
The 22 periods of a quartic surface
and their integer relations

Pierre Lairez
MATHEXP, Université Paris–Saclay, Inria, France

joint work with Emre Sertöz

January 9, 2023
Atelier E-fonctions, G-fonctions et périodes



Outline

1. Introduction

2. Computation of the Néron-Severi group

3. Separation of periods

0/25



Periods of an elliptic curve
Let f ∈ ℂ[x, y, z]3 (homogeneous polynomial of degree 3) such
that X = V (f ) ⊆ ℙ2 is smooth.

γ₁

γ₂

α₂

α₁

• X ≃ ℂ/(𝛼1ℤ + 𝛼2ℤ)
•

∫
𝛾i
𝜔X = 𝛼i, where 𝜔X is the unique holomorphic 1-form on X (up to

scaling), and 𝛾1, 𝛾2 a suitable basis of H1(X,ℤ).
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Periods of a quartic surface

Let f ∈ ℂ[w, x, y, z]4 ≃ ℂ35

such that X = V (f ) ⊆ ℙ3 is smooth.

Let 𝛾1, . . . , 𝛾22 be a basis of H2(X,ℤ),
and let 𝜔X ∈ Ω2(X) be the unique holomorphic 2-form on X.

The periods of X are the complex numbers 𝛼1, . . . , 𝛼22 defined – up to
scaling and choice of basis – by

𝛼i
def
=

∫
𝛾i

𝜔X .
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A Torelli theorem for K3 surfaces

Theorem (Pjateckı̆ı-Šapiro & Šafarevič, 1971)

The periods of a smooth quartic surface determine its isomorphy class.

More precisely, two smooth quartic surfaces X and X′ are isomorphic if
and only if there is a an isomorphism 𝜙 : H2(X,ℤ) → H2(X′,ℤ) such
that
• ∀𝛼, 𝛽 ∈ H2(X,ℤ), 𝜙(𝛼) · 𝜙(𝛽) = 𝛼 · 𝛽
• ∃𝜆 ∈ ℂ× ∀𝛾 ∈ H2(X,ℤ),

∫
𝛾
𝜔X = 𝜆

∫
𝜙(𝛾) 𝜔X′ .
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Periods determine the isomorphism group

Theorem (Pjateckı̆ı-Šapiro & Šafarevič, 1971)

The periods of a smooth quartic surface determine its automorphism
group.

More precisely, the automorphism group of X is isomorphic to the group
of automorphisms of H2(X,ℤ)
• preserving intersection product
• preserving periods (up to scaling)
• preserving the ample cone
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Periods determine the Néron-Severi group

The Néron-Severi group of X (a smooth quartic surface) is the sublattice
of H2(X,ℤ) generated by the classes of algebraic curves on X.

Theorem (Lefschetz, 1924)

NS(X) =
{
𝛾 ∈ H2(X,ℤ)

���� ∫
𝛾
𝜔X = 0

}

In coordinates, NS(X) ≃
{
u ∈ ℤ22

�� u1𝛼1 + · · · + u22𝛼22 = 0
}

.
This is the lattice of integer relations between the periods.

The NS group determine the possible degree and genus of all the
algebraic curves lying on X.
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The very generic case

Noether-Lefschetz theorem (Lefschetz, 1924)

Let f ∈ ℂ[w, x, y, z]4 \ (countable union of algebraic hypersurfaces).
Then NS(Xf ) = ℤ · (hyperplane section).

Theorem (Terasoma, 1985)

There is a smooth f ∈ ℚ[w, x, y, z]4 such that NS(Xf ) = ℤ · h.

Theorem (van Luijk, 2007)

Let f = 2w4 + w3z + w2x2 + 2w2xy + 2w2xz − w2y2 + w2z2 + · · ·
Then NS(Xf ) = ℤ · h.

Theorem (Lairez & Sertöz, 2019)

Let f = wx3 + w3y + xz3 + y4 + z4. Then NS(Xf ) = ℤ · h.
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The Fermat hypersurface

Let f = w4 + x4 + y4 + z4.
The vector of periods is(

1 i i i i −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −i −i −i −i −i −i 0
)

rankNS(Xf ) = 22 − dimVectℚ {periods} = 20.

Indeed there are 48 lines on Xf spanning a sublattice of H2(X,ℤ) of
rank 20.
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The Dwork family
Let ft = w4 + x4 + y4 + z4 − 4twxyz.
The periods of Xt satisfy the differential equation

(t4 − 1)y′′′ + 6t3y′′ + 7t2y′ + ty = 0,

with basis of solutions

f0(t) = 3F2

[
1
4

1
4

1
4

1
2

3
4
; t4

]
, f1(t) = t 3F2

[
1
2

1
2

1
2

3
4

5
4
; t4

]
, f2(t) = t2 3F2

[
3
4

3
4

3
4

5
4

3
2
; t4

]
.

If t4 ≠ 1, then

rankNS(Xft) = 22−

dimVectℚ
{
8𝜋4f0(t) + Γ

( 3
4
)8 f2(t), 8𝜋4if0(t) − Γ

( 3
4
)8 if2(t), 𝜋2Γ

( 3
4
)2 f1(t)

}
∈ {19, 20}
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Numerical computation of periods (Sertöz, 2019)

Let f ∈ ℂ[w, x, y, z]4
and let ft = (1 − t)f + t(w4 + x4 + y4 + z4) ∈ ℂ(t) [w, x, y, z]4.

1. The periods of Xt satisfy a Picard–Fuchs linear differential equation
(Picard, 1902).

2. The initial conditions are (generalized) periods of the Fermat
quartic, studied by Pham (1965).

3. Numerical analytic continuation provide quasilinear-time
algorithms for computing the periods (Mezzarobba, 2016).

� Afflicted by the size of the PF equation (generically order 21 and
degree ∼ 600), the algorithm does not always terminate in reasonnable
time.
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Faster computation (with Pichon-Pharabod and Vanhove)
Let f ∈ ℂ[w, x, y, z]4 (generic coordinates)
and let gt = f (tx, x, y, z) ∈ ℂ(t) [x, y, z]4.
{ consider the surface as a family of curves

Main idea ∫
𝛾
𝜔X =

∮
loop in ℂ

dt
∮

cycle in V (gt)

𝜔X

dt
.

� To be implemented, requires a concrete description of H2(X,ℤ)
{ effective Picard–Lefschetz theory

With Eric’s implementation, huge improvement of performance
compared to previous methods.
(Terminate in reasonnable time for any quartic.)
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Computation of the lattice of integer relations

We have the periods 𝛼1, . . . , 𝛼22 with high precision (hundreds of digits);
we want a basis of

Λ =
{
u ∈ ℤ22 �� u1𝛼1 + · · · + u22𝛼22 = 0

}
.

It is an application of the Lenstra–Lenstra–Lovász algorithm:
1. For 1 ≤ i ≤ 22, compute the Gaussian integer [101000𝛼i].
2. Let L =

{
(u, x, y) ∈ ℤ22+2

��� ∑i ui [101000𝛼i] = x + y
√
−1

}
,

this is a rank 22 lattice. Short vectors are expected to come from
integer relations between the periods.

3. Compute a LLL-reduced basis of L
4. Output the short vectors
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What is a short vector?
Let f = 3x3z − 2x2y2 + xz3 − 8y4 − 8w4.
With 100 digits of precision on the periods, here is a LLL-reduced basis
of the lattice L (last 5 columns omitted).



0 0 0 0 0 0 0 0 0 0 0 0 0 0 −1669083212117905913652734 0 1937019641160560221317687 . . .
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1669083212117905913652734 1937019641160560221317687 . . .

1 0 0 −1 0 0 0 1 1 0 0 0 0 0 −146511829901195443671789 84478429044587822467823 −365980228690630104919296 . . .
0 0 0 0 1 0 0 0 0 0 0 0 0 0 −337167720252678310258177 224110151973403946221421 −743116955936487279910552 . . .
0 0 0 0 0 0 0 0 0 0 0 0 1 −1 357031479253522311483650 768066337666351099432748 940525994719391079998435 . . .
0 0 0 0 0 1 0 0 1 0 1 0 0 0 −552756671828854153114905 −126018248279583585486071 535095811953165917210863 . . .
0 −1 1 0 0 0 0 0 1 0 0 −1 0 0 104335431129908645825133 −231616284585318363570849 502730408585962411025306 . . .
0 0 0 0 0 0 0 0 0 0 0 0 0 −1 −649159586430203173692632 770784867967071100945665 −2152014469737999315531272 . . .
0 0 0 0 0 0 0 0 0 1 1 0 0 0 277747983934797690835205 −28625739873061372966384 −638732179408358479990097 . . .
1 0 0 0 0 0 0 0 0 0 0 1 0 0 146511829901195443671790 −84478429044587822467823 365980228690630104919296 . . .
0 0 0 0 0 0 0 0 0 0 0 −1 1 1 250899146775406645936761 575615030011256031395007 −114830012426104078247291 . . .
0 1 0 0 0 0 0 1 0 0 −1 0 0 0 104335431129908645825133 −231616284585318363570849 502730408585962411025307 . . .
0 0 0 0 0 0 −1 0 0 0 0 0 1 −1 −140644950443454586919439 −393058206212350140614235 429933080833930208291557 . . .
0 0 0 0 0 0 0 0 1 0 0 0 0 0 594933070600140950961561 273156103820314126589096 −671845991848498223316874 . . .
0 0 0 0 1 0 0 −1 0 0 0 0 0 0 337167720252678310258177 −224110151973403946221421 743116955936487279910552 . . .
0 0 0 0 0 0 0 0 0 0 0 0 0 1 −824317154838996681984621 177119763197465887754938 −236792300924643740702432 . . .
0 0 0 0 0 0 0 1 0 0 1 0 0 0 379344119023965108104833 −76972296432673405118395 606366776041154973804541 . . .
0 0 0 0 0 1 0 0 0 0 0 0 0 0 552756671828854153114905 126018248279583585486070 −535095811953165917210864 . . .
0 0 0 0 0 0 1 0 0 0 0 0 0 −1 −140644950443454586919440 −393058206212350140614234 429933080833930208291557 . . .
0 0 1 0 0 0 0 0 0 0 0 0 0 0 −104335431129908645825133 231616284585318363570849 −502730408585962411025307 . . .
0 0 0 0 0 0 0 0 0 0 0 0 1 0 −467285675585474370500971 −950623161465256990213520 −1255629063127217210042702 . . .
0 0 0 1 0 0 0 0 0 0 0 0 0 0 −146511829901195443671790 84478429044587822467823 −365980228690630104919296 . . .
0 0 0 0 0 0 0 0 0 1 0 −1 0 0 −277747983934797690835206 28625739873061372966384 638732179408358479990097 . . .
0 0 0 0 0 0 0 0 0 0 0 1 0 0 −69025235930677842745100 457102914343586863258366 660652346877586707848817 . . .


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What is short enough? (heuristically)

Let B (maybe 101000) such that we know the periods up to precision 1/B.

The first vector of the LLL-reduced basis of L that does not come from a
genuine integer relation should have norm ∼ B

2
22−rank Λ ,

by comparing with random and algebraic numbers (Schmidt, 1971).

1 def HeuristicIntegerRelationLattice(22 periods,B):
2 compute a LLL-reduced basis b1, . . . , b22 of L ⊆ ℤ24

3 search for 𝜌 such that ∥b𝜌∥ ≤ 2−22∥b𝜌+1∥ and B
2

22−𝜌 ≈ ∥b𝜌+1∥
4 if there is none:
5 fail
6 else:
7 return the u-coordinates of b1, . . . , b𝜌
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A triple alternative

Lemma
If the heuristic algorithm succeeds then one of the following holds:

1 The lattice computed is correct.

2 The IR lattice is not generated by elements of norm ∼ 𝛽
2

22−𝜌 .

2’ The NS group is not generated by curves of degree ∼ 𝛽
2

22−𝜌 .

3 There is a rare numerical coincidence.

Many examples on https://mathexp.eu/lairez/quarticdb

I do not know how to deal with 2/2’, there are quartic surfaces with NS
group minimaly generated by arbitrary large elements (Mori, 1984).

But we can do something about 3.
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Main result

Let f ∈ ℚ[w, x, y, z]4
and let 𝛼1, . . . , 𝛼22 be the periods.

Theorem (Lairez & Sertöz, 2022)

There exist a computable constant c > 0 depending only on f and the
choice of the homology basis, such that for any u ∈ ℤ22,

|u1𝛼1 + · · · + u22𝛼22 | < 2−c
maxi |ui |9 ⇒ u1𝛼1 + · · · + u22𝛼22 = 0.
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A deformation argument

Idea
If |u1𝛼1 + · · · + u22𝛼22 | is small,
then we can slightly pertub f so that u1𝛼1 + · · · + u22𝛼22 = 0.

Lemma
There are C > 0 and 𝜖 > 0 such that for any 𝛾 ∈ H2(Xf ,ℤ)
if

���∫
𝛾
𝜔f

��� < 𝜖 then there is a monomial m and some t ∈ ℂ

such that |t| ≤ C
���∫
𝛾
𝜔f

��� and 𝛾 ∈ NS(Xf+tm).

• Smale’s 𝛼-theory
• The period map is a submersion
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The Noether-Lefschetz locus
Let U4 be the set of quartic polynomials defining a smooth surface.
For 𝛾 ∈ H2(X,ℤ), let Δ(𝛾) = (h · 𝛾)2 − 4(𝛾 · 𝛾).
Let Δ > 0 and let d, g > 0 such that Δ = d2 − 8g + 8.

NLΔ
def
=

{
f ∈ U4

�� ∃𝛾 ∈ NS(Xf ), Δ(𝛾) = Δ
}

=
{
f ∈ U4

�� Xf contains a curve of degree d and genus g
}
.

For example:
• NL9 is the set of smooth quartic surfaces containing a line;
• NL12 is for conic curves;
• NL17 is for twisted cubic;
• NL9 is for planar cubic curves

Theorem (???)

For any Δ > 0, the Noether–Lefschetz locus NLΔ is either empty or an
algebraic hypersurface in U4
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NL9 (lines)

NL9 = {f ∈ U4 | V (f ) contains a line}
= pr1 clo

{
(f , u, v) ∈ U4 × (ℂ4)2 �� u ∧ v ≠ 0 and ∀t, f (u + tv) = 0

}
• This is an algebraic hypersurface in U4 of degree 320
• Don’t try to compute it at home, we may expect up to

305422118649746852511846290484750237250408389735
monomials.
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NL12 (conic curves)

NL12 = {f ∈ U4 | V (f ) contains a conic curve}
= pr1 clo

{
(f , u, v,w) ∈ U4 × (ℂ4)3 ��

u ∧ v ∧ w ≠ 0 and ∀t, f (u + tv + t2w) = 0
}

• This is an algebraic hypersurface in U4 of degree at most 5016
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NL17 (twisted cubic)

NL17 = {f ∈ U4 | V (f ) contains a twisted cubic}
= pr1 clo

{
(f , u0, . . . , u3) ∈ U4 × (ℂ4)4 ��

u0 ∧ · · · ∧ u3 ≠ 0 and ∀t, f
(

3∑︁
i=0

uiti
)
= 0

}
• This is an algebraic hypersurface in U4 of degree at most 136512
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NL16 (intersection of two quadric surfaces)

NL16 = {f ∈ U4 | V (f ) contains a degree 4 genus 1 curve}
= pr1 clo

{
(f , g1, g2, h1, h2) ∈ U4 × (R2)4 ��

g1 and g2 generic and f = h1g1 + h2g2
}

• This is an algebraic hypersurface in U4 of degree at most 76950
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NLΔ (general case)

NLd2−8g+8 = {f ∈ U4 | V (f ) contains a degree d genus g curve}
= pr1 clo

{
(f , I) ∈ U4 × (ideals of R)

��
HilbI (t) = dt + 1 − g, V (I) reduced and equidim. and f ∈ I

}
Theorem
There is some absolute constant A > 0 such that NLΔ is defined by an
integer polynomial NLΔ such that

deg(NLΔ) ≤ A ↑ Δ ↑ 9
2

and ∥ NLΔ ∥1 ≤ 2 ↑ A ↑ Δ ↑ 9
2
.

• Equations for the Hilbert scheme (Gotzmann, 1978)
• The extended Chow ring, to compute with height and degree of

multiprojective varieties (D’Andrea, Krick, & Sombra, 2013)
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Exact formula for the degree of NLΔ

Theorem (Maulik & Pandharipande, 2013)

Let A =
∑

n∈ℤ qn
2 , B =

∑
n∈ℤ(−1)nqn2 , Ψ = 108

∑
n>0 q8n2 and

Θ = 2−22 (−81A19B2−627A18B3−14436A17B4−20007A16B5−169092A15B6

+ 3A21 − 120636A14B7 − 621558A13B8 − 292796A12B9 − 1038366A11B10

− 346122A10B11 − 878388A9B12 − 207186A8B13 − 361908A7B14

− 56364A6B15 − 60021A5B16 − 4812A4B17 − 1881A3B18 − 27A2B19 + B21)
= −1 + 320 q9 + 5016 q12 + 76950 q16 + 136512 q17 + · · ·

Then degNLΔ ≤ [qΔ] (Θ − Ψ) = O
(
Δ

19
2

)
.

(There is equality with an appropriate choice of multiplicity for the
components of the NL locus.)
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Proof of the separation bound

Let f ∈ ℤ[w, x, y, z]4 smooth.
Let 𝛾 ∈ H2(X,ℤ) such that

���∫
𝛾
𝜔f

��� ≪ 1.

There is some monomial m such that
∫
𝛾
𝜔f+tm = 0, with |t| ≤ Cf

���∫
𝛾
𝜔f

���.
The polynomial NLΔ(𝛾) (f + Tm) ∈ ℤ[T] has a zero at T = t.

So t cannot be too small
(at least the inverse of the height of NLΔ(𝛾) (f + Tm)).

(In case NLΔ(𝛾) (f + Tm) vanishes identically, consider a derivative
of NLΔ(𝛾) .)
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A supra-Liouville number

Theorem
For any f ∈ ℚ[w, x, y, z]4 smooth, and any 𝛾, 𝜂 ∈ H2(Xf ,ℤ),∑︁

n≥0
(2 ⇈ 3n)−1 ≠

∫
𝛾
𝜔f∫

𝜂
𝜔f

.

(2 ⇈ b is a tower of exponentiation with b twos.)

Thank you!
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