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@ Introduction

@ Series involving

© Congruences involving P-recursive sequences
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The telescoping method

The telescoping method is a basic and important tool to deal with sums. To
evaluate the sum
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The telescoping method

The telescoping method is a basic and important tool to deal with sums. To
evaluate the sum
b
> h-
k=a

we seek for a simple function gi such that

f = k1 — 8k = A(gx).

fx is said to be summable and g is called the indefinite sum of f,. We thus have

b
> fi=gbi1— &
k=a
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The telescoping method

The telescoping method is a basic and important tool to deal with sums. To
evaluate the sum
b
> h-
k=a

we seek for a simple function gi such that
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fx is said to be summable and g is called the indefinite sum of f,. We thus have
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A series involving 7

@ Sun?! showed that

SKak-1) () 1
z::zk—1)2 (—64)k ~ 7

k=0

'Electron. Res. Arch. 28 (2020)
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A series involving 7

@ Sun?! showed that

o 3
Z k(4k—1) (2:) _ 1
k:O (2k—1)( 64)k T
@ It comes from Bauer's series
0o (2k)3 5
bk+1)~k_ = =
k;( O e~ %

'Electron. Res. Arch. 28 (2020)
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A series involving 7

@ Sun?! showed that

i Kak-1) (397 1
= (2k — 1) ( (—64)k m

@ It comes from Bauer's series

& (9’ 2
;(4k+ 1)(_64)k ==

@ The key observation is

2k(ak—1)\ ()’
(“k* D 1y ) (6a)F

'Electron. Res. Arch. 28 (2020)
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A series involving 7

@ Sun?! showed that

i Kak-1) (397 1
= (2k — 1) ( (—64)k m

@ It comes from Bauer's series

& (9’ 2
;(4k+ 1)(_64)k ==

@ The key observation is

2u(ak—1)\ (2
(“k* D o1 ) (—64)F

_ Gy
=4 <_8(2k —1)2 (_64)k> '

@ Given ty, for what kind of rational functions r(k), r(k)t is summable?

'Electron. Res. Arch. 28 (2020)
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Reduction

Summability is colsed related to the reduction process:

o = B+ Ay
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Summability is colsed related to the reduction process:

o = B+ Ay

@ The first reduction algorithm goes back to Ostrogradsky (1845) and Hermite
(1872) for integrals of rational functions.
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Summability is colsed related to the reduction process:

o = B+ Ay

@ The first reduction algorithm goes back to Ostrogradsky (1845) and Hermite
(1872) for integrals of rational functions.

@ Abramov (1975) gave the reduction algorithm for rational functions.

@ The hypergeometric and holonomic cases were studied by Abramov and
Petkovsek (2001) and van der Hoeven (2018).

@ Chen et al. (2015) introduced the word polynomial reduction and gave the
reduction-based creative telescoping.

@ Hou, Mu and Zeilberger reformulated the polynomial reduction and applied it
to proving congruences.
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Polynomial reduction (hypergeometric cases)

Suppose that t, is hypergeometric. We have Gosper's representation

tier _ a(k) o(k+1)

tx 7b(k) C(k) ’

ged(a(k), b(k+ h)) =1, VheN.
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Polynomial reduction (hypergeometric cases)

Suppose that tx is hypergeometric. We have Gosper’s representation

For any hypergeometric term ty, there exists a non-zero polynomial p(k) such that
p(K)t is summable.
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Polynomial reduction (hypergeometric cases)

Suppose that tx is hypergeometric. We have Gosper’s representation

For any hypergeometric term ty, there exists a non-zero polynomial p(k) such that
p(K)tx is summable. Moreover, the degree of p(k) is not greater than

B d+1, if(a(k),b(k)) is degenerated or deg u(k) < deg a(k) — 1,
14 otherwise.

where

u(k) = a(k) — b(k—1), d= max{degu(k),dega(k)—1}.
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Polynomial reduction (hypergeometric cases)

By Gosper's algorithm, we show that the degree bound is also tight.

Suppose that ti is hypergeometric and the Gosper's representation of tyy1/tx
satisfies

deg u(k) = max{deg a(k),deg b(k)} and c(k)=1.

If p(k)tx is Gosper summable, then

deg p(k) > deg u(k).
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Polynomial reduction (hypergeometric cases)

By Gosper's algorithm, we show that the degree bound is also tight.

Suppose that ti is hypergeometric and the Gosper's representation of tyy1/tx
satisfies

deg u(k) = max{deg a(k),deg b(k)} and c(k)=1.

If p(k)tx is Gosper summable, then

deg p(k) > deg u(k).

Let t, = (3)’/(—64)%. We have

a(k) = —(2k+1)%, b(k) =8(k+1)%, (k) =1,

and

(4k+1)(4% + 2k + 1)ty = A(—8Kty)
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Polynomial reduction (holonomic cases)

Wang and Zhong extended the polynomial reduction to holonomic cases.

Suppose that

po(n)fa + p1(n)fars + - + pa(n)fara = 0.
Then for any polynomial g(n), L*g(n) - f, is summable, where

d
L g(n) = pi(n—i)g(n—i).
i=0
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Polynomial reduction (holonomic cases)

Wang and Zhong extended the polynomial reduction to holonomic cases.

Suppose that

po(n)fy + p1(n)for1 + - - + pa(n)forqg = 0.
Then for any polynomial g(n), L*g(n) - f, is summable, where

d
L'gln) =Y pn— e~ i

Given P(n) € Q[n], one can find Q(n) € Q[n] with deg Q(n) <2 and c € Q

> Domb( ) ¢
2 PN = @

where Domb(n) is the n-th Domb number.
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Rational reduction

Now we consider the case when r(k) is a rational function. By divisibility, we
showed that

Let t, be hypergeometric and a(k), b(k), c(k) be the Gosper representation of
tktr1/tk. Suppose that for any h € N,

ged(v(K), a(k — 1 — h)) = ged(W(K). bk + h)) = ged (V(K), c(K)) = 1,

and
ged(v(k), v(k+1+h)) = 1.

If u(k)ti/v(k) is Gosper summable, then

v(k) | u(k).
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An application

e Given an identity > 2 tx = C.
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An application

e Given an identity > 2 tx = C.
o We first compute Gosper's representation (a(k), b(k), c(k)) of txr1/tk.
@ Then we choose a factor v(k) of a(k — 1)b(k) and set

1 ti
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An application

e Given an identity > 2 tx = C.
o We first compute Gosper's representation (a(k), b(k), c(k)) of txr1/tk.
@ Then we choose a factor v(k) of a(k — 1)b(k) and set

1 ti

@ By applying the extended Zeilberger's algorithm to
Ext_Zeil ([t, u, k- u, K®-u, ...], k)
we get a polynomial p(k) such that p(k)ux — tx is summable.
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An application

e Given an identity > 2 tx = C.
o We first compute Gosper's representation (a(k), b(k), c(k)) of txr1/tk.
@ Then we choose a factor v(k) of a(k — 1)b(k) and set

1 ti

@ By applying the extended Zeilberger's algorithm to
Ext_Zeil ([t, u, k- u, K®-u, ...], k)
we get a polynomial p(k) such that p(k)ux — tx is summable.

@ Hence
o0

> p(Kue = C.

k=0
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Examples

For Bauer's identity

3
%] (2k) B 2
> (dk+1) e
k=0
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For Bauer's identity

N

S (29’
4k+1) =,
pre 64)" ™

we have
a(k) = —(2k+1)3, b(k) = 8(k+ 1)3.
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For Bauer's identity

we have
a(k) = —(2k+1)3, b(k) = 8(k+ 1)3.

We thus derived

i 2k+1 4k+3) 3’ 8
— (—64)k 7’
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For Bauer's identity

we have
a(k) = —(2k+1)3, b(k) = 8(k+ 1)3.
We thus derived

> 2k+1 4k+3) R
kz% (—24)k_?
< (4k+1 7y
Z . @k+1) () 4

T1)k—1) (=64 7
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For Bauer's identity

we have
a(k) = —(2k+1)3, b(k) = 8(k+ 1)3.

We thus derived

i 2k+1 4k+3) 3’ 8
— (—64)k 7’
4

< @k+1) (N
Z k+1(2k—1)(—:34)"__7r’

= Kek—1) ()"
2 k1) (o4t
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From
i 21k—8  x?
3 T g
P (2kk) 0
we derived

o0

Z28k2+31k+8 1 w2

= — — 4’
& RkFIE et 2
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From
i 21k—8  x?
3 T g
k=1 k3(2kk) 0
we derived
i28k2+31k+8 1L,
2 37 o5 O
— (2k+1) k3(2kk> 2
56k2 64k—|— 16 1 10 — 72

= eey 2
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From
i 21k—8  x?
3 - b
k=1 k3(2kk) 0
we derived
i28k2+31k+8 1L,
2 37 o5 O
— (2k+1) k3(2kk> 2
56k2 64k—|— 16 1 10— 2
3 - )
= el 2
and

Z (Bk+1)( 21k+ 1) 1 163— 1672
k(2k+1)(k—1) (2kk)3 N 36
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Combinatorial congruences

o Let {an}n>0 be a combinatorial sequences. Sun considered the congruence of

the partial sum
n—1
S
k=0
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Combinatorial congruences

o Let {an}n>0 be a combinatorial sequences. Sun considered the congruence of
the partial sum
n—1
Z dk.
k=0

@ For example,
n—1

> (-1)*2k+1)=0 (mod n)

k=0

n—1

> (2k+1)=0 (mod ).

k=0
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Methods of proving congruences

o Combinatorial identities
Z.-W. Sun, Supecongruences involving products of two binomial coefficients, Finite Fields Appl. 22

(2003).
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(2003).

@ Gauss summation
R. Osburn and C. Schneider, Gaussian hypergeometric series and super-congruences, Math. Comp. 78

(2009).

@ g-Series
V.J.W. Guo, Proof of a generalization of the (B.2) supercongruence of Van Hamme through a
g-microscope, Adv. in Appl. Math. 116 (2020).

Qing-Hu Hou (Tianjin University) Two Applications of the Telescoping Method July 19, 2023 15/25



Methods of proving congruences

o Combinatorial identities
Z.-W. Sun, Supecongruences involving products of two binomial coefficients, Finite Fields Appl. 22

(2003).

@ Gauss summation
R. Osburn and C. Schneider, Gaussian hypergeometric series and super-congruences, Math. Comp. 78

(2009).

@ g-Series
V.J.W. Guo, Proof of a generalization of the (B.2) supercongruence of Van Hamme through a

g-microscope, Adv. in Appl. Math. 116 (2020).

@ Symbolic computation
Y.-P. Mu and Z.-W. Sun, Telescoping method and congruences for double sums, Int. J. Number Theory
14 (2018).
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An example

@ The k-th Delannoy is given by

o3 (9)()

I

It satisfies

(2+n)Dpy2 + (=9 —6n)Dpi1 + (1 + n)D, = 0.
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I

It satisfies
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Z(4k+ 2)Dy =0 (mod n).
k=0
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An example

@ The k-th Delannoy is given by

o3 (9)()

I

It satisfies

(2+n)Dpy2 + (=9 —6n)Dpi1 + (1 + n)D, = 0.

@ Sun showed that

n—1
Z(4k+ 2)Dy =0 (mod n).
k=0
@ Wang noticed that
n—1
Z(4k—|— 2)Dy = n(D, — D,_1), ¥n>1.
k=0
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The general case

o Given a P-recursive sequence {a,} and polynomials f{n) with {0) = 0, we try
to construct polynomials X(n) and A;(k) with integral coefficients such that

d—1
X(K)ax = A <f(k) ZA,-(k)ak_,-> .

j=!
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The general case

o Given a P-recursive sequence {a,} and polynomials f{n) with {0) = 0, we try
to construct polynomials X(n) and A;(k) with integral coefficients such that

d—1
X(K)ax = A (f(k) ZA,-(k)ak_,-) .

i=

@ Summing over k from 0 to n — 1, we derive that

n—1 d—1
> X(K)ax=f(n)>_ Ai(n)a,-;=0 (mod f(n)).
k=0 i=0
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Suppose that {ap}n>0 is a P-recursive sequence of order d. For any polynomial
f(n), there exists polynomials X(n) and A;, . ;. (n), not all zeros, such that

X(n)ay = A | f{n) > Air,..in(M)an—iy@n—iy -+ an—i,
0<i < <im<d—1
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The existence

Suppose that {ap}n>0 is a P-recursive sequence of order d. For any polynomial
f(n), there exists polynomials X(n) and A;, . ;. (n), not all zeros, such that

X(n)ay = A | f{n) > Air,..in(M)an—iy@n—iy -+ an—i,
0<i < <im<d—1

Proof. Expanding the right hand side and substituting a,.; with
an,an—1,---,dn—d+1, We get a system of difference equations

Civronsim(MAG i (1) + diy i (M)A i (0) + €5, (M) X(0) = 0.

Comparing the number of unknowns and equations leads to the result. |
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Software implement

@ Use HolonomicFunctions.m to solve the system of difference equations.
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Software implem

@ Use HolonomicFunctions.m to solve the system of difference equations.

@ Starting from deg X(n) = 0, solve the system of difference equations with
parameters

t
X(n) = Z an'.
=0
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Software implem

@ Use HolonomicFunctions.m to solve the system of difference equations.

@ Starting from deg X(n) = 0, solve the system of difference equations with
parameters

t
X(n) = Z an'.
=0

@ With this method, we gave simple proofs of several congruences and found
some new ones.
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o By g-series, Guo proved that

nz_:(3k+ 2)(—1)f, =0 (mod 2n?).

Qing-Hu Hou (Tianjin University) Two Applications of the Telescoping Method July 19, 2023 20/25



o By g-series, Guo proved that

nz_:(:%k—i— 2)(—=1) =0 (mod 2n?).

o Let a, = (—1)"f,. We seek for X(n) such that

X(n)a, = A (n(Ao(n)an + Ar(n)an—1)) -
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o By g-series, Guo proved that
Z(3k+ 2)(-=1)f =0 (mod 2n?).

o Let a, = (—1)"f,. We seek for X(n) such that

X(n)a, = A (n(Ao(n)an + Ar(n)an—1)) -

@ In fact, we have

32(3/{—}—2 fk— n (a,,—l-Sa,, 1)
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Examples

@ |t is easy to construct

n—1

> (4k+2)Dy = n(D, — Dy_1).
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@ |t is easy to construct

n—1

Z(4k+ 2)Dy = n(D, — Dn_1).

@ We also found that

(16n+8)D2 = A (n*(—D% + 6D,Dp—1 — D%_1)) .
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@ |t is easy to construct

n—1

Z(4k+ 2)Dy = n(D, — Dn_1).

@ We also found that

(16n+8)D2 = A (n*(—D% + 6D,Dp—1 — D%_1)) .

Hence
n—1

Z(l6k+ 8)D? =0 (mod n?).
k=0
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@ Sun defined

To(b,c) = [X1(:® + bx+ )" = > (’;) ("; k) pr-2k k.
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@ Sun defined

To(b,c) = [X1(:® + bx+ )" = > (’;) ("; k) pr-2k k.

@ We found that

n—1

D (Aol + Atk + Ag) Ti(b, ©)? = n? (m + 1) T,(b, c)?
k=0
+2bmn(=2(m+1)n+ (m—1)) Ta(b, c) Th—1(b, ¢

+ n?m? (m+1)° T,_1(b, 0)?,
where m = b? — 4c,
A = (—4b2m2—|—m4—|—2m3—|—4b2—2m—1),
Al=02m' +4m’ + (-4 +2) m* —8b°m+ 4 b°)
Ao=m*+2m’ + (=0 +1) m* — 42 m+ b,
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o Suppose that b> —4c=1. Let

atea=3 () (") sy

k=0
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o Suppose that b> —4c=1. Let

6.9 (1) (") sy

@ We have

(n+1)Gpsa(b, €) = ((2b+ 1)n+ 2 — b)Ga(b, c)
— ((2b+1)n+ b—2)Ga1(b, &) + (n — 1) Ga_a(b, ©).
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o Suppose that b> —4c=1. Let

atea=3 () (") sy

k=0

@ We have

(n+1)Gpsa(b, €) = ((2b+ 1)n+ 2 — b)Ga(b, c)
— ((2b+1)n+ b—2)Ga1(b, &) + (n — 1) Ga_a(b, ©).

o We found that

§(2b2 —b—1)Ti(b,c)Gk(b,c) =0 (mod n).
k=0

Qing-Hu Hou (Tianjin University) Two Applications of the Telescoping Method July 19, 2023 23/25



We found that

§(7k2 — 8k —6) <2kk) Dy = n<2n) (nD, — (4n+2)D,_1).

n
k=0
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We found that

§(7k2 — 8k —6) <2kk) Dy = n<2n) (nD, — (4n+2)D,_1).

n
k=0

Hence

(%)

§(7k2 — 8k —6) (2:) Dy.
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Thanks for your attention!
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