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Parametrized Definite Integrals

e In(1—a%) .
/ x J1(ax) h(ax) Yo(x) Ko(x) dx = T om (Glasser & Montaldi, 1994)
Jo

<[ dx dy .
/ / J1(x) Ji(y) L2(cv/xy) Ty (has a 2nd-order linear ODE)
Jo Jo

2
(1+2xy 4 4y?) exp

= ;{ <”4y ) dy = Fnx) (Doetsch, 1930)
2mi yrtl(1 4 4y2)3 [n/2]!

+1 e PXT,(x)

J-1 /1 —-x2

oo 2 1 ?—p? bc
TP (bx) ], dx = — —
/0 xe P Jp(bx)In(cx) dx % exp ( p ) JIn <2p>

(1/3 2/3 | 20w(2-3w)
(s, t/s x/t) (1-4w)?
dsdt=1+6" d
217'( 7{% + / (1—4w)(1—64w) v
1-s)(1—-t)(1—u)
—2(s+t+ u) + 3(st + tu+ us) — 4stu
(Bostan, Chyzak, van Hoeij, Pech, 2011)

dx = (=1)"7 In(p)

where f(s, t,u) = 1
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Differentiating under the Integral Sign

Zeilberger's derivation (1982) of a classical integral

+o0
Given (b, x) = e~ cos 2bx, find F(b) = / F(b,x) dx = 2.

—00

+o0
%(b) = / —2xe " sin 2bx dx =
X=-400

—+o00
[eﬂ‘2 sin 2bx] +/ —2be ™" cos2bx dx = —2b F(b).
—0co

X=—00
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Differentiating under the Integral Sign

Zeilberger's derivation (1982) of a classical integral

00
Given (b, x) = e~ cos 2bx, find F(b) = / F(b,x) dx = 2.

—00

+o0
%(b) = / —2xe " sin 2bx dx =
X=-400

—+o00
[eﬂ‘2 sin 2bx] +/ —2be ™" cos2bx dx = —2b F(b).
—0co

X=—00

Continuous form of “Creative Telescoping”:

df dg 1 df
%(b,x) +2bf(b,x) = a(b,x) for g(b,x)= _ﬂﬁ(b'x)'
After integration over x from —oo to +oco:
dF dg Xt
%(b) + 2bF(b) = {dx(bx)} T 0—-0=0.
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Hermite Reduction (1872)

P
I _

Cela pose, Pintégrale [} so traitera comme il suic : nous ffec-

tucrons sur A et sa dérivée A" les opérations du plus grand commun

diviseur, de manibre & obtenir deux polyndmes G et H, satisfaisant &
la condition

AG—A'H

Nous formerons ensuite deux séries de 1onctions entieres :
Vo ¥,
P, Py

par ces relations, oi les polynomes Q, Qu, Q... sont entitrement arbi-
traires, savoir :

P —AQ,
P, —AQ,
P, — AQ,

HP., —AQ..,

Maintenant je prouverai qu'en faisant

=Ver AV AV AL,

on a Pégalite

E+F
[

dr Udx V.
f == f T TE
de sorte que - est la partie algébrique de Vintégrale proposée, et
S 1 partie ranseendaote.
A cot effot, jélimine G et H entre les trois égalités

AG —A'H =1,
(& —i)Vi=HP,— AQ;,
Pin=GR—A'Q— Vi,

ce qui donne
APy =Pi+ (2 —{)A'Vi—

Or on peut écrire cette relation de la manikre suivante :
P _ (Vi
—a==(w=)

En supposant ensuite i =o, 1, 2,.
membre, nous en conclurons

oy =1 et ajoutant membre &

e .
(e en B2,

ce qui fait bien voir qu'on satisfait & la condition proposéc

par les valeurs
V= Vet AV - AV
P,

comme il s'agissait de le démontrer.

@ Ii
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Ostrogradsky—Hermite Reduction

P
! __ —

Cela pose, Pintégrale [} so traitera comme il suic : nous ffec-
twerons sur A et su dérivée A’ les opérations du plus grand commmun
diviseur, de maniére a obtenir dewx polynomes G ot H, satsfisant &

la condition

AG—A'H
Nous formerons ensuite deux séries de 1onctions entieres :
Vo, Vi,
P, Py

par ces relations, oi les polynomes Q, Qu, Q... sont entitrement arbi-
traires, savoir :

HP., —AQ..,
P —AQ -V,
P xQ

Pt

Maintenant je prouverai qu'en faisant

V=Vt AV AV
U=r,

on a Pégalite

F E+F
am | Tam

de sorte que - est la partie algébrique de Vintégrale proposée, et
U4 13 partie transcendaote.
A cot effot, jélimine G et H entre les trois égalités
AG —A'H =1,
= HP,— AQ,,
GPi— A" Q= Vi,

(2= i)V,
Piy

ce qui donne
AP, =Pi+ (2 — i) A'Vi— AV,

Or on peut écrire cette relation de la manikre suivante :
P _ (Vi
—a==(w=)

En supposant ensuite i =o, 1, 2,..., « —1 et ajoutant membre &
membre, nous en conclurons

. (Vo V. VoY
=(Rr o)

ce qui fait bien voir qu'on satisfait & la condition proposéc

par les valeurs

P.,

comme il s'agissait de le démontrer.

See also (Ostrogradsky, 1833, 1844/45).

G lized Hermite R ion and the of D-Finite F




Creative telescoping Hermite reduction Generalized Hermite

Linear Differential Equations as a Data Structure

[Algebraic eq uations]
evaluation

Linear Local and
differential asymptotic
equations expansions

Special functions -
in closed forms

Definite sums - Proofs of
. Conversions . o
and integrals identities

Def: differentially finite functions (a.k.a. D-finite)

A function f(x) is D-finite if its derivatives f(x), f'(x), f”(x), ..., span
a finite-dimensional vector space over C(x).
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Linear Differential Equations as a Data Structure

[Algebraic eq uations]
evaluation

Linear Local and
differential asymptotic
equations expansions

Special functions -
in closed forms

Definite sums Proofs of
and integrals onversions identities
Def: multivariate D-finite functions

i+j+k
()

i,j, k >0, span a finite-dimensional vector space over C(x, y, z).

A function f(x,y, z) is D-finite iff its derivatives
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Linear Differential Equations as a Data Structure

[Algebraic eq uations]
evaluation

Linear Local and
functional asymptotic
equations expansions

Special functions -
in closed forms

Definite sums Proofs of
and integrals onversions identities
Def: multivariate o-finite functions

A function f, m(x, y, z) is o-finite iff a similar confinement holds for
derivatives w.r.t. x, y, z, shifts w.r.t. n, m, etc.
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Creative Telescoping for Sums and Integrals

Given a relation ar(n)upir i+ -+ ao(N)tnk = Vo k+1 — Vn ks
summation leads by “telescoping” to
often

ar(MUptr+---+a(n)Un = vppt1 — Vna = O.

Ju
ot’

d
Given a relation a,(t) +---4ao(t)u= a—v(t, x), integrating leads
X

by “telescoping” to

r

a,(t)%—tlrj +---4an(t)U = v(t,b) — v(t, a) often g,

b b
Adapts easily to U(t) = Z ug(t), Up= / un(x) dx, etc.
k=a a
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Creative Telescoping for Sums and Integrals

Given a relation ar(n)upir i+ -+ ao(N)tnk = Vo k+1 — Vn ks
summation leads by “telescoping” to
often

ar(MUptr+---+a(n)Un = vppt1 — Vna = O.

Ju
ot’

d
Given a relation a,(t) +---4ao(t)u= a—v(t, x), integrating leads
X

by “telescoping” to

r

a,(t)%—tlrj +---4an(t)U = v(t,b) — v(t, a) often g,

Telescoper Certificate
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History of Algorithms for Creative Telescoping

Algorithmic Literature (< 2018)

Fasenmyer (1947, 1949); Rainville (1960); Verbaeten (1974); Gosper (1978); Lipshitz (1988); Zeilberger (1982, 1990, 1991); Takayama
(1990); Almkvist, Zeilberger (1990); Wilf, Zeilberger (1992); Hornegger (1992); Koornwinder (1993); Paule, Schorn (1995); Majewicz
(1996); Riese (1996); Petkovsek, Wilf, Zeilberger (1996); Paule, Riese (1997); Wegschaider (1997); Chyzak, Salvy (1998); Sturmfels,
Takayama (1998); Chyzak (2000); Saito, Sturmfels, Takayama (2000); Oaku, Takayama (2001); Le (2001); Riese (2001); Tefera (2000,
2002); Riese (2003); Apagodu, Zeilberger (2006); Kauers (2007); Chen W.Y.C., Sun (2009); Chyzak, Kauers, Salvy (2009); Koutschan
(2010); Bostan, Chen S., Chyzak, Li (2010); Chen S., Kauers, Singer (2012); Bostan, Lairez, Salvy (2013); Bostan, Chen S., Chyzak, Li,
Xin (2013); Chen S., Huang, Kauers, Li (2015); Lairez (2016); Chen S., Kauers, Koutschan (2016); Huang (2016); Bostan, Dumont,
Salvy (2016); Hoeven (2017); Chen S., Hoeij, Kauers, Koutschan (2018); Bostan, Chyzak, Lairez, Salvy (2018).

Applicable to

first-order vs higher-order equations; shift vs differential vs g-analogues vs
mixed; o-finite vs non-d-finite; w/ vs wo/ certificate.

Approaches

bound denominators + bound degrees + linear algebra

@ bound denominators + solve functional equations
@ elimination by skew Grébner bases/skew resultants
°

reduction of singularity order + linear algebra
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History of Algorithms for Creative Telescoping

Algorithmic Literature (< 2018)

Fasenmyer (1947, 1949); Rainville (1960); Verbaeten (1974); Gosper (1978); Lipshitz (1988); Zeilberger (1982, 1990, 1991); Takayama
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2002); Riese (2003); Apagodu, Zeilberger (2006); Kauers (2007); Chen W.Y.C., Sun (2009); Chyzak, Kauers, Salvy (2009); Koutschan
(2010); Bostan, Chen S., Chyzak, Li (2010); Chen S., Kauers, Singer (2012); Bostan, Lairez, Salvy (2013); Bostan, Chen S., Chyzak, Li,
Xin (2013); Chen S., Huang, Kauers, Li (2015); Lairez (2016); Chen S., Kauers, Koutschan (2016); Huang (2016); Bostan, Dumont,
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@ bound denominators + solve functional equations
@ elimination by skew Grébner bases/skew resultants
°
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History of Algorithms for Creative Telescoping
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Fasenmyer (1947, 1949); Rainville (1960); Verbaeten (1974); Gosper (1978); Lipshitz (1988); Zeilberger (1982, 1990, 1991); Takayama
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Running Example

exp(—px) Ta(x)

V1—x2

F(n,p) := /:1 F(m p,x) dx = (—=1)"7tl(p).

Integrate f(n, p,x) = w.r.t. x and prove the identity

Frédéric Chyzak Generalized Hermite Reduction and the Integration of D-Finite Functions
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Running Example

exp(—px) Tn(x)
V1—x2

F(n,p) := /jll F(m p,x) dx = (—=1)"7tl(p).

Integrate f(n, p,x) = w.r.t. x and prove the identity

Generating LFEs by algorithm for closure under product yields:

f'
g(n, p.x)+ xf(n, p,x) =0,

nf(n+1,p,x)+(1—x2)%(n,p,x)
oy + (p(1—x?) 5f(n~|—l)x)f(n, p,x) =0,
(1— 2)a 5(n, p,x) — (2px? +3X—2p)a (n, p,x)
— (P?x® +3px — n* — p? +1)f(n, p,x) = 0.
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Running Example

exp(—px) Ta(x)

V1—x2

F(n,p) := /jll F(m p,x) dx = (—=1)"7tl(p).

Integrate f(n, p,x) = w.r.t. x and prove the identity

Compact notation using f, = f(n+1,p, x), fx = %(n,p,x), etc:

o+ xf =0,
nfy+ (1= x*)fi+ (p(1 = x*) — (n+1)x)f =0,
(1 —x?)foc — (2px% +3x — 2p)fi — (p?x% + 3px — n® — p? +1)f = 0.
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Running Example

exp(—px) Ta(x)

V1—x2

F(n,p) := /jll F(m p,x) dx = (—=1)"7tl(p).

Integrate f(n, p,x) = w.r.t. x and prove the identity

Compact notation using f, = f(n+1,p, x), fx = %(n,p,x), etc:

fo +xf =0,
nfy 4+ (1= x?)f+ (p(1 = x*) = (n+1)x)f =0,
(1 —x?)fo — (2px% +3x — 2p)fi — (p?x% +3px — n® — p? +1)f = 0.

Observe: any fyupvyw is a Q(n, p, x)-linear combination of £, and f.
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Running Example

exp(—px) Ta(x)

V1—x2

F(n,p) := /jll F(m p,x) dx = (—=1)"7tl(p).

Integrate f(n, p,x) = w.r.t. x and prove the identity

Compact notation using f, = f(n+1,p, x), fx = %(n,p,x), etc:

£+ xf =0,
nfy 4+ (1= x?)f+ (p(1 = x*) = (n+1)x)f =0,
(1 —x?)fo — (2px% +3x — 2p)fi — (p?x% +3px — n® — p? +1)f = 0.

Goal: Find a telescoper such that there is a certificate satisfying

Zcu,v(nv p)fn“pv =gx for g= b(n, P, X)fx +a(n,p,x)f.
uv
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_________________ @eiwEEmig e e el e
Chyzak's Algorithm (2000): an Example

+1
/_1 f(n p,x)dx=F(np)=7
fp=(.. )+ (.)f,
fo="(..)+(..)f,
foo = (o )+ (L)F.

For r =1,2,... until a nonzero equation can be found, solve:

Y cuv(n, p)fpupy = %(b(n, p. x)f + a(n, p, x)f).

u+v<r




_________________ @eiwEEmig e e el e
Chyzak's Algorithm (2000): an Example

+1
/_1 f(n p,x)dx=F(np)=7
fp=(.. )+ (.)f,
fo="(..)+(..)f,
foo = (o )+ (L)F.

For r =1,2,... until a nonzero equation can be found, solve:

Z (... )euv(np)fc+ (. )euv(n p)f = % (b(n, p, x)f + a(n, p, x)f).
ut+v<r




_________________ @eiwEEmig e e el e
Chyzak's Algorithm (2000): an Example

+1
/_1 f(n p,x)dx=F(np)=7
fp=(.. )+ (.)f,
fo="(..)+(..)f,
foo = (o )+ (L)F.

For r =1,2,... until a nonzero equation can be found, solve:

Yo e+ (o )eunf = ((.)b+ b+ a) i+ ((-.. )b+ ax) f.

u+v<r




_________________ @eiwEEmig e e el e
Chyzak's Algorithm (2000): an Example

+1
/_1 f(n p,x)dx=F(np)=7
fp=(.. )+ (.)f,
fo="(..)+(..)f,
foo = (o )+ (L)F.

For r =1,2,... until a nonzero equation can be found, solve:
Y (e =C(..)b+bc+a and Y (..)cuy=0(..)b+ax
u+v<r utv<r
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Chyzak's Algorithm (2000): an Example

+1
/_1 f(n, p,x)dx = F(n p) =7
ﬂ’::( ')&'+( )f
fo= (. )+ (.)f
fex ::Q.-)&'+(.”)f, »

diff/p

For r =1,2,... until a nonzero equation can be found:
o eliminating a yields: be+ (... )b+ (...)b=Y_ (...)cuy;
u+v<r

@ a variant of Abramov’s decision algorithm finds b € Q(n, p, x) and
the ¢, v € Q(n, p); substituting next gives a.
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Chyzak's Algorithm (2000): an Example

+1
/_1 f(n, p,x)dx = F(n p) =7
fp=0. )+ (.)f
fo= (o )b+ ()f
&x:()fx‘i‘()f »

diff/p

For the running example, the algorithm stops at r = 2 and outputs:

pfp + pfn — nf =g for ng:(1—x2)fx+(p(l—x2)—x)f,
pfan —2(n+ 1)f, — pf = gx for
ng:2x(1—x2)fx+2((px+n)(l—x2)—x2)f.
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Chyzak's Algorithm (2000): an Example

+1
/_1 F(n p,x) dx = F(n, p) = (—1)"7tln(p)
b= (o)t ()F
fo= (.. )+ (.)f,
fxx:()fx—i-()f diff/x

diff/p

Upon integrating and using properties of T,(£1):

pFp + pFn — nF = [gX=*1 =0,

x=—1
pFan — 2(n+ l)Fn —pF = [g}iii—i =0.

One recognizes the equations for the right-hand side (—1)"7t/,(p).
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[chyzak@slowfox (16:08:44) ~]$ maple -b Mgfun.mla -B

IN7/1 Maple 2018 (X86 64 LINUX)
._INI |/1_. Copyright (c) Maplesoft, a division of Waterloo Maple Inc. 2018
\ MAPLE / All rights reserved. Maple is a trademark of
< ____ > Waterloo Maple Inc.

| Type ? for help.
> with(Mgfun);
[MG_Internals, creative_telescoping, dfinite_expr_to_diffeq,

dfinite_expr_to_rec, dfinite_expr_to_sys, diag_of_sys, int_of_sys,
pol_to_sys, rational_creative_telescoping, sum_of_sys, sys*sys, sys+sys]
> f := ChebyshevT(n,x)/sqrt (1-x"2)*exp (-p*x) ;

ChebyshevT(n, x) exp(-p x)
f :=

2 1/2
(-x + 1)

> ct := creative_telescoping(f, {n::shift, p::diff}, x::diff);
memory used=30.3MB, alloc=78.3MB, time=0.37
/d \
ct := [[p _Fa+1, p) +p |-- _F(, pl - n _F(, p),
\dp /
x _f(n, p, x) - _f(a+ 1, p, ©)], [
-p _F(n, p) +p _Fn+2,p)+(2n-2) F@n+1, p),
-2x _fa+1, p, x) +2 _f(n, p, x]]
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Chyzak's Algorithm: Three Issues

@ The telescoper (wanted output) is a by-product of the certificate,
which is obtained in dense, expanded form (likely to be unneeded in
further calculations).

@ In dense, expanded form, the certificate is intrinsically large.

© The rational-solving step is sensitive to r, allowing for little reuse of
intermediate calculations.




Chyzak's Algorithm: Three Issues

© The telescoper (wanted output) is a by-product of the certificate,
which is obtained in dense, expanded form (likely to be unneeded in
further calculations).

@ In dense, expanded form, the certificate is intrinsically large.

© The rational-solving step is sensitive to r, allowing for little reuse of
intermediate calculations.

Example (walks in IN? using N, <, |, —, /*, counted by length):

f]f —(L+x)(1+x* — xy?) o d
(1+x2)(1—y)(t —xy + ty + tx2 + tx2y + txy?) Y

dg  oh
(163123202 + - - - ) fi5 + (40780800010 + -+ Vfug +... = == 4 ="

T 9x  dy
LHS = 2 kB, g = 33 kB, h = 896 kB
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Rational Integration: the Classics

Hermite reduction (Ostrogradsky, 1833, 1844/45; Hermite, 1872)

Given P/ @, Hermite reduction finds polynomials A and a such that

PLO A a0
[e* =gt Fm™

where Q*(x) is the squarefree part of Q(x), Q(x) = @ (x)Q*(x), and
deg a < deg Q*.

Squarefree factorization

Given @ monic, one can in good complexity compute m and 2-by-2
coprime monic @; satisfying

Q=QQ2..Q", @ =@QL..Q" !, Q@ =@QQ...Qm.

Frédéric Chyzak Generalized Hermite Reduction and the Integration of D-Finite Functions
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Rational Integration: the Classics

Hermite reduction (Ostrogradsky, 1833, 1844/45; Hermite, 1872)

Given P/ @, Hermite reduction finds polynomials A and a such that

PLO A a0
[e* =gt Fm™

where Q*(x) is the squarefree part of Q(x), Q(x) = @ (x)Q*(x), and
deg a < deg Q*.

Logarithmic part = to existence of rational primitive
For R(w) = resx(b(x), a(x) — b'(x)w),

(Trager, 1976).
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Hermite Revisited (Bostan, Chen, Chyzak, Li, 2010)

F(t) == jf gg’;i)) dx=?  ODEw.rt. t?

Hermite reduction in K(x)

Given P/ Q, find polynomials A and a with deg a < deg @* such that

Frédéric Chyzak Generalized Hermite Reduction and the Integration of D-Finite Functions



Creative telescoping Hermite reduction Generalized Hermite

Hermite Revisited (Bostan, Chen, Chyzak, Li, 2010)

F(t) == jf gg’;i)) dx=?  ODEw.rt. t?

Hermite reduction in K(x)

Given P/ Q, find polynomials A and a with deg a < deg @* such that

P3<A>+a
Q ox\Q Q*
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Creative telescoping Hermite reduction Generalized Hermite

Hermite Revisited (Bostan, Chen, Chyzak, Li, 2010)

F(t) == jf gg’;i)) dx=?  ODEw.rt. t?

Bivariate Hermite reduction for creative telescoping in K(t, x)

N Z ARG
e x\e ) e
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Creative telescoping Hermite reduction Generalized Hermite

Hermite Revisited (Bostan, Chen, Chyzak, Li, 2010)

F(t) == jf gg’;i)) dx=?  ODEw.rt. t?

Bivariate Hermite reduction for creative telescoping in K(t, x)

P _a (A0 a(0)
e x\e ) e

P\ 0 A®) a§°) a0 Qs
().~ o)) @
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Creative telescoping Hermite reduction Generalized Hermite

Hermite Revisited (Bostan, Chen, Chyzak, Li, 2010)

F(t) == jf gg’;i)) dx=?  ODEw.rt. t?

Bivariate Hermite reduction for creative telescoping in K(t, x)

P _a (A0 a(0)
e x\e ) e

9 A0) ago) o (B0 ()
)fax Q) ol ) T
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Creative telescoping Hermite reduction Generalized Hermite

Hermite Revisited (Bostan, Chen, Chyzak, Li, 2010)

F(t) == jf gg’;i)) dx=?  ODEw.rt. t?

Bivariate Hermite reduction for creative telescoping in K(t, x)

P _a (A0 a(0)
e x\e ) e

P\ 3 ([A@Y  BOY\ a4
— == + + .
(o)t x\\o )@ @
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Creative telescoping Hermite reduction Generalized Hermite

Hermite Revisited (Bostan, Chen, Chyzak, Li, 2010)

F(t) == jf gg’;i)) dx=?  ODEw.rt. t?

Bivariate Hermite reduction for creative telescoping in K(t, x)

RN Z ARG
e x\e ) e

1)
(@)= () +
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Creative telescoping Hermite reduction Generalized Hermite

Hermite Revisited (Bostan, Chen, Chyzak, Li, 2010)

F(t) == jf gg’;i)) dx=?  ODEw.rt. t?

Bivariate Hermite reduction for creative telescoping in K(t, x)

RN Z ARG
e x\e ) e

, (P
(D)
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Creative telescoping Hermite reduction Generalized Hermite

Hermite Revisited (Bostan, Chen, Chyzak, Li, 2010)

=? ODE w.r.t. t?

Q(t, x

Bivariate Hermite reduction for creative telescoping in K(t, x)

P 9 (A0 a(0)
e ax\q )T

P d ; ali)
) - 2 (g
(Q)t' aX (E )+ Q*
e Confinement deg, al’) < d := deg, Q* < deg, Q:
Zc, t)al)( tx—O:>Zc, F.i =0.

i=0

o Incremental algorithm that does not compute (P/Q);i.
@ Degree bounds in K(t) + eval./interpol. = good complexity.
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.~ Creative telescoping Hermite reduction Generalized Hermite
Key Idea: Reduce Coordinates, not Functions

D-finite functions can have complicated singularities.
Rational functions have only poles.

Previous algorithms New algorithm
f—)[f] f=R0f—>[R0]f
ﬂ—)[ft] ﬁ_»:R]_f—)[Rl]f
ftt — [ftt] ftt = R2 f — [RQ] f




Creative telescoping Hermite reduction Generalized Hermite

Operator Notation

Algebra of linear differential operators with rational coefficients
A = K(t, x)(d¢ 9x), My = A(f) ={P(f): P A}
P = Zp;,j(t,x)aiai eEA — P(f) = Zp,‘vj(t,x)ftixj € Mg
S =K(t,x)(dx) C A
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Creative telescoping Hermite reduction Generalized Hermite

Operator Notation

Algebra of linear differential operators with rational coefficients
A = K(t, x)<8t8 ), Me = A(f) ={P(f): P A}
P=Y pij(t,x)3d, € A = P(f) =Y pij(t,x)fiy; € My
S = K(t,x)(dx) C A

Hypotheses of D-finiteness

o f is D-finite wrt. A = d :=dimy; ) (Mr) < 0.
o Let h € My be cyclic, that is to say, Mf = @3 K(t,x)h,: = S(h).
e For all g € My, there is A; € S such that g = Ag(h).
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Creative telescoping Hermite reduction Generalized Hermite

Operator Notation

Algebra of linear differential operators with rational coefficients
A = K(t, x)<8t8 ), Me = A(f) ={P(f): P A}
P=Y pij(t,x)3d, € A = P(f) =Y pij(t,x)fiy; € My
S = K(t,x)(dx) C A

Hypotheses of D-finiteness

o f is D-finite wrt. A = d :=dimy; ) (Mr) < 0.
o Let h € My be cyclic, that is to say, Mf = @3 K(t,x)h,: = S(h).
e For all g € My, there is A; € S such that g = Ag(h).

Interpretation of creative telescoping

Given f, find a telescoper T € K(t)(d:) and a certificate g € My such
that T(f) = dx(g). This really computes (K (t)(9¢))(f) Nox(Ms).
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Creative telescoping Hermite reduction Generalized Hermite

Lagrange's Identity

Dual of operators

[P= Zp;(t,x)ai €S s P* = Z(—ax)ip;(t,x) €S
i=0 i=0
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Creative telescoping Hermite reduction Generalized Hermite

Lagrange's Identity

Dual of operators

P:Zp,-(t,x)aieS(L)P*—Z( o) pi(t,x) €S
i=0

Lagrange's identity

There is a map Lp, bilinear w.r.t. (h,..., h (1)) and (u,...,u 1)),
such that

Vu € K(t, x), YVh € Mg, uP(h) — P*(u)h = ox(Lp(h, u)).
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Creative telescoping Hermite reduction Generalized Hermite

Lagrange's Identity

Dual of operators

P:Zp,-(t,x)aieS(L)P*—Z( o) pi(t,x) €S

Il
o

Lagrange's identity
There is a map Lp, bilinear w.r.t. (h,..., h (1)) and (u,...,u 1)),
such that

VYu e K(t, x), Vhe Mf, uP(h) — P*(u)h = 0x(Lp(h, u)).

XJ hyi-j-1.

u MT'

r
Proof: Lp(h, u) Z
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Creative telescoping Hermite reduction Generalized Hermite

Consequences of Lagrange's Identity

Lagrange's identity:
Vh e Mg, Yu € K(t,x), uP(h) — P*(u)h = 9x(Lp(h, u)).

Let h be cyclic and L € S be such that L(h) = 0. Then, for all g € M:

Operator to rational function: A(f) =S(h) — K(t,x)h
g € Az(1)h+9x(Ms). by u=1, P = Ag]
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Creative telescoping Hermite reduction Generalized Hermite

Consequences of Lagrange's Identity

Lagrange's identity:

Vh e Mg, Yu € K(t,x), uP(h) — P*(u)h = 9x(Lp(h, u)).

Let h be cyclic and L € S be such that L(h) = 0. Then, for all g € M:

Operator to rational function: A(f) =S(h) — K(t,x)h
g € Az(1)h+9x(Ms). by u=1, P = Ag]

Equivalent rational factors: K(t,x)h — (K(t,x) mod L*(K(t,x)))h

Yue K(t,x), g € (Ag(1) — L*(u)) h+ 0x(M). [by P = L]
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Creative telescoping Hermite reduction Generalized Hermite

Consequences of Lagrange's Identity

Lagrange's identity:

Vh e Mg, Yu € K(t,x), uP(h) — P*(u)h = 9x(Lp(h, u)).

Let h be cyclic and L € S be such that L(h) = 0. Then, for all g € M:

Operator to rational function: A(f) =S(h) — K(t,x)h
g € Az(1)h+9x(Ms). by u=1, P = Ag]

Equivalent rational factors: K (t,x)h — (K(t, x) mod L*(K(t,x)))h
Yue K(t,x), g € (Ag(1) — L*(u)) h+ 0x(M). [by P = L]

Testing derivatives (for L of minimal order)

g € 9x(Mr) = 3q € K(t,x), Az(1) = L*(q). [by Az(1) € xS+ SL]
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Creative telescoping Hermite reduction Generalized Hermite

Consequences of Lagrange's Identity

Lagrange's identity:

Vh e Mg, Yu € K(t,x), uP(h) — P*(u)h = 9x(Lp(h, u)).

Let h be cyclic and L € S be such that L(h) = 0. Then, for all g € M:

Operator to rational function: A(f) =S(h) — K(t,x)h
g € Az(1)h+9x(Ms).

Equivalent rational factors: K (t,x)h — (K(t, x) mod L*(K(t,x)))h
Yue K(t,x), g € (Ag(1) — L*(u)) h+ 0x(M).

Testing derivatives (for L of minimal order)

g € 0x(M) & g € K(t,x), AL(1) = L*(q).
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Creative telescoping Hermite reduction Generalized Hermite

Consequences of Lagrange's Identity

Lagrange's identity:

Vh e Mg, Yu € K(t,x), uP(h) — P*(u)h = 9x(Lp(h, u)).

Let h be cyclic and L € S be such that L(h) = 0. Then, for all g € M:

Operator to rational function: A(f) =S(h) — K(t,x)h
g € Az(1)h+9x(Ms).

Equivalent rational factors: K (t,x)h — (K(t, x) mod L*(K(t,x)))h
Yue K(t,x), g € (Ag(1) — L*(u)) h+ 0x(M). [Reduction?]

Testing derivatives (for L of minimal order)

g € 9x(Mr) & 3q € K(t,x), Az(1) = L*(q). [Algorithm?]
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Creative telescoping Hermite reduction Generalized Hermite

Running Example (continued)

exp(—px) To(x)
Vv1— x2

F(n, p):= /jll f(n p x)dx = (=1)"mtl(p).

Integrate f(n, p,x) = w.r.t. x and prove the identity

In operator notation, f is cancelled by all left-linear combinations of:

dp + x1, no, + (1 —x*)0x + (p(1 —x?) — (n+1)x)1,
(1—x2)02 — (2px® 4 3x — 2p)dx — (p?x® +3px — n® — p?> +1)1.

Goal: Find a telescoper such that there is a certificate satisfying
Zcuyv(n, p)agag = 0dx (b(n, p,x)0x + a(n, p,x)1)
u,v

modulo the operators above.
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Creative telescoping Hermite reduction Generalized Hermite

Running Example (continued)

exp(—px) Tp(x)
V1 — x2

F(n, p):= /jll f(n p x)dx = (=1)"mtl(p).

Integrate f(n, p,x) = w.r.t. x and prove the identity

In operator notation, f is cyclic, so h:= f, and it is cancelled by:

dp + x1, no, + (1 —x*)0x + (p(1 —x?) — (n+1)x)1,
L:=(1—x%)97 — (2px® +3x —2p)dx — (p>x* + 3px — n* — p> +1)1.

Goal: Find a telescoper such that there is a certificate satisfying
Zcuyv(n, p)agag = 0dx (b(n, p,x)0x + a(n, p,x)1)
u,v

modulo the operators above.
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Reduction-Based CT Algorithm (2018): an Example

shift/n

+1
/71 f(n,p,x)dx =F(n,p) =7

Ly:=0,—(...)9x — (.1,
Ly:=0,— (.00 — (...)1,
L3:=092—(...)0 — (...)1L.

L:=13, |:=AL+AL,+ Als.

19 /24




Creative telescoping Hermite reduction Generalized Hermite

Reduction-Based CT Algorithm (2018): an Example

+1 shift/n
/ f(n,p,x)dx=F(np)=7?
-1
Ly:=0p,—(...)0x— (...)1,
Ly:=0d,—(...)0x — )1
L3:=092—(...)0x — (...)1
L:=13, |:=AL1+Al+ Als. diff/x

diff/p

For P =1, dp, 9p, 02, 0n0p, af,:
e set g = P(h), so that Az = rem(P, ) = v(p, n,x)dx + u(p, n,x)1,
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Creative telescoping Hermite reduction Generalized Hermite

Reduction-Based CT Algorithm (2018): an Example

+1 shift/n
/ f(n,p,x)dx=F(np)=7?
-1
Ly:=0p,—(...)0x— (...)1,
Ly:=0d,—(...)0x — )1
L3:=092—(...)0x — (...)1
L:=13, |:=AL1+Al+ Als. diff/x

diff/p

For P =1, dp, 9p, 8%, 0n0p, a%:
e set g = P(h), so that Az = rem(P, ) = v(p, n,x)dx + u(p, n,x)1,
® Az = —vix + (U—vx), so that g = (U — vy )f +0x(...).
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Creative telescoping Hermite reduction Generalized Hermite

Reduction-Based CT Algorithm (2018): an Example

+1 shift/n
/ f(n,p,x)dx=F(np)=7?
-1
Ly:=0,—(...)0x — (...)1,
Ly:=0d,—(...)0x — )1
L3:=02 —(...)0x — (...)1
L:=13, |:=AL1+Al+ Als. diff/x

diff/p

For P =1, dp, 9p, a%, 0n0p, a%:
e set g = P(h), so that Az = rem(P, ) = v(p, n,x)dx + u(p, n,x)1,
° Ay = —vix + (u—vx), sothat g = (u— vx)f +9x(...).

For those P, u— vy € K(p, n)[x] with degree < 3, while

L*(p*x°) = p°x® — px — (i + p°),
L*(p?xt) = p?x3 —3px® — (n® 4+ p® — 1)x + 2p.
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Creative telescoping Hermite reduction Generalized Hermite

Reduction-Based CT Algorithm (2018): an Example

+1 shift/n
/ f(n,p,x)dx=F(np)=7?
-1
Ly:=0p,—(...)0x— (...)1,
Ly:=0d,—(...)0x — )1
L3:=092—(...)0x — (...)1
L:=13, |:=AL1+Al+ Als. diff/x

diff/p

For P =1, dp, 9p, 8%, 0n0p, af,:

P(f) = (u—vi)f +0x(...) = (up(p, n)x! + Ap(p, n)xo) f4+0x(...).
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Creative telescoping Hermite reduction Generalized Hermite

Reduction-Based CT Algorithm (2018): an Example

+1 shift/n
/ f(n,p,x)dx=F(np)=7?
-1
Ly:=0p,—(...)0x— (...)1,
Ly:=0d,—(...)0x — )1
L3:=092—(...)0x — (...)1
L:=13, |:=AL1+Al+ Als. diff/x

diff/p

For P =1, dp, 9p, 8%, 0n0p, a%:
P(f) = (u—v)f +0x(...) = (up(p, n)x* + Ap(p, n)x%) f +0x(...).
Linear algebra over K(p, n) finds a basis of telescopers

(;CPP>(1‘) =3(...).
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Creative telescoping Hermite reduction Generalized Hermite

Reduction Modulo L*(K(x))

Local decomposition of a rational function R € K(x)

R = R(«) +;R(a) for some R,) € L_K(a)[1:] and R0y € KI[x].

X—0
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Creative telescoping Hermite reduction Generalized Hermite

Reduction Modulo L*(K(x))

Local decomposition of a rational function R € K(x)

R = R(«) +;R(a) for some R,) € L_K(a)[1:] and R0y € KI[x].

X—0

Local study of the action of L*

3 polynomials /, and I, 3 integers 0 and 0, such that Vs € Z,
L* ((x = p()*s) =, le(—s) (x — a)tf,xfs +O((x — a)o,,ﬁ(sfl)),
L((1/0)7°) =, ko(=5)(1/x)7* + O((1/x)™=~ D).
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Creative telescoping Hermite reduction Generalized Hermite

Reduction Modulo L*(K(x))

Local decomposition of a rational function R € K(x)

R = R(«) +;R(a) for some R,) € L_K(a)[1:] and R0y € KI[x].

X—0

Local study of the action of L*

3 polynomials I, and /s, 3 integers 0, and 0w, such that Vs € Z,
* _\—S—0x\ _ e _ \-s _ N\—(s-1)
L*((x — ) )X:a I(=s —ow)(x —a)°+ O((x — a) ),
L*((1/x)757) Joo(—$ — 000) (1/x) ™5 + O((1/x) (57 1)).

X—>00
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Creative telescoping Hermite reduction Generalized Hermite

Reduction Modulo L*(K(x))

Local decomposition of a rational function R € K(x)

R = R(«) +;R(a) for some R,) € L_K(a)[1:] and R0y € KI[x].

X—0

Local study of the action of L*

3 polynomials I, and /s, 3 integers 0, and 0w, such that Vs € Z,
_\—Ss e —1% 2 \—S—0y _ \—(s—1)
(x —a) = Iy(—s—oy)~ "L ((x o) ) +O((x —a) ),
(1/X)7° = ho(=5 = 00) IL*((1/X)757%) + O((1/x)~ (1),
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Creative telescoping Hermite reduction Generalized Hermite

Reduction Modulo L*(K(x))

Local decomposition of a rational function R € K(x)

R = R(«) +;R(a) for some R,) € L_K(a)[1:] and R0y € KI[x].

X—0

Local study of the action of L*

3 polynomials I, and /s, 3 integers 0, and 0w, such that Vs € Z,
_\—Ss e —1% _ \—S—0a _ \—(s—1)
(x —a) = Iy(—s—oy)~ "L ((X o) ) +O((x —a) ),
(1/X)7° = ho(=5 = 00) IL*((1/X)757%) + O((1/x)~ (1),

Weak reduction strategy

@ reduce at finite @ (in any order) before at oo,

e skip monomials for which Iy(—s — 0y) = 0 or lo(—s — 0s) = 0.
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Creative telescoping Hermite reduction Generalized Hermite

Canonical Form Modulo L*(K(x))

Problem: L*(K(x)) does not weakly reduce to {0}

For co = lo(—s — o) and some ¢y, write R := L*((x —a) ™ %) as
R=cox—a)*+a(x—a) 6V +0O((x—a)~2).
o If ¢g # 0, this reduces to
L ((x —a)™*7% — (x —a)"°"%) = 0.

@ If cg =0 and ¢ # 0, this reduces to some

L* ((x gy o ,,C)<s1>au> ,

(&}

which is unlikely to further reduce to 0.
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Creative telescoping Hermite reduction Generalized Hermite

Canonical Form Modulo L*(K(x))

Problem: L*(K(x)) does not weakly reduce to {0}

For co = lo(—s — o) and some ¢y, write R := L*((x —a) ™ %) as
R=cox—a)*+a(x—a) 6V +0O((x—a)~2).
o If ¢g # 0, this reduces to
L ((x —a)™*7% — (x —a)"°"%) = 0.
@ If cg =0 and ¢ # 0, this reduces to some
C1

L <(x —a) o = L ,,4)<s1>au> ,

(&}

which is unlikely to further reduce to 0.

o finitely-many potential obstructions, described by the integer zeros
of the Iy and I,

@ this can be computed, leading to a canonical-form computation.
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Creative telescoping Hermite reduction Generalized Hermite

[chyzak@slowfox (04:21:54) ~]$ maple -b Mgfun.mla -B

IN7/1 Maple 2018 (X86 64 LINUX)
_INI |/1_. Copyright (c) Maplesoft, a division of Waterloo Maple Inc. 2018
\ MAPLE / All rights reserved. Maple is a trademark of
< ____ > Waterloo Maple Inc.

| Type ? for help.
> read "redct.mpl";
> f := ChebyshevT(n,x)/sqrt (1-x"2)*exp (-p*x) ;
ChebyshevT(n, x) exp(-p x)
f :=

2 1/2
(-x + 1)

> redct(Int(f,x=-1..1), [n::shift,p::diff]);
memory used=3.5MB, alloc=8.3MB, time=0.09
2
[p DIn]l + p D[p] - n, p DIn] - 2 n D[n] - p - 2 D[nl]

> f := 2+BesselJ(m+n,2%t*x)*ChebyshevT(m-n,x)/sqrt(1-x"2);
2 BesselJ(m + n, 2 t x) ChebyshevT(m - n, x)

f :=
2 1/2
(-x + 1)

> redct (Int(f,x),[t::diff, n::shift, m::shift]);
memory used=1189.8MB, alloc=144.8MB, time=9.98
2
[t Dm] + t D[n] + t D[t] - m - n, t Dm] - 2m Dm] + t - 2 D[m],

2
t D[nl] - 2nD[n] +t - 2 D[nl]
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Creative telescoping Hermite reduction Generalized Hermite

Timings: More than 140 integrals tested

Algorithm | 1) 2 B 4 (6 (B8 O
new (mpl) 13s > 1h > 1h 15s 1.5s 165s 53s
Chyzak's (mma) 19s 253s 45s 232s 516s >1h >1h

Koutschan's (mma) | 1.9st 2.3s 5.3s >1h 2.3st 5.4s 2.2st

2Jm+n(2tx) Tr—p (%) " ’
/ Hﬁ dx [diff. ¢, shift n and m], ) /C 160 ) (01— 212 gy [shite m, m o 1],
Lo el e 2A-1 ) , 5
M eV M @ -2 2 dx [shiftn, m 4, (2)
/0 ¢ / ¢ H ) ()@= x2)V 12 ax [shift ¢, m, n, v,
/0 x (ax)l (ax) Yo (x) Ko (x) dx  [diff. 2], ®) ©)
n X341 x4 a) Tt 0B~ (e /2yl (x/a) dx
[ 2yen (12 e, [x+a) (a-x) (x/2)Cy" (x/a)
211\ (x—4)(x—3)2(x2-5)3 4) [diff. a, shift n, m, B, 7, A].
[shift n], ™

t: Heuristic got these faster answers by looking for telescopers of non-minimal
orders, yet smaller sizes.
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Creative telescoping Hermite reduction Generalized Hermite

Timings: More than 140 integrals tested

Algorithm | 1) 2 B 4 (6 (B8 O
new (mpl) 13s > 1h > 1h 15s 1.5s 165s 53s
Chyzak's (mma) 19s 253s 45s 232s 516s >1h >1h

Koutschan's (mma) | 1.9st 2.3s 5.3s >1h 2.3st 5.4s 2.2st

2Jm+n(2tx) Tr—p (%) " ’
/ Hﬁ dx [diff. ¢, shift n and m], ) /C 160 ) (01— 212 gy [shite m, m o 1],
Lo el e 2A-1 ) , 5
/0 eV eoe) oM poa—xA)N 2 ax [shife n, m, 0], @) / ) (e (1212 05 it
3 @@ Yo(ko () ax [ @ ®
. 3 ot ) THA1 0 0B1c) (/a1 cWM) (/) dx
/ P ey Xz,5ex<x—3)<+xl—4> . [x+a) (a=xPtey (x/a) ey (x/a) d
211\ (x—4)(x—3)2(x2-5)3 4) [diff. a, shift n, m, B, 7, A].
[shift n], ™

t: Heuristic got these faster answers by looking for telescopers of non-minimal
orders, yet smaller sizes.

Need to investigate failures:
@ non-mathematical bugs? “not ours"?
@ impact of apparent singularities of P*?
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Summary

[Approach by solving functional equations (1991+)]

see failures to solve as obstructions,
recombine obstructions

[Primal reduction-based approach (2010—1—)]

work on rational coordinates
to simplify singularities,
Lagrange's formula

[Dual reduction-based approach (2018)]
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