ (S1()=S1 (k) = S1 () + 51 (+Hk-+n) )
9(j) = En(GHk+D)!G+n+ 1) (k+n+1)!

RISC-Linz Carsten Schneider



Warming up example Multi-Summation in Refined Difference Fields

Simplify
Sy (25 + k+n+2) kG +k+n)!
;;((wrwr DG+n+D)G+k+D1G +n+D(k+n+1)

+j!k!(j +k+n)(=S1() +S1(j+ k) +S1(j+n) —S1(j+k+n)) )
GHeE+DG+n+DI(k+n+1)!

f@)

FIND ¢(j):

1£G) =G +1) — 9(j)]

Summing the telescoping equation over j from 0 to a gives

> f(n,k,4) = gla+1) — g(0)
j=0
(a+1)!(k—1)!(a+k+n+1)!(S1(a)—S1 (a+k)—S1(a+n)+S1(a+k+n))
n(a+k+1)!(a+n+1)!(k+n+1)!
+ S1(k)+S1(n)—S1(k+n) + (2a+k+n+2)alk!(a+k+n)!
En(k+n+1)n! (a+k+1)(a+n+1)(at+k+1)(a+n+1)(k+n+1)!

RISC-Linz Carsten Schneider



Warming up example Multi-Summation in Refined Difference Fields

Simplify

(25 + k +n+ 2! + k +n)!
g;(mm DG +n+1)G+k+11G+n+1D)(k+n+1)
+j!k!(j +k4+n)! (=51(j) + S1(j+ k) +S1(j+n) —Si1(j + k+n)) )

GHeE+DG+n+DI(k+n+1)!
fG)

= L Si(k) + Si(n) = Si(k+n)
Zf( k.3) = kn(k+n+1)n!

RISC-Linz Carsten Schneider



Warming up example Multi-Summation in Refined Difference Fields

Simplify
(2 + k+n+2)5k(j +k+n)!
AZOJZO GHE+DG+n+D)G+E+DG+n+ D!k +n+1)!
ARG A CHG) 456 LR 451G 1) G )y
G+E+DG+n+Dk+n+1)

f@)

> 51 +S1 ) Sl(k—i-n)
sznkj Z knk+n+1)n'

k=1 j=0 k=1

RISC-Linz Carsten Schneider



Warming up example Multi-Summation in Refined Difference Fields

(n+1)S1(n) +1

(n+2)A(n+1) —nA(n) = T 1)

creative telescoping

\> io:sl -I-Sl ) Sl(k-l-n)

— kn(k+mn+1)

RISC-Linz Carsten Schneider



Warming up example Multi-Summation in Refined Difference Fields

(n+1)S1(n) +1

(n+2)A(n+1) —nA(n) = T 1)

recurrence solver

A(\>—§: S1(k)+51(n)—5'1(k‘+n) c {CX n(nl—i—l) /
EL kn(k+n+ 1) )
k=1 S (n) -+ SQ(TI) ’C c R}
2n(n+1)
where . .
Sl(n)zz% SQ(TL)ZZZ%
=1 i=1

RISC-Linz Carsten Schneider



Warming up example Multi-Summation in Refined Difference Fields

(n+ DA +1) - nA(m) = LTS T

(n+1)3
A%Zi Si(k) + S1(n) = Si(k+n) | _ %X n(n1+1) ]
k=1 kn(k+mn+1) st Do
2n(n+1)
where ) n
Sm=Y7  Sm=Yx
=1 i=1

RISC-Linz Carsten Schneider



Warming up example Multi-Summation in Refined Difference Fields

Simplify
(25 + k4+n+2)5K(5 + k +n)!
AZOJZO GHE+DG+n+D)G+E+DG+n+ D!k +n+1)!
ARG A CHG) 456 LR 451G 1) G )y
G+E+DG+n+Dk+n+1)

f@)

Sy(k) + Si(n) — Si(k +n
sz”’” Zl()kn(kli;Jrl;iz! !

k=1 j=0
B S1(n)? + Sa(n)
 2n(n+1)!
where
n 1 n
Sl(”):Z; 52(”)2272
i=1 i=1

RISC-Linz Carsten Schneider



Warming up example Multi-Summation in Refined Difference Fields

GIVEN
i":i e” <y ( T(k+1) TETA-TG+1-TG+1+ 5)Nk+j+1+n)
i=0i=o P+ \I'(k+2+mn) FPG+1—-5rG+2+n)I(k+35+2)
I(k+1) r(—g)r(1+g)r(j+1+e)r(j+1—g)r(k+j+1+g+n)>
D(k+2+mn) TG+DTG+2+ §+mT(k+5+2+ 5) '
= > > foln,k,5) +
k=0 ;=0

Sigma computes

— . S1(n)?+3S51(n)
kgojzzof()(n’kaj) - 27L<TL+1>' :

RISC-Linz Carsten Schneider



Warming up example Multi-Summation in Refined Difference Fields

GIVEN
ii e ( T(k+1) TETA-TG+1-TG+1+ 5)Nk+j+1+n)
i=0i=o P+ \I'(k+2+mn) FPG+1—-5rG+2+n)I(k+35+2)
I'(k+1) F(—%)F(lJr%)F(j+l+e)1"(j+17%)F(k+j+1+%+n)>
D(k+2+mn) FG+1DIG+2+ 5 +n)lk+j+2+ %) ’
=3 > fotn ki) +e > > filn, k) +
k=0j=0 k=0j=0

Sigma computes

DY ol ) = SIS,

l
== 2n(n + 1)!

0o 00 B 3 ; . i
S5 filnkyg) = o) ?é%fll)(!) 88(n)

k=0 j=0

RISC-Linz Carsten Schneider



Warming up example Multi-Summation in Refined Difference Fields

GIVEN

5 e ( T(k+1) T(SHL0 - $HNG+1= TG+ 1+ 50Kk +j+1+n)

=00 Te+ D) \(k+2+n) PG+1—-5TG+2+n0(k+5+2)
D(k+1) Fh%ﬁu+%wu+1+eﬁu+1—%Ww+j+1+g+n»
D(k+2+mn) TG+DTG+2+ §+mT(k+5+2+ 5) '

=3 3 foln k) +e > D filnk )+ D0 faln,k.g) +
k=03j=0 k=0 j=0 k=03j=0

Sigma computes
oo o0 1
n, k, j :7(5 n)* + (12 + 5455 (n)) Sy ()2

ZZfQ( ) 7]) 96n(n+1) 1( ) ( CQ 2( )) 1( )

k=0 =0
+ 10453(’0)51 (n) — 485231(%)51 (TI) + 5152(”)2 + SGCQSQ(TL)

+ 1265 (n) — 4885,1(n) — 961,1,2(n)

RISC-Linz Carsten Schneider



Warming up example

Multi-Summation in Refined Difference Fields

GIVEN

i":i e ( T(k+1) TETA-TG+1-TG+1+ 5)Nk+j+1+n)
oo e+ 1) \T(k+2+n) F(G+1— LG +2+n)C(k+5+2)

P(=5)PA+ PG +1+e)TG+1- 5T (k+i+1+§ +n)>

I(k+ 1)
T(k+2+n)

TG+ D06 +2+§ +m)T(k+5+2+ 5)

= ZZfo(nkJ)+€Z Zfl(nkj)+s ZZfz(nkJ)+€ ZZfs(nkJ)+
k=0 75=0 k= k=

0j=

Sigma computes

szg n,k, j) 7(51( )5+ (20Cs + 13082 (n)) Sy (n)3+

e 960n(n + 1)

(40¢3 + 38055(n))S1(n)? + (13555(n)* + 60¢2592(n) 4 51084(n)) Si(n)
— 24053’1(11)51 (’I’L) — 24051 1, 2( ) (n) + 160C25’5( ) + SQ(TL)(lQOCg
+ 38055(n)) + 62455(n) 4+ (—12051(n)* — 12052(n)) Sa,1(n)

— 24054’1( ) — 24051 1 3( ) + 24052 9 1(71))

RISC-Linz Carsten Schneider




Guessing and Finding Multi-Summation in Refined Difference Fields

Guessing and Finding

(J. Bliimlein, M. Kauers, S. Klein, CS; Comput. Phys. Comm. 180, pp. 2143-2165. 2009; arXiv 0902.4091)
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Guessing and Finding Multi-Summation in Refined Difference Fields

In the non-singlet (3-loop) case ~ 360 diagrams
contribute. The integrals are of the form:

n+t-+riet...

F(n E)Z/Idx /ldx ipi(xlal?,...,xﬂ
| o L wp) et

= qi(z1, 72,

where K € N, r;,s; € Q, and p;, ¢; are polynomials in z1,...,z7.

RISC-Linz Carsten Schneider



Guessing and Finding Multi-Summation in Refined Difference Fields

In the non-singlet (3-loop) case ~ 360 diagrams
contribute. The integrals are of the form:

x7)n+~-~+ma+...

! ! a P'(Sﬂl x2
F(n,e :/dxl.../ dxr Gt At AR
(n.€) 0 0 ; ¢i(w1, o, ..., x7) TSET

=F 3(n)e ® + F o(n)e >+ F_1(n)e ' + 50 +...

The 3-loop anomalous dimensions can be derived from the single pole part
of F(n,e). The other poles are needed for the renormalization.

Vermaseren, Moch: 3-5 CPU years (2004)

RISC-Linz Carsten Schneider



Guessing and Finding Multi-Summation in Refined Difference Fields

In the non-singlet (3-loop) case ~ 360 diagrams
contribute. The integrals are of the form:

x7)n+~-~+ma+...

! ! a P'(Sﬂl x2
F(n,e :/dxl.../ dxr Gt At AR
(n.€) 0 0 ; ¢i(w1, o, ..., x7) TSET

=F 3(n)e ® + F o(n)e >+ F_1(n)e ' + 50 +...

4 difficult, unsolved task

Initial values Fy(i), i =1,...,5114
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Guessing and Finding Multi-Summation in Refined Difference Fields

In the non-singlet (3-loop) case ~ 360 diagrams
contribute. The integrals are of the form:

x7)n+~-~+ma+...

! ! = pi(w1, 22
F = dry... d E Gt At AR
(n75) /0 1 /0 L7 ] ,x7).~+sis+...

= qi(z1, 72,

=F 3(n)e ® + F o(n)e >+ F_1(n)e ' + 50 +...

4 difficult, unsolved task

Initial values Fy(i), i =1,...,5114

1 Recurrence finder (M. Kauers)

ap(n)Fo(n) +a1(n)Fy(n+1) + -+ + ass(n)Fo(n+35) =0

RISC-Linz Carsten Schneider



Guessing and Finding Multi-Summation in Refined Difference Fields

ap(n)Fo(n) + a1 (n)Fo(n+1) 4+ -+ +|ass(n) [Fo(n 4+ 35) =0
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Guessing and Finding Multi-Summation in Refined Difference Fields

ap(n)Fo(n) +a1(n)Fo(n+ 1) £ -l ags(n) [Fo(n + 35) =0

CL35(’I’L) = + Ain + A2n2 + o4 A9381’L983 S Z[n]

RISC-Linz Carsten Schneider



Guessing and Finding Multi-Summation in Refined Difference Fields

ap(n)Fo(n) + a1(n)Fy(n + 1 Fo(n+35) =0

CL35(’I’L) = + Ain + A2n2 —+ -4 A938TL983 € Z[n]

[1() — 4640944309211313672503980223716264124200407085993854002412460315194
95765021269344971048446299722216293405285738333200767150194016391501666
27950213807356109710952045603966273388757782697588602201277983560532017
37487592671445911325765145271945214255462153147308420597210761595329365
51563452998613135384718911305253299053198893606401464021608911620974192
09001668029951620780182947258262939450801154511774527832503874341661898
89167522107378468797979810265385510643937043867557563467523740406094658
99100467933353731959645624977524424672990654427732309881685346483771128
69020837147452024401528169079406933665344476181260243344172097691636706
62803059675535809027169693064474147719610219849628486896079642312975136
20776876867741883488363846944854496482629372436829699055391369178850397
00381638011612302679580897488076647721311930634735316787779620757659951
5202809978299053753901432067359626151

(885 decimal digits)
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Guessing and Finding Multi-Summation in Refined Difference Fields

In the non-singlet (3-loop) case ~ 360 diagrams
contribute. The integrals are of the form:

x7)n+~-~+ma+...

! ! = pi(w1, 22
F = dry... d E Gt At AR
(n75) /0 1 /0 L7 ] ,x7).~+sis+...

= qi(z1, 72,

=F 3(n)e ® + F o(n)e >+ F_1(n)e ' + 50 +...

4 difficult, unsolved task

Initial values Fy(i), i =1,...,5114

1 Recurrence finder (M. Kauers)

ap(n)Fo(n) +a1(n)Fy(n+1) + -+ + ass(n)Fo(n+35) =0

1

| CLOSED FORM |




Guessing and Finding Multi-Summation in Refined Difference Fields

In the non-singlet (3-loop) case ~ 360 diagrams
contribute. The integrals are of the form:

x7)n+~-~+ma+...

! ! = pi(w1, 22
F = dry... d E Gt At AR
(n7€) /0 1 /0 L7 ] ,x7).~+sis+...

= qi(z1, 72,

=F 3(n)e ® + F o(n)e >+ F_1(n)e ' + 50 +...

4 still difficult, unsolved task

Initial values Fy(i), i = 1,...,450

1 Recurrence finder (M. Kauers)

ao(n)Fo(n) + ai(n)Fo(n +1) + - - + ass(n) Fo(n +7) = 0

1

| CLOSED FORM |




Automatization Multi-Summation in Refined Difference Fields

Automatization
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Automatization Multi-Summation in Refined Difference Fields

Example: All n-Results for 3-Loop Ladder Graphs

Joint work with J. Ablinger (RISC), J. Blimlein (DESY),
A. Hasselhuhn (DESY), S. Klein (RWTH)

(Nuclear Physics B, 2012; arXiv:1206.2252v1)

In total around 50 diagrams (for this class) have been calculated, like e.g.

(containing three massive fermion propagators)

4

Around 1000 sums have to be calculated for this diagram

RISC-Linz Carsten Schneider




Automatization Multi-Summation in Refined Difference Fields

n—2 j+1n—j+r—2 6_1)T+s(j+1)(—j+n+¢—2)c_j +—n,—»2ﬂrl
r s

ZZ Z (n—s)(s+1)(—j+n+r)!

j=0r=0 s=0

Simple sum

RISC-Linz Carsten Schneider



Automatization Multi-Summation in Refined Difference Fields

n—2j+1n—j+r—2 (_1)r+s (j—i—l) (—j+n+r—2) (—j+mn—2)lr!
T S

ZZ Z n—=s)(s+1)(—j+n+r)

j=0r=0 s=0 ||

n—2j+1|n—j+r—2 (_1)r+s (j—i—l) (—j+n+r—2) (= +n—2)lr!

ZZ Z (njs)(s+1s)(—j+n+r)!
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Automatization Multi-Summation in Refined Difference Fields

n—2j+1n—j+r—2 (_1)r+s (j—i—l) (—j+n+r—2) (—j+mn—2)lr!
T S

ZZ Z n—=s)(s+1)(—j+n+r)

j=0r=0 s=0 ||

n—2j+1|n—j+r—2 (_1)r+s (j—i—l) (—j+n+r—2) (= +n—2)lr!

ZZ Z (njs)(s+1s)(—j+n+r)!
I

(j + 1> ( (=1)"(=j+n—2)! N
r )\t D Fntr—D(=j+n+r)

()" G+ D= +n—2)(—=j+n—1)r! )
(n—Dnn+1)(—j+n+r)(-j—1),(2-n);
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Automatization Multi-Summation in Refined Difference Fields

n—2j+1n—j+r—2 (_1)r+s (j—i—l) (—j+n+r—2) (—j+mn—2)lr!
T S

3D D (Er ey e Er
I
L, .
j+1 (=1)"(—j +n—2)kr!
= ;}( r )<(n—|—1)(—j—i—n—i—r—1)(—j+n+r)!+
=0 (=)™ G+ DN (—j+n—2)(—j+n—1)7! )
(n—Dn(n+1)(=j+n+r)(=j—1):(2-n);
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Automatization Multi-Summation in Refined Difference Fields

n—2j+1n—j+r—2 (_1)r+s (j—i—l) (—j+n+r—2) (—j+mn—2)lr!

jz;; Z (n—rs)(s+1s)(—j+n+r)!

=0 s=0
I

J . .
j+1 (=D)"(=j +n—2)r!
2( (e e s ey

=0 (=)™ + DU=g 0 = DU (=j + = Der! )

(n— Dn(n+ )(—j +n+0\(~j — D2 n);
[

J
n)i
( n?—nal +; z+n—1)2(i+1)!
(n—1)2n%(n+1)(2 — n); (n+1)(2—n);

+

(=1t (—j = 2)(—j+n—2)\, . 1
TR CE ) KAl vy e ey
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Automatization Multi-Summation in Refined Difference Fields

n—2j+1n—j+r—2 (_1)r+s (j—i—l) (—j+n+r—2) (—j+mn—2)lr!

22 X T e )

=0 s=0
|

n—2

j n);
Z z+n—1)

n2_n+1 P 2(Z+1)'
(et rne=m, * wrne—

j=0
(17 (=j = 2)(=j +n - 2)!

) 1
G—nt D+ 17! )”+”“‘m+¢v«j+n—w)

RISC-Linz Carsten Schneider



Automatization Multi-Summation in Refined Difference Fields
n—2j+1 n—j+r—2 rds (§4+1\ (—j+n+r—2 .
(D () () (4 — 2

Z Z n—=s)(s+1)(—j+n+r)

7=0r=0 s=0 ||

j n);
Z z+n—1) i

n—2 n2_n+1 — 2(Z+1)'
2 (((n—1)2n2(n+1)(2—n)j T mrne-n;
(1) (—j = 2) (=i +n—2)1\ 1
Gnt)nt12n Ju+ - (n—|—1)2(—j+n—1)>
|
—n?—-n-—1 N (=)™ (n®*+n+1) _ 25.5(n) Si(n) Sa(n)
n?(n+1)3 n?(n+1)3 n+1 (n+1)2 -n-1

Note: S,(n) = SN, &l 4 ¢ 7\ {0}

'Llal
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Automatization Multi-Summation in Refined Difference Fields

Mathematica Session:

1= << Sigma.m
‘ Sigma - A summation package by Carsten Schneider (©) RISC-Linz ‘

n2:= << HarmonicSums.m
‘ HarmonicSums by Jakob Ablinger © RISC-Linz ‘

ng3:= << EvaluateMultiSums.m
‘ EvaluateMultiSums by Carsten Schneider © RISC-Linz ‘

(1)) (F) (< o 2y
(n—s)(s+1)(—j+n+r)! ’
{{5,0,n-j+1-2},{r,0,j+1}.{j,0,n-2}]

inl4]:= EvaluateMultiSum|

—n?—n—-1 (—1)*(@®+n+1) 28 ,(n) Si(n) S2(n)
n?(n+1)3 T n?(n+1)3 T n+1 +(n—|—1)2 —n—1

Out[4]=
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Automatization Multi-Summation in Refined Difference Fields

A typical sum
n—2j+1ln+s—j—2 oo

72( Dt (T (TR () i(s—1)101S (1 4 2)
ZZ Z Z (n—r)(r+1)(r+2)(—j+n+o+1)(—j+n+o+2)(—j+n+s+o)!
j=0s=1 r=0 o0=0
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Automatization Multi-Summation in Refined Difference Fields

A typical sum
n—2j+1lnts—j—2 oo

72( Dt (IE) (T () (s— 1101 S (1 + 2)
ZZ Z Z (n—r r+1)(r+2)( j+n+o+1)(—j+n+o+2)(—j+n+s+o)!
j=0s=1 r=0 o0=0

_ (2n? + 6n + 5) S_2(n)?

2(n+1)(n+2) + S_2,-12(n) + 5-21,-2(n)

+ ..

J

where, e.g Z

) k?
=1
(_1)z k=1
J=1
5—271,—2(77/) == ) Vermaseren 98/Bliimlein/Kurth 99
; (3

RISC-Linz Carsten Schneider



Automatization Multi-Summation in Refined Difference Fields

A typical sum

n=2jt+lnts—j-2 oo 72( Dt (TH) (I (ng)(s—1)101S (1 + 2)
Z Z Z Z (n—r r+1)(r+2)( j+n+o+1)(—j+n+o+2)(—j+n+s+o)!
j=0s=1 r=0 o0=0
B (2n? +6n + 5) S_2(n)?
 2(n+1)(n+2)

+S_2_12(n)+ 5—2,1,—2(71)

1
+-o=S111(-1,2, 3~ ;m) +S2.1.1,1(1, 2, 1,2;n)
+ ...
where, e.g., \145 S—sums occur\
1V & i
(525
k=1
1 U J
5271,1,1(17 57 17 27 n) - Z ] ! Z2 S. Moch, P. Uwer, S. Weinzierl 02

i=1

RISC-Linz Carsten Schneider



Automatization Multi-Summation in Refined Difference Fields

[} Sigma.m

Around 1000 sums are calculated containing in total 533 S—sums

RISC-Linz Carsten Schneider



Automatization Multi-Summation in Refined Difference Fields

() Sigma.m

Around 1000 sums are calculated containing in total 533 S—sums
[} J. Ablinger's HarmonicSum.m

After elimination the following sums remain:

S_4(n), S_3(n), S_Q(n), Sl (n), SQ(?’L), 83(?7,), 54(71), 5_3,1(71),
S_2.1(n),S2,-2(n),52,1(n),S31(n),S—2,1,1(n), S2,1,1(n)

RISC-Linz Carsten Schneider



Automatization Multi-Summation in Refined Difference Fields

So far, the most complicated 3—loop ladder graph:

= F 3(n)e 3+ F o(n)e >4+ F_1(n)e™! +| Fy(n)

RISC-Linz Carsten Schneider



Automatization Multi-Summation in Refined Difference Fields

So far, the most complicated 3—loop ladder graph:

UAY

= F_s(n)e 4+ F_ao(n)e 2+ F_1(n)e " +

I
—j+n—-3 =l4+n—q—3 —l4+n—q—s—-3

ik
iz Z Z (_1)—j+k—l+n—q—3x

=0 ¢=0 s=1 r=0

0 !
(L) (5) () (=) (FH47 78 (S )y grmagt(a-)!

S

(flinquQ)!(fjJrnfl)(nqurfs*2)(fI+s+1)

481 (—j +n—1) =4S (—j + n — 2) — 251 (k)

—(Si(~l+n—-q—2)+S1(-l+n—qg—r—5—3)—251(r+s))

+2S1(s—1) —2S1(r+s)| + 3 further 6-fold sums
RISC-Linz Carsten Schneider




Automatization Multi-Summation in Refined Difference Fields

Fo(’rl) =

7 (17n + 5)S1(n)3 35n2 —2n —5  13Sa(n)  5(—=1)"

pim ' 3n(n+1) (2n2(n+1)2 T 2n2 )S1(n)*
et (e s+ (5 - s

+ (24 2(=1)")S2,1(n) — 285 21( )+ 2(( D) )s (Z+(—1)")S2(n)2

—2(-1)"S_ (’n)2+S 3(n )( (26+4 nH" )S (n)"r%)

nt 1)
(=1)"(5 — 3n) 8(=1)"(2n + 1)
(72712(” V. ﬁ)sz( ) + S-2(n)(1051(n)* + (771(” D

4(3n — 8(=1)"(3n + 1) R 16
n(n+1) )S n(n +1)2 +(=2246(-1) )Sz(n)_n(n—‘rl))

(g4%75§%§§) 29) Sa(m) + (5 = 2(-1)")Sa(w) + (= 6+ 5(-1)") S_a(n)

+ (- # - %)SQ,I(n )+ (20 +2(=1)")S2,—2(n) + (= 17+ 13(=1)") S5,1(n)
8(=1)"(2n + 1) +4(9n + 1)

- n(n+1)

3
+325_21,1(n) + (2

S_21(n) — (24 4+ 4(=1)")S_3,1(n) + (3 = 5(=1)")S2,1,1(n)

Sh (n)Z _ 351 (n)

+5—wwzm0am
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New Strategies Multi-Summation in Refined Difference Fields

New Strategies
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New Strategies Multi-Summation in Refined Difference Fields

Find a recurrence for the integral /sum

/ / (e,n,z1,22,...,27)dx1d2s . . . dX7

F_o3(n)e™® + Foo(n)e 2+ Fy(n)e ' +...

ultivariate
Imquist/Zeilberger
Jakob Ablinger)

ap(e,n)Ds(n) + ... + aq(e,n)Ds(n+d) = h(e,n) ‘




New Strategies Multi-Summation in Refined Difference Fields

Find a recurrence for the integral /sum

/ / (e,n,z1,22,...,27)dx1d2s . . . dX7

F_3(n)e™ + F_o(n)e™ +€,1(n)s—1+...

ultivariate
Imquist/Zeilberger

Jakob Ablinger) Z . Z fle,nyiy, ig,. .., 07)

i1 7

MultiSum Package
(Flavia Stan)

ao(e,n)D-(n) ™. . + ag(e,n)D-(n+ d) = h(a,n)‘
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New Strategies Multi-Summation in Refined Difference Fields

Find a recurrence for the integral /sum

/ / (e,n,z1,22,...,27)dx1d2s . . . dX7

F_3(n)e™ + F_o(n)e™ +€,1(n)s—1+...

ultivariate
Imquist/Zeilberger

Jakob Ablinger) Z . Z fle,nyiy, ig,. .., 07)

i1 i7
MultiSum Package Holonomic/difference field Approa¢h
(Flavia Stan) (Mark Round)

ao(e,n)D-(n) . . + ag(e,n) D-(n+ d) = h(a,n)‘
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New Strategies Multi-Summation in Refined Difference Fields

Find a recurrence for the integral /sum

/ / (e,n,z1,22,...,27)dx1d2s . . . dX7

Z F 3(n)e™3 + F_o(n)e 2+€,1(n)s—1+...é_\

e-recurrense solver

ultivariate
Imquist/Zeilberger

Jakob Ablinger) Z . Z fle,nyiy, ig,. .., 07)

i1 i7
MultiSum Package Holonomic/difference field Approa¢h
(Flavia Stan) (Mark Round)

ap(e,n)Ds(n) N aq(e,n)De(n+d) = h(e,n)

RISC-Linz Carsten Schneider




New Strategies Multi-Summation in Refined Difference Fields

Ansatz (for power series
ap(e,n) [Fo(n) + Fi(n)e + Fy(n)e® + .. }

tai(e,n) [Fo(n F 1)+ Fy(n+ 1) + Fyln + 1) + .. ]
+

tag(e,n) [Fg(n +d)+ Fi(n+ d)e + Fo(n + d)e? + .. }
= ho(n) + hi(n)e + ha(n)e? + ...

iven/

RISC-Linz Carsten Schneider




New Strategies Multi-Summation in Refined Difference Fields

Ansatz (for power series
ap(e,n) [Fg(n) + Fi(n)e + Fy(n)e + .. }

+ay(e,n) [Fo(n F1)+ Fi(n+ e+ Fy(n+1)e + .. ]
+

tag(e,n) [Fo(n +d)+ Fi(n+de+ F(n+d)e + .. }
= ho(n) + hi(n)e + ha(n)e? + . ..

~U, constant terms must agree

a0(0,n)Fo(n) + a1 (0,n) Fo(n + 1) + - - + ag(0,n) Fo(n + d) = ho(n) |

RISC-Linz Carsten Schneider



New Strategies Multi-Summation in Refined Difference Fields

Ansatz (for power series
ao (e, n) [Fo(n) + Fi(n)e + Fy(n)e? + .. }

+a1(g,n) [Fo(n + 1)+ Fi(n+ e+ Fa(n+1)e* +.. ]
_.I_

+aq(e,n) [Fo(n +d) 4+ Fi(n+d)e + Fo(n+ d)e* + .. }
= ho(n) + hl(n)s + h2(ﬂ)62 =+ ...

|l constant terms must agree

[60(0,m)Fo(n) + a1 (0, m) Fo(n +1) + - + aa(0,n) Fo(n + d) = ho(n) |

Apply Sigma's recurrence solver

RISC-Linz Carsten Schneider



New Strategies Multi-Summation in Refined Difference Fields

Ansatz (for power series
ap(e,n) [Fo(n) + Fi(n)e + Fy(n)e® + .. }

tai(e,n) [Fo(n F 1)+ Fy(n+ 1) + Fyln + 1) + .. ]
+

tag(e,n) [Fg(n +d)+ Fi(n+ d)e + Fo(n + d)e? + .. }
= ho(n) + hi(n)e + ha(n)e? + ...

U constant terms must agree

[60(0,m)Fo(n) + a1 (0, m) Fo(n +1) + - + aa(0,n) Fo(n + d) = ho(n) |

If Fo(n) (with required initial values) is not expressible
. . . game over
in terms of indefinite nested sums and products:

RISC-Linz Carsten Schneider




New Strategies Multi-Summation in Refined Difference Fields

Ansatz (for power series
ap(e,n) [Fo(n) + Fi(n)e + Fy(n)e® + .. }

tai(e,n) [Fo(n F 1)+ Fy(n+ 1) + Fyln + 1) + .. ]
+

tag(e,n) [Fo(n +d)+ Fi(n+ d)e + Fo(n + d)e? + .. }
= ho(n) + hi(n)e + ha(n)e? + ...

U constant terms must agree

[60(0, 1) Fo(n) + a1 (0, m) Fo(n +1) + - + aa(0,n) Fo(n + d) = ho(n) |
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New Strategies Multi-Summation in Refined Difference Fields

Ansatz (for po

+

tag(e,n) [Fo(n Y d)+ Fi(n+ d)e + Fo(n + d)e + ..
= ho(n) + hi(n)e + ha(n)e? + ...

U constant terms must agree

[60(0, 1) Fo(n) + a1 (0, m) Fo(n +1) + - + aa(0,n) Fo(n + d) = ho(n) |

RISC-Linz Carsten Schneider



New Strategies Multi-Summation in Refined Difference Fields

ag(e,n) [Fl (n)e + Fa(n)e? + .. ]
+ai(e,n) [Fl(n + e+ Fy(n+1)e? + .. }
_|_

+agq(e,n) [Fl(n +d)e+ Fy(n+d)e + .. ]
= h(n) + Ay (n)e + hhy(n)e? + ...

RISC-Linz Carsten Schneider



New Strategies Multi-Summation in Refined Difference Fields

ao(e,n) [Fl(n)e + Fy(n)e + .. }
+ai(e,n) [Fl(n + e+ Fy(n+1)e? + .. ]
+

+ag(e,n) | Fi(n + d)

Devide by ¢

RISC-Linz Carsten Schneider



New Strategies Multi-Summation in Refined Difference Fields

ao(e, n) [Fl(n) + Fy(n)e + .. ]

+ai(e,n) [Fl(n—i— 1)+ Fa(n+1)e+.. }
+

Fag(e,n) [Fl(n—l—d) + Byt det .. ] = 1) (n) + Ky(n)e + . ..

Now repeat for F(n), Fa(n),...

Remark: Works the same for Laurent series.

(see J. Bliimlein, S. Klein, CS, F. Stan. J. Symbolic Comput. 47, 2012; arXiv:1011.2656v2)

RISC-Linz Carsten Schneider



Appendix Multi-Summation in Refined Difference Fields

Appendix
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Appendix Multi-Summation in Refined Difference Fields

Construction of >*-extensions
» Let (IF, o) be a difference field with constant field

const,F := {k € Flo(k) = k}.
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Appendix Multi-Summation in Refined Difference Fields

Construction of >*-extensions
» Let (IF, o) be a difference field with constant field

const,F := {k € Flo(k) = k}.

» Adjoin a new variable ¢ to F (i.e., F(t) is a rational function field).
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Appendix Multi-Summation in Refined Difference Fields

Construction of >*-extensions
» Let (IF, o) be a difference field with constant field

const,F := {k € Flo(k) = k}.

» Adjoin a new variable ¢ to F (i.e., F(t) is a rational function field).
» Extend the shift operator s.t.

olt)=t+ f for some f € .
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Appendix Multi-Summation in Refined Difference Fields

Construction of >*-extensions
» Let (IF, o) be a difference field with constant field

const,F := {k € Flo(k) = k}.

» Adjoin a new variable ¢ to F (i.e., F(t) is a rational function field).

» Extend the shift operator s.t.

o) =t+ f

for some f € F.

(Karr 1981) Then const,F(t) = const,F iff

ﬂgE]F:

o(g)

=g+ f
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Appendix Multi-Summation in Refined Difference Fields

Construction of >*-extensions
» Let (IF, o) be a difference field with constant field

const,F := {k € Flo(k) = k}.

» Adjoin a new variable ¢ to F (i.e., F(t) is a rational function field).

» Extend the shift operator s.t.

o) =t+ f

for some f € F.

(Karr 1981) Then const,F(t) = const,F iff

BgeF:

o(g)

=g+ f

Such a difference field extension (F(t), o) of (IF, o) is called ¥*-extension
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Appendix Multi-Summation in Refined Difference Fields

Construction of >*-extensions
» Let (IF, o) be a difference field with constant field

const,F := {k € Flo(k) = k}.

» Adjoin a new variable ¢ to F (i.e., F(t) is a rational function field).
» Extend the shift operator s.t.

olt)=t+ f for some f € .

(Karr 1981) Then const,F(t) = const,F iff

BgeF: |alg)=g+/f

There are 2 cases:
1. ‘ﬂg eF: o(g)=9g+ f‘ (F(t),0) is a X*-extension of (F, o)
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Appendix Multi-Summation in Refined Difference Fields

Construction of >*-extensions
» Let (IF, o) be a difference field with constant field

const,F := {k € Flo(k) = k}.

» Adjoin a new variable ¢ to F (i.e., F(t) is a rational function field).
» Extend the shift operator s.t.

ot)y=t+f for some f € .
(Karr 1981) Then const,F(t) = const,F iff

BgeF: |alg)=g+/f

There are 2 cases:
1. ‘ﬂg eF: o(g)=9g+ f‘ (F(t),0) is a X*-extension of (F, o)

2. ‘Elg eF:0(g)=9g+ f‘ No need for a Y.*-extension!




