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are we considering?

rooted planar maps 3-constellations walks in N

AN 2 PN

A set of discrete objects, s : A — N size function s.t.

#{a€ A|s(a) =n} < 4oo,forall n e N.

Define the generating function

F(t)=> ¢  eql]

acA
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A first toy example:

Fer € Q[[t]] generating function of binary trees, counted by the number of internal nodes

FBT(t) =1+t FBT(t)2.

A—{o}uﬂ

Fer(t) = Z P ( )t" Catalan number
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First nontrivial example: planar maps enumeration

F(t,u) =1+ tu(uF(t, u)? + M) [Tutte '68]

u—1
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First nontrivial example:

F(t,u)=1+ tu(uF(t, u)® + w> [Tutte '68]
r N\ [
an := # {planar maps with n edges} § apt” i fmeien
e uamant : 1 refinement

apd = lanar maps with n edges,

md = #{p P & F(t,u):= Z Z a, sudt"  complete generating function
d of them on the external face} n=0 d=
7 \ v

1 tu? F(t, u)?

/,

F(t,1) = ant”
n=0

uF(t,u)—F(t,1)
u—1
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In this talk
Solving = Classifying the initial series F(t, 1)
+ Computing a witness of this classification

(e.g. R €Q[z,t]st. R(F(t,1),t) =0)

Algebraic \
Rational Going back to our planar maps...
1i6t F(t,1) = 1+ 2t + 9t* + 54t + 378" + - - € Q[[t]]
1oaees annihilated by R = 27t2z% + (1 — 18t)z + 16t — 1 € Q|z, t]
(1—t)5 — (1+2t)% From R:
» (Recurrence) ap =1 and (n+3)asr1 —6(2n+1)a, =0,
3"(2n)!

» (Closed-form) a, = 2

12"
Vrns'

» (Asymptotics) a, ~ 2 when n — +o0.
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Definition
Given f € Q[u], k > 1, and Q € Q[yo, ..., Yk, t, u],

F=f+t-Q(F,AF,...,AF,t u) (DDE)

is a Discrete Differential Equation, where A : F € Q[u][[t]] — w € Qlu][[t]], and
where for £ > 1 we define A“t = Afo A.
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Definition
Given f € Q[u], k > 1, and Q € Q[yo, ..., Yk, t, u],

F=f+t-Q(F,AF,...,AF,t u) (DDE)

is a Discrete Differential Equation, where A : F € Q[u][[t]] — w € Qlu][[t]], and
where for £ > 1 we define A“t = Afo A.

Are 3-constellations of this shape? YES!
F(t,u) — F(t,1)
u—1
i F(t,u) — F(t,1) — (u—1)0.F(t, 1))
(v—1)

F(t,u) =1+ tu(F(t, u)® + (2F(t,u) + F(t,1))
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Definition
Given f € Q[u], k > 1, and Q € Q[yo, ..., Yk, t, u],

F=f+t-Q(F,AF,...,AF,t u) (DDE)

is a Discrete Differential Equation, where A : F € Q[u][[t]] — w € Qlu][[t]], and
where for £ > 1 we define A“t = Afo A.

Are 3-constellations of this shape? YES! Theorem
_ Bousquet-Mélou, Jehanne '06
F(t,u) =1+ tu(F(t, u) + (2F (e, u) + F(z, 1)) FEW = A1) “3 ot [Bousa !
F(t,u) = F(t,1) — (u — 1)9,F(t,1) The unlqu.e so/utlo.n in Q[u][[t]]
+ w—1y of (DDE) is algebraic over Q(t, u).
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and 's duplication algorithm

u—1 (u—
Output: 81t2F(t,1)* — 9t(9t — 2)F(t, 1)? + (27t* — 66t + 1)F(t,1) — 3t + 47t — 1 = 0.

Input: F(t,u) =1+ tu<F(t“7 u)® + (2F(t,u) + F(t,1)) Flu-Flel) F(t’u)_F(t’l)_;;’z_l)auF(t’l)>,
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e Show that there exist distinct Uy, U, € |J @[[t%]] s.t. O«P(F(t,U), Ui, F(t,1),0,F(t,1)) =0,
d>1
e Gather the 7 equations in 7 unknowns ;nd 1 parameter
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e Eliminate all series but F(t,1)
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Maple worksheet: Solving the DDE of 3-constellations

u— (u—1)

Input: F(t,u) =1+ tu(F(t, u)® + (2F(t, u) + F(t, 1)) Eeu=Fel) F“’“)‘F“’““”;l)a"F“*”),
Output: 81t2F(t,1)* — 9t(9t — 2)F(t, 1)* + (27t* — 66t + 1)F(t,1) — 3t + 47t — 1 = 0.
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» R := remove(has, Groebner[Basis|(S, plex(m, x1, x2, u1, s, z1, 0, t)), {m, x1, X2, ur, Uz, z1});
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Maple worksheet: Solving the DDE of 3-constellations

u— (u—1)
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» S = [seq(subs(x = cat(x, i), u = cat(u, i), [P, diff(P, x),diff(P, u)]),i = 1..2), m(u1 — ) — 1] :

» R := remove(has, Groebner[Basis|(S, plex(m, x1, x2, u1, s, z1, 0, t)), {m, x1, X2, ur, Uz, z1});

R := (16tz — 8tz + t — 16)(81t%z5 — 9t(9t — 2)z§ + (27t° — 66t + 1)z9 — 3t> + 47t — 1)
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Example for this duplication algorithm

3-greedy Tamari intervals (k

» On Dyck paths: “Swap a down step and
the longest Dyck path that follows”

» Explicit formula for the complete
generating function
[Bousquet-Mélou, Chapoton 23]

» Duplication method fails (< 5 days)
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Example for this duplication algorithm

3-greedy Tamari intervals (k=3)

» On Dyck paths: “Swap a down step and
the longest Dyck path that follows”

» Explicit formula for the complete
generating function
[Bousquet-Mélou, Chapoton 23]

» Duplication method fails (< 5 days)

5-constellations (k=4)

» Colored planar maps with additional
constraints (e.g. degree of the faces)

» Solved via a bijective proof in
[Bousquet-Mélou, Schaeffer '00]

» Duplication method fails (< 5 days)
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Some preliminaries on Grobner bases

A := Q[x, y] polynomial ring, where y = y1,...,ys.

Monomial orders
4.3 2 3.4 2 . .
o X"yiys >plex X°y1y5 for a lexicographic order,
o x*y2y3 > bmon x*yiy> for a block monomial order.
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Definition

Fix a monomial order >~ on A. A generating
set G = {gi,...,4} of an ideal Z C A dif-
ferent from 0 is said to be a Grobner basis

if (LTw(g1),---,LTx(ge)) = (LT (2)).
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Some preliminaries on

A := Q[x, y] polynomial ring, where y = y1,...,ys.

Monomial orders Leading terms for some order >

o xX*y3yZ = piex X3yiy2 for a lexicographic order, For Q € A, the leading term LT.(Q) of Q
o x*y2y3 > bmon X" yiy> for a block monomial order. is the monomial of highest weight for >.

Definition Properties
Fix a monomial order >~ on A. A generating e Such bases always exist,
set G = {gi,...,4} of an ideal Z C A dif- e Computing Grobner bases is NP-hard,
ferent from 0 is said to be a Grobner basis e Grobner bases are a powerful tool in elim-
if (LTw(g1),---,LTx(ge)) = (LT (2)). ination theory.
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(with

Geometric modelling of the problem

. . T2 . .
There exist 2 solutions (x,u) € Q(t) with u-coordinates to

P(x,u, F(t,0),d.F(t,0)) = 0,
BP(x, u,F(t, 0), 0uF(t,0) = 0, u£0,
0uP(x,u, F(t,0),0,F(t,0)) = 0.
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Geometric modelling of the problem (with

. . T2 . .
There exist 2 solutions (x,u) € Q(t) with u-coordinates to

P(x,u, F(t,0),0.F(t,0)) = 0,
8P (x, u, F(t,0),0,F(t,0)) = 0, u#0,
auP(X, u, F(t3 0)7 auF(t? 0)) = 0

7x : (x,u,20,21) € @4 — (u, 20, 21) € @3,

W = m(V(P, 0xP, 8,P) \ V(u))
7y (U, 20,21) € @3 — (20,21) € @27
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of the problem (with

There exist 2 solutions (x,u) € @2 with distinct u-coordinates to
P(x,u, F(t,0),9,F(t,0)) =0,
OxP(x,u,F(t,0),0,F(t,0)) =0, u#0,
OuP(x,u, F(t,0),0,F(t,0)) = 0.

7x : (x,u,20,21) € @4 — (u, 20, 21) € @3,
W = m(V(P, 0xP, 8,P) \ V(u))

7y : (u,20,21) € @3 — (20,21) € @27

Characterize with polynomial constraints

Foi={az € Q) | # 7 Maz) "W > 2}
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8XP(x7 u, F(t7 0)’ auF(t7 0)) = Oa u 7é Oa
0uP(x,u, F(t,0),0,F(t,0)) = 0.

7x : (x,u,20,21) € @4 — (u, 20, 21) € @3,

W := 71 (V(P, 5P, 3,P) \ V(u))

7y : (u,20,21) € @3 — (20,21) € @27

Characterize with polynomial constraints

Fr={o: € Q) | # 70 (ax) NW > 2} # T ()W = 2
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Solving a toy example...

u

Input: F(t, U) -1 + t(UF(t7 Ll) + F(t,u)*F(t,Oz)fuauF(t,O)>’ k=2
Output: t3F(t,0)* — F(t,0) +1=0.
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Solving a (with

u

Input: F(t,u) =1+ t( uF(t,u) + F("“FF(“OQ*“BHF(“O)), k=2
Output: t3F(t,0)* — F(t,0) +1=0.

e Compute P € Q(t)[x, u, z0, z1] such that P(F(t, u), u, F(t,0),0.,F(t,0)) =0,
e Compute G, Grobner basis of (P,01P,0:P, m-u— 1) N Q(t)[u, z0, z1] for {u} > piex {20, 21 }:
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Input: F(t,u) =1+ t( uF(t,u) + F("“FF(“OQ*“BHF(“O)), k=2

u

Output: t3F(t,0)* — F(t,0) +1=0.

e Compute P € Q(t)[x, u, z0, z1] such that P(F(t, u), u, F(t,0),0.,F(t,0)) =0,

e Compute G, Grobner basis of (P,01P,0:P,m-u— 1) N Q(t)[u, zo, z1] for {u} > piex {20, 21}:
Bo : Yo

51 - U+ 71
Bi : : s Bi € Q1) [0, 1] “At a € m,(V(G)) € Q(t),
3 U+ there exist two distinct solutions in u”

By: g :=0"+ B+ Y1
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Solving a toy example...

Input: F(t, U) -1 + t(UF(t7 Ll) + F(t,u)*F(t,Oz)fuauF(t,O)>’ k=2

u

Output: t3F(t,0)* — F(t,0) +1=0.

e Compute P € Q(t)[x, u, z0, z1] such that P(F(t, u), u, F(t,0),0.,F(t,0)) =0,

e Compute G, of (P,O1P,0:P,m-u—1)NQ(t)[u, z0, z1] for {u} >plex {20, 21 }:
B[) 5 Yo
o @)k
B1: : % Bi € Q(t)[z0, z1] “At a € m,(V(G.)) € Q(t)’,
U+ there exist two distinct solutions in u”

By: g :=0"+ B+ Y1

At a € V(G NK][t, 29, z1]) fixed,
there exist two solutions in u
== 9 = 0 ( )
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Solving a toy example...

Output: t3F(t,0)* — F(t,0) +1=0.

Input: F(t,u) =1+ t( uF(t,u) + F(f’“FF(f»Og*“@uF(“O)), k=2

u

e Compute P € Q(t)[x, u, z0, z1] such that P(F(t, u), u, F(t,0),0.,F(t,0)) =0,
e Compute G, of (P,O1P,0:P,m-u—1)NQ(t)[u, z0, z1] for {u} >plex {20, 21 }:

B[) 5 Yo
cu+

B:: : %, Bi € Q(t)[20, 1] “At o € m,(V(GJ)) € Qt),

.u+
By: g :=0"+ B+ Y1

there exist two distinct solutions in u”

At a € V(G NK][t, 29, z1]) fixed,
there exist two solutions in u
== 9 = 0 ( )

[Extension theorem]
a e my(V(G))) = #0
Distinct solutions in u = #0 ( )
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: Solving the DDE of walks in N with steps in {+1, —2}

u2

Input: F(t,u) =1+ t(uF(t, u) + F(t,u)*F(t,O)*uauF(t,0)>’ k=2
Output: t3F(t,0)® — F(t,0)+1=0.

> Pi=(1—x)t* + t(Px + (x — 20 — uz1)): S := [P, diff(P, x), diff (P, u), mu — 1]:
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u

Output: t3F(t,0)® — F(t,0)+1=0.

> Pi=(1—x)t* + t(Px + (x — 20 — uz1)): S := [P, diff(P, x), diff (P, u), mu — 1]:
» Gp, := Groebner[Basis|(S, lexdeg([m], [x, u, z1, z0, t])): # Eliminate m from S
» G, := Groebner[Basis](remove(has, Gn, m), lexdeg([x], [u, z1, z0, t])): # Eliminate x from G,

» G, := Groebner[Basis|(remove(has, G, x), lexdeg([u], [21, z0, t])): # Sort G, for {u} = {z, z0. t}
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» G, := Groebner[Basis](remove(has, Gn, m), lexdeg([x], [u, z1, z0, t])): # Eliminate x from G,

» G, := Groebner[Basis|(remove(has, G, x), lexdeg([u], [21, z0, t])): # Sort G, for {u} = {z, z0. t}
» L:=]]:
» foritonops(G,)do: # The below lines add to L the new relevant polynomial equations

o if degree(G,[i], u) < 2then: L := [op(L), coeffs(G,[i], u)]: fi: od:



14 /26

: Solving the DDE of walks in N with steps in {+1, —2}

Input: F(t, U) -1 + t(uF(t, LI) + F(t,u)*F(t,l(l)z)fuauF(t,O)>’ k=2
Output: t3F(t,0)® — F(t,0)+1=0.

> Pi=(1—x)t* + t(Px + (x — 20 — uz1)): S := [P, diff(P, x), diff (P, u), mu — 1]:

» Gp, := Groebner[Basis|(S, lexdeg([m], [x, u, z1, z0, t])): # Eliminate m from S

» G, := Groebner[Basis](remove(has, Gn, m), lexdeg([x], [u, z1, z0, t])): # Eliminate x from G,

» G, := Groebner[Basis](remove(has, Gy, x), lexdeg([u], [z1, 0, t])): # Sort G, for {u} = {z1, z, t}
L:=1]]:

v

v

for i tonops(G,) do: # The below lines add to L the new relevant polynomial equations
o if degree(G,[i],u) < 2then: L :=[op(L),coeffs(G,[i], u)]: fi: od:
» H := Groebner[Basis|([op(Gy.), op(L)], plex(u, z1, zo, t))[1];

t(tz3 —z0 + 1)




Maple worksheet: Solving the DDE of 5-constellations

Input: (The rather big DDE associated with the enumeration of 5-constellations)
Output: 15625t2F(t,1)° — 31250t2F(t,1)* + (25000t> — 1000t)F(t,1)°> — (10000t> —
8700t)F(t,1)* + (2000t* — 15855t + 16)F(t, 1) — 160t + 8139t — 16 = 0

» P := (a rather big polynomial...): S := [P, diff(P, x), diff(P, u), m(u — 1) — 1]
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: Solving the DDE of 5-constellations

Input: (The rather big DDE associated with the enumeration of 5-constellations)
Output: 15625t2F(t,1)° — 31250t2F(t,1)* + (25000t> — 1000t)F(t,1)°> — (10000t> —
8700t)F(t,1)* + (2000t* — 15855t + 16)F(t, 1) — 160t + 8139t — 16 = 0

» P := (a rather big polynomial...): S := [P, diff(P, x), diff(P, u), m(u — 1) — 1]
2= Ctd — axd et G 6x°tu® + ot — x3zo tu — Xzzg tut — ngtu4 — zg t* — a0 — 12 + 3x3zo t’ ar 3xzz§tu3 S 3ng tu® P 323 t® — X221 tu?
— 3xz92z1 't — ngzl ' + x>ty + 1254 t? — 3x3zo tu? — 3><2202 tu? — 3><zg tu? — Z'}zgt”u2 + 6x tu® — 3><220 o’ — 2><zg tu® — zg o’ + 3x221 tu® + 9xzpz1 tu®

z2
+ 182321 t® — 2212 't — x 2wt — 22020 tut — ax*tu + ><3zo tu + xzzg tu + ng tu + zg tu — 12x° tu? + 6x220 tu? + 4ng tu? + 228 t? — 3><221 tu?
2
z2 Z3
— 9xzgz1 tw? — 182321 tu® — 2xz1 tw® — 320271 tu® + 6212 tu® + 3x— tu® + 62022 tw® — St St 65>ty — 3><220 tu — 2ng tu — zgtu + x221 tu
2 6
z2 2 z3
+ 3xzpzy tu + 62321 tu + 4Pt — 3xzg tu? — zg tu? + 4xz; tu? + 62921 tu? — 6212 tw? — 3><E tu? — 62027 tu? — ?tu3 + = tu® — axtu + 3xzptu
22 z3 z2 3
= zgtu — 2xzytu — 3zgzytu + 2212tu i x;tu + 2zpz0tu — zltu2 P zgtu2 = ;tu2 o ut + xtu — zotu + z1tu — —tu + —tu — 4°

7(u474u3+6u274u+1)x+6u274u+1;
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Maple worksheet: Solving the DDE of 5-constellations

Input: (The rather big DDE associated with the enumeration of 5-constellations)
Output: 15625t°F(t,1)° — 31250t>F(t,1)* + (25000t> — 1000t)F(t,1)* — (10000t> —
8700t)F(t,1)* + (2000t* — 15855t + 16)F(t,1) — 160t* + 8139t — 16 = 0

» P := (a rather big polynomial...): S := [P, diff(P, x), diff(P, u), m(u — 1) — 1]

> (...)
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Maple worksheet: Solving the DDE of 5-constellations

Input: (The rather big DDE associated with the enumeration of 5-constellations)
Output: 15625t°F(t,1)° — 31250t>F(t,1)* + (25000t> — 1000t)F(t,1)* — (10000t
8700t)F(t,1)* + (2000t* — 15855t + 16)F(t,1) — 160t* + 8139t — 16 = 0

» P := (a rather big polynomial...): S := [P, diff(P, x), diff(P, u), m(u — 1) — 1]
> ()
> ()
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: Solving the DDE of 5-constellations

Input: (The rather big DDE associated with the enumeration of 5-constellations)
Output: 15625t°F(t,1)° — 31250t>F(t,1)* + (25000t> — 1000t)F(t,1)* — (10000t
8700t)F(t,1)* + (2000t — 15855t + 16)F(t, 1) — 160t + 8139t — 16 = 0

(a rather big polynomial...): S := [P, diff(P, x), diff(P, u), m(u — 1) — 1]:

v

[® o

> (...) # Compute G,, stock in L the coefficients of the elements of {g € G, | deg,(g) < 4}

» (...) # ldentify the first polynomial in G, of degree 4 in v, call it g
R:=

>
Groebner[Basis]([op(Gu), op(L), m - coeff(ga, u, 4) - disc(gu, u) — 1], plex(m, u, z3, 2, z1, zo, t))[1];
# Here it is mandatory to consider the inequation coeff(ga, u,4) - disc(gu, u) # 0
=(15625t’z5 — 31250t°z§ + 25000t°z3 — 10000t°z]
—1000tz; + 2000t°z; + 8700tz) — 160t> — 15855tz + 8139t + 1629 — 16)
- (4096tzy — 6144tz; + 3456tz5 — 864tzy + 81t — 4096)
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New proofs in a click of the two computationally challenging DDEs

7

3-greedy Tamari intervals (k=23)

» On Dyck paths: “Swap a down step and
the longest Dyck path that follows”

» Explicit formula for the complete
generating function
[Bousquet-Mélou, Chapoton 23]

» Duplication method fails (< 5 days)

o

5-constellations (k=4)

» Colored planar maps with additional
constraints (e.g. degree of the faces)

» Solved via a bijective proof in
[Bousquet-Mélou, Schaeffer '00]

» Duplication method fails (< 5 days)

[ddesolver] finishes in 1 minute!

[ddesolver] finishes in 2 days!
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https://github.com/HNotarantonio/ddesolver
https://github.com/HNotarantonio/ddesolver

New proofs in a click of the two computationally challenging DDEs

3-greedy Tamari intervals (k=23) 5-constellations (k=4)
» On Dyck paths: “Swap a down step and » Colored planar maps with additional
the longest Dyck path that follows” constraints (e.g. degree of the faces)
» Explicit formula for the complete » Solved via a bijective proof in
generating function [Bousquet-Mélou, Schaeffer '00]

[Bousquet-Mélou, Chapoton 23]

» Duplication method fails (< 5 days) » Duplication method fails (< 5 days)

[ddesolver] finishes in 1 minute! [ddesolver] finishes in 2 days!

annihilating_polynomial(P, k)
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Hybrid guess-and-prove: third algorithm (with

Multiplicity lemma
Let F € Q[[t]] be annihilated by some P € Q[t,z]\{0}. Assume there exists Q € Q[t, z]\{0} s.t.
Q(t,F) = O(t(degf(P)H)-(degz(PHl)).

If in addition Q(t, F) = O(t*d&:(P)dee=(P+1y "then Q(t, F) = 0.
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: third algorithm (with

\.

Multiplicity lemma
Let F € Q[[t]] be annihilated by some P € Q[t,z]\{0}. Assume there exists Q € Q[t, z]\{0} s.t.
Q(t,F) = O(t(degt(P)H)-(degz(P)H)).

If in addition Q(t, F) = O(t*d&:(P)dee=(P+1y "then Q(t, F) = 0.

Algorithm:

» Compute upper bounds b, b, € Z~o on the partial degrees of an annihilating polynomial of F,
» Compute F mod % :+2
» Guess Q € Q[t, z] such that Q(t, F) = O(¢{br+1)-(b=+1))

» Check that Q(t, F) = O(t**"*1) and apply the multiplicity lemma.




Solving 5-constellations using a Hybrid Guess-and-Prove strategy

Input: (The rather big DDE associated with the enumeration of 5-constellations)
Output: 15625t°F(t,1)° — 31250t°F(t,1)* + (25000t — 1000t)F(t,1)*> — (10000t> —
8700t)F(t,1)? 4 (2000t* — 15855t + 16)F(t, 1) — 160t 4+ 8139t — 16 = 0
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Solving 5-constellations using a strategy

Input: (The rather big DDE associated with the enumeration of 5-constellations)
Output: 15625t°F(t,1)° — 31250t°F(t,1)* + (25000t — 1000t)F(t,1)*> — (10000t> —
8700t)F(t,1)? 4 (2000t* — 15855t + 16)F(t, 1) — 160t 4+ 8139t — 16 = 0

g \

» Pick at random a prime number,

» Compute upper bounds (9,3) on the bidegree of M € F,|z, t]
annihilating F(t,1) modulo p,

» Expand the truncated series F(t,1) mod t*°, 55=2.9-3+1
» Guess R € Q[z, t] such that R(F(t,1),t) = O(t°+)-G+D-1)
» Check that R(t, F(t,1)) = O(t*®).
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Solving 5-constellations using a strategy

Input: (The rather big DDE associated with the enumeration of 5-constellations)
Output: 15625t°F(t,1)° — 31250t°F(t,1)* + (25000t — 1000t)F(t,1)*> — (10000t> —
8700t)F(t,1)? 4 (2000t* — 15855t + 16)F(t, 1) — 160t 4+ 8139t — 16 = 0

» Pick at random a prime number, [Bostan, N., Safey El Din '23]

» Compute upper bounds (9, 3) on the bidegree of M € Fp[z, t] ~ elimination strategy,
annihilating F(t,1) modulo p,

» Expand the truncated series F(t,1) mod t*°, 55=2.9.3+41 ~> Newton iteration,

» Guess R € Q[z, t] such that R(F(t,1),t) = O(tOtD)-G-1), ~~ Hermite Padé approximants,

» Check that R(t, F(t,1)) = O(t>). ~» multiplicity lemma.

19/26



Solving 5-constellations using a strategy

Input: (The rather big DDE associated with the enumeration of 5-constellations)
Output: 15625t°F(t,1)° — 31250t°F(t,1)* + (25000t — 1000t)F(t,1)*> — (10000t> —
8700t)F(t,1)? 4 (2000t* — 15855t + 16)F(t, 1) — 160t 4+ 8139t — 16 = 0

» Pick at random a prime number, [Bostan, N., Safey El Din '23]
» Compute upper bounds (9, 3) on the bidegree of M € Fp[z, t] ~ elimination strategy,
annihilating F(t,1) modulo p,
» Expand the truncated series F(t,1) mod t*°, 55=2.9.3+1 ~> Newton iteration,
» Guess R € Q[z, t] such that R(F(t,1),t) = O(tOtD)-G-1), ~~ Hermite Padé approximants,
» Check that R(t, F(t,1)) = O(t>). ~» multiplicity lemma.
Strategy Timing (d;, dt)
Elimination 2d 9,3)
Hybrid G-P 2h41min (5,2)
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Content of the talk

@ ddesolver

» Motivation through ,

> implemented in ddesolver,

> of ddesolver,
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: package presentation
@ ddesolver
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» Relies on evaluation—interpolation and fast multi-modular arithmetic,

4 implemented algorithms in a single function “annihilating_polynomial”,

v
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: package presentation

@ ddesolver

» Maple package dedicated to solving discrete differential equations,
» Available in a ,

» Relies on evaluation—interpolation and fast multi-modular arithmetic,

v

4 implemented algorithms in a single function “annihilating_polynomial”,

» One of the algorithms uses the Maple package for guessing annihilating polynomials,

21/26


https://github.com/HNotarantonio/ddesolver
https://github.com/HNotarantonio/ddesolver
https://msolve.lip6.fr/

: package presentation

@ ddesolver

» Maple package dedicated to solving discrete differential equations,

» Available in a ,

» Relies on evaluation—interpolation and fast multi-modular arithmetic,

» 4 implemented algorithms in a single function “annihilating_polynomial”,

» One of the algorithms uses the Maple package for guessing annihilating polynomials,

» Can be coupled with libraries for efficient Grobner bases computations like the C library
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: default procedure of

annihilating_polynomial

Input:
» P e Qlx,z,...,2zk1,t,u] the polynomial associated to the “numerator DDE",
» k the order of the DDE,
> [x,Z20,...,2k—1,t, u] the variables in P (this order matters!).

Output:

» R € Q[t, z] annihilating the univariate series associated to z in the DDE.
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: default procedure of

annihilating_polynomial

Input:
» P e Qlx,z,...,2zk1,t,u] the polynomial associated to the “numerator DDE",
» k the order of the DDE,
> [x,Z20,...,2k—1,t, u] the variables in P (this order matters!).

Output:

» R € Q[t, z] annihilating the univariate series associated to z in the DDE.

» with(ddesolver);
[annihilating_polynomial]

> P = (u(u—1)2+2u(u—1)x*—u(uzo—20—1)x—u(uzd +uzi — 28 + 20— 1)) t— (u—1)*x+(u—1)? :
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: default procedure of

annihilating_polynomial

Input:
» P e Qlx,z,...,2zk1,t,u] the polynomial associated to the “numerator DDE",
» k the order of the DDE,
> [x,Z20,...,2k—1,t, u] the variables in P (this order matters!).

Output:

» R € Q[t, z] annihilating the univariate series associated to z in the DDE.

» with(ddesolver);
[annihilating_polynomial]

> P = (u(u—1)2+2u(u—1)x*—u(uzo—20—1)x—u(uzd +uzi — 28 + 20— 1)) t— (u—1)*x+(u—1)? :
» annihilating_polynomial(P, 2, [x, zo, z1, t, u]);

(16tz5 — 8tzo + t — 16) - (81t°z3 — 81t°z5 + 27t°z + 18tz5 — 3t° — 66tz0 + 47t + 20 — 1)

22/26


https://github.com/HNotarantonio/ddesolver

23/26

: options of annihilating_polynomial

annihilating_polynomial

Input:

» P e€Qx,z,...,2zk1,t,u]: polynomial associated to the “numerator DDE",

» k: order of the DDE,

> [x,Z20,...,2k—1,t, u] the variables in P (this order matters!),

» algorithm: to choose between { “duplication”, “elimination”, “geometry”, “hybrid"” },

» variable: variable among t and z, on which to perform evaluation—interpolation.
Output:

» R € Q[t, zo] annihilating the univariate series associated to z in the DDE.
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: options of annihilating_polynomial

annihilating_polynomial

Input:

» P e€Qx,z,...,2zk1,t,u]: polynomial associated to the “numerator DDE",

» k: order of the DDE,

> [x,Z20,...,2k—1,t, u] the variables in P (this order matters!),

» algorithm: to choose between { “duplication”, “elimination”, “geometry”, “hybrid"” },

» variable: variable among t and z, on which to perform evaluation—interpolation.
Output:

» R € Q[t, zo] annihilating the univariate series associated to z in the DDE.

annihilating_polynomial(P, 2, [x, zg, 21, t, u], “elimination’’ | t);

(16tz5 — 8tzg + t — 16) - (81t°z5 — 81t°z5 + 27’z + 18tz5 — 3t> — 661tz9 + 47t + 29 — 1)

» annihilating_polynomial(P, 2, [x, zg, z1, t, u], “hybrid"", t);

816275 — 81t%72 + 272z + 18tz — 3t% — 66tz + 47t + 29 — 1




Content of the talk

@ ddesolver

» Motivation through ,

> implemented in ddesolver,

> of ddesolver,
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Timings with

Data | 3] o] (7] (8]
k 2 3 3 4
variable 20 t F) t 20 t ) t
“duplication” 41m* 10m* 13h 27h (9] 00 o0 %)
“elimination” 1h20m* 4m* 2m20s 35m | Im 7m30s | 2d19h 2d
“geometry” 54m* 2m* X X X X X X
“hybrid” 00 1h42m 34s 2h41m
(deg;(R), deg,,(R)) (132,6) (5,16) (2,4) (3,9
» [3]: Enumeration of non-separable near-triangulations in which all intern vertices have degree at least 5,
» [6]: Enumeration of 3-Tamari lattices,
» [7]: Enumeration of 3-greedy Tamari intervals,
» [8]: Enumeration of 5-constellations.
» oo: computations did not finish within 5 days,
» x: algorithm not implemented for k > 2,
» -*: added the constraint (1 + t3)(1 — t3)t # 0.

Intel® Xeon(® Gold CPU 6246R v4 @ 3.40GHz, 1.5TB of RAM with 1 thread, Grébner bases computations run with msolve.
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https://github.com/HNotarantonio/ddesolver
https://msolve.lip6.fr/

» ddesolver: first Maple package dedicated to solving DDEs,
» Can be downloaded from the git repository,

» Play with it and feel free to report any bug!

v

Having a hard computation even with this package? Email me!

» A tutorial paper will be submitted in the coming weeks.

https:/ /github.com/HNotarantonio/ddesolver
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https://mathexp.eu/notarantonio/papers/ddesolver.pdf
https://github.com/HNotarantonio/ddesolver

's theorem yielding algebraicity of the solutions

[Popescu 86, Swan 98]

(1.4) THEOREM. Let k be a field, k(X ) the algebraic power series ring
in X=(X, - --,X,) over k, f a finite system of polynomial equations over
KXY and 5 = 3y, -, 5.) € R[X]" a formal solution of f such that §, € k[ X,
<, X, 1< i < n for some positive integers s; < r. Then there exists a
solution y = (¥ - -+, ¥a) Of fin k(X ) such that y, e k(X,, ---, X, ), 1 <i < n.
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's theorem yielding algebraicity of the solutions

[Popescu 86, Swan 98]

(1.4) THEOREM. Let k be a field, k(X ) the algebraic power series ring
in X=(X, - --,X,) over k, f a finite system of polynomial equations over
KXY and 5 = 3y, -, 5.) € R[X]" a formal solution of f such that §, € k[ X,
<, X, 1< i < n for some positive integers s; < r. Then there exists a

solution y = (¥ - -+, ¥a) Of fin k(X ) such that y, e k(X,, ---, X, ), 1 <i < n.
» Solutions of systems of DDEs are with components in Q[u][[t]] = they are !
[planar maps] H(t,u) =1+ t(uQH(t7 u) + “W)

e There exists a solution (H, G) = (F, F(t,1)), where F € Q[u][[¢]].
e The involved series are F(t,1) and F(t,u), and {t} C {t,u}.
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