Grobner bases for enumerative combinatorics
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Count
¢, = # {planar maps with n edges}
1 refinement

Cn.q ‘= F# {planar maps with n edges,
d of them on the external face}

Solution in K|ul|[t]

G(t) = %_‘30 ¢, 1" generating function Functional equation [7]
: 1 refinement F(t,u) =1+t QF(ta )2
SO F(t,u) — F(t,1)
— dam /
F(t, ) : 7}::0 dZ::O Cp Ut + T

complete generating function

— Nature of F(t,1) 7 <

Direct elimination

Algebraicity result

Compute (S) N Q[t, 2]

Compute a Grobner basis
of (S,t — 0;) for <greviex

Evaluation in
t=0,....0,€Q —

by = #V (S, 2 — ), for
1€ Q “generic”

| FGLM [4]

Deduce R(6;, 2) s.t.
(R(0;,2)) =

Interpolate R from

R(@l, Z), 550 R((gbt, Z) A <S,t — (9@> M Q[Z]
deg(Q) b | Time (s.) | deg,(R) | deg,(R) | number of primes used
2 20 1.8 6 20 8
3 62 36 21 62 22
4 142 707 52 142 42
5 270 10744 104 270 5

— We consider dense polynomials for the inputs f and @), with deg(f) = deg(Q).
— Grobner bases are computed with msolve [1] and we use Maple's implementation of FGLM [4].

Theorem [2] see also [0]
Let f € Qu| and ) € Q|z,y,t, u|. Let F(t,u) be the unique solution
in Qlul[[t]] of

F(t,u) = flu) +1QE(t, u), AF(t, u), t,u), (FPE)
where A is the divided difference operator AF = F<t’“2:’f<t’1).

Then F'is algebraic over Q(¢, u).

Goal: Compute R € Q|t, 2] s.t. R(t, F(t,1)) =0
U

Compact object for (c,),>9, Fast computation of any cy,
Combinatorial properties

Hybrid Guess-and-Prove [3]

Geometric correspondence |2}

Geometry —> Guess-and-Prove paradigm |[5]

Compute Grobner bases of
(S,z — ) and (S, t — 6) —

for <grevlex

Deduce b., b; s.t.
bz — #V(S,t o 9)1
bt — #V(Sa 2 :u)

N Y

Expand Guess R € Qt, z|, Prove
[y =F(t,1) mod t~%  R(t, F}) = Ot™>")  R(t, ) = O(t~%)
(Newton method) (Hermite-Padé) (multiplicity lemma)

Fixed Point Equation (FPE)

U numerator
P(F(t,u), F(t,1),t,u) =0
|,

O F (t,u)- 0. P(F(t,u), F(t,1),t,u)
+ 0, P(F(t,u), F(t,1),t,u) =0

Example: planar maps

® Direct elimination:
® Draw p “generic” in Q and compute b; = 5,
e Do direct elimination on (S) and find R = t(tz — 1)(27t*2% + (1 — 18t)z + 16t — 1),
o Check that 27t°2* + (1 — 18t)z + 16t — 1 is the relevant factor.

e Hybrid Guess-and-Prove:
® Draw 6, i1 “generic” in Q and compute b; = 5,0, = 4,
e Compute [} = F(t,1) mod t~*,
» Guess R = 27t°2* 4+ (1 — 18t)z + 16t — 1 s.t. R(¢t, F1) = O(t™?),
o Check that R(t, F}) = O(t™~*).

(F(t,U®)), F(t,1),U(t)) € Q[[t]]

w="U(t) € Q[t]] ( solution of
solution of P(x, z,t,u) = 0,
;@EP(F(t,u), F(t,1),t,u) = 0, — S) - 0. P(x,z,t,u) =0
u# 1. OuP(x,z,t,u) =0,
u 7 1.
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