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A Conjecture in Enumerative Graph Theory

Conjecture 16 in (Kauers, Koutschan, 2023)

Sequence A339987 of the OEIS, which counts vertex-labelled (3,1)-regular
graphs having one more vertex than edges by half the number of vertices,
satisfies an explicit, guessed recurrence relation of order 5, valid for all k > 0.

(—20—06—0—_6—8
©—0 @©—@—0 @—[2

26/ [9] G0—[1

26 vertices, 25 edges, all degrees in {1, 3}

a=0, ar=1 a=4, a =90, a4 =8400, a5 = 1426950,
as = 366153480, a; = 134292027870
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A Conjecture in Enumerative Graph Theory

32(328k> + 3300k* + 10844k + 11589)
X (k+1)(k+2)(2k +1)(2k + 3)(2k + 5)(2k + 7) (2k + 9) ay

— 8(2624k* + 30664k> + 129460k> + 232328k + 148119)
X (k+2)(2k +3)(2k + 5)(2k + 7) (2k + 9) ag+1

—16(2952k° + 40852k* + 219308k + 569267k* + 712135k + 341634)
X (k+3)(2k +5)(2k + 7) (2k + 9) ax4

+ 8(3936k> + 55672k" + 306380k> + 818282k* + 1057879k + 527520)
X (k+4)(2k +7)(2k + 9) ag+3

— 2(2624Kk° + 42472k + 264028k> + 786236k* + 1117119k + 601452)
X (k+5)(2k +9) agsq

+ 3(328k% + 2316k* + 5228k + 3717) (k + 4) (k + 6) ay45 = 0

Guessed by computing a Hermite—Padé approximant

generation of enough terms — guessed ODE — guessed recurrence
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Three Proofs by Difference/Differential Algebra

Combinatorial theory: (Gessel, 1987, 1990)

By a representation as a triple-sum

Classical creative telescoping for sums has to be adapted.
Difference (shift) operators with rational coefficients.
(Zeilberger, 1990), (Chyzak, 2000), (Koutschan, 2010)

By a representation as a residue

Uses reduction-based creative telescoping for D-modules.
Differential operators with polynomial coefficients.
(Brochet, Chyzak, Lairez, 2026)

Combinatorial theory: (Read, 1970), (Wormald, 1979)

By combinatorial recursion

Uses differential elimination and creative telescoping for diagonals.
Differential operators with rational coefficients.
(Bostan, Chyzak, Lairez, Salvy, 2018), (van der Hoeven, 2021)
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Creative Telescoping for Sums and Integrals

Given a relation a,(n)upsrk + -+ + ao(N)Un.k = Vo k+1 — Vn.k, SUMmation
leads by “telescoping” to

often
ar(n) Upsr +--- + aO(n) Un = Vopt1 = Vaa = O.

b
U(e) =/ u(t,x)dx =7

r

i)
Given a relation a,(t) R ay(t)u = ;— v(t, x), integrating leads by
oX

otr

“telescoping” to
often

ar(t)[;—tlrj + -+ ay(t)U = v(t,b) — v(t,a) = 0.

b

b
Adapts easily to U(t) = Z ug(t), U, = / un(x) dx, etc.
k=a a
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Creative Telescoping for Sums and Integrals

Given a relation a,(n)upsrk + -+ + ao(N)Un.k = Vo k+1 — Vn.k, SUMmation
leads by “telescoping” to

often
ar(n) Upsr +--- + aO(n) U, = Va,bt1 = Vna = O.

b
U(e) =/ u(t,x)dx =7

r

0]
Given a relation a,(t) R ay(t)u = ;— v(t, x), integrating leads by
oX

otr

“telescoping” to

often

o'u
a,(t)w + -+ a()(t)U = v(t, b) — v(t, a) = 0.
Telescoper “Certificate”
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Creative Telescoping for Sums and Integrals

Given a relation a,(n)upsrk + -+ + ao(N)Un.k = Vo k+1 — Vn.k, SUMmation
leads by “telescoping” to

often
ar(n) Upsr +--- + aO(n) Un = Vopt1 = Vaa = O.

b

u(t,x)dx =7

r

0]
Yt ap(tu = ;—v(t. x), integrating leads by
(0.4

Given a relation a,(t) T

“telescoping” to

often

ar(t)[;—tlrj + -+ ay(t)U = v(t,b) — v(t,a) = 0.

Older algorithms compute telescopers while computing “certificates”.
Reduction-based algorithms compute telescopers without computing “certificates”.
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Ore Algebras

(Chyzak, Salvy, 1998), building on (Ore, 1933)

Difference operators

Q(k, u, v, w){Sk, Sus Sy» Sw): skew polynomials in S, S;, Sy, S,, obeying
Sk = (k+1)S;, and similar relations,

Sk fe.uv.w = ferruv.w, and similar actions.

Also Q(k){(Sy), etc.

Differential operators

Q(8)[p1, p2; P3- q1{0p;> Op,> Op,, Og): skew polynomials in p,, Op,, Op,, Oq
obeying

Op,p1 = p10p, + 1, and similar relations,
[7) .. .
Op, - f(p1, P2, p3, Q) = 5—,{1(191, P2, P3,q), and similar actions.
Also Q(gq, t)(dy, 3), etc.
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First Approach:
By a Triple-Sum Representation



A Formula from the Theory of Symmetric Functions

An application of Gessel’s theory (1987, 1990)

T = #{(3, 1)-regular simple graphs on n labelled vertices with m edges}

The EGF Z rm,,,q'”% =(F(p,q),G(p, 1)) €Qllq,t]],

m,n=0
where

F(p.q) = exp(2q(p1 — p2) — 1¢°p3 + 1¢°P3) € Qlp1. p2. psll1qll.
G(p,t) = exp((p1 + ¢p; + 1p1p2 + 3p3)t) € Q[p1, p2. p3l[[11]

il

is D-finite w.r.t. g and t.
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A Formula from the Theory of Symmetric Functions

An application of Gessel’s theory (1987, 1990)

T = #{(3, 1)-regular simple graphs on n labelled vertices with m edges}

The EGF Z rm,,,q'”% =(F(p,q),G(p, 1)) €Qllq,t]],
m,n=0 :

where
F(p.q) = exp(2q(p1 — p2) — 1¢°p3 + 1¢°P3) € Qlp1. p2, p3l11q]
G(p,t) = exp((p1 + 1p7 + 2p1p2 + 1p3)t) € Q[p1. p2. p3l[[1]

is D-finite w.r.t. g and t.

Scalar product (= standard pairing on symmetric functions)

A scalar product on Q[p1, p2, ps] is defined from the formula
(p" p2p7, p' p2 p®Y = 1" 1272013851 if r=s,
e P 0 otherwise.

This extends by bilinearity to Q[p1, p2, p31[[g; t]].
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A Formula from the Theory of Symmetric Functions

An application of Gessel’s theory (1987, 1990)

T = #{(3, 1)-regular simple graphs on n labelled vertices with m edges}

The EGF Z rm,,,q'”% =(F(p,q),G(p, 1)) €Qllq,t]],
m,n=0 :

where
F(p.q) = exp(2q(p; — p2) — 1¢°p3 + 14°P3) € Qlp1. p2. psll1ql]
G(P, t) = eXp((P1 + %P? + %Plpz + %p3)t) € Q[Pbpz, PS] [[t]]’

is D-finite w.r.t. g and t.

Earlier algorithms for computing scalar products without g

(Chyzak, Mishna, Salvy, 2005)
(Chyzak, Mishna, 2026)
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Deriving a Triple Sum (1/2)

We are interested in

& n

> "= = (ex0(F(q. ). exp(e()))

m,n=0

where

(P\'PyPs. Py Py Py

- 1122013551 ifr=s,
0 otherwise,

f(@:p) = 39(pi = p2) = 3P+ 50°P5,  8(p) =pi+gpi+ 3pip2+ 3ps.
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Deriving a Triple Sum (1/2)

We are interested in

Fnn = <[q’"] exp(f (g, p)),g(p)”>

where

PPy Ps. Py Py Py

- 1122013551 ifr=s,
0 otherwise,

f(@p) = 39(pi = p2) = 3P+ 50°P5,  8(p) =pi+gpi+ 3pip2 + 3ps.

Frédéric Chyzak On (3, 1)-Regular Graphs with One More Vertex than Edges



Deriving a Triple Sum (1/2)

We are interested in

rmn = ([g"] exp(f(q, p)) © g(1p1.2p2.3p3)" © K(m)K(pz)K(ps))m:}
P2=
p3=1

where

nnono s s | PYPEPS ifr=s
1,2 .03 0] Ths2 53 — ’
PrPaPs ® PP Ps 0 otherwise,

f(a.p) = 39(pi = p2) = 74Py + §4°P5, g(p) = p1+¢pi + 3pip2 + 3ps,

K(x) = Zﬁ! x.
£=0
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Deriving a Triple Sum (2/2)

We are interested in

= ([9"1 &xp(f(9.)) © &(p)" © K(pOK(pK(p3))
1=P2=pP3=
where
f(q.p) = 39(pT = p2) = 19°P5 + §4°P3,  8(P) = p1+ ¢pi + pipa + ps.
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Deriving a Triple Sum (2/2)

We are interested in

= ([9"1 &xp(f(9.)) © &(p)" © K(pOK(pK(p3))
1=P2=P3=
where
f(q.p) = 39(pT = p2) = 19°P5 + §4°P3,  8(P) = p1+ ¢pi + pipa + ps.

By multiple applications of the binomial theorem:

n n—-an—a-b

~ n _ n 1 a+3b+c ¢ n—a—b—c
g(p) _ZZ Z (a,b,c,n—a—b—c)2b3bp1 P2P3 >

a=0 b=0 ¢=0

Lm/3] L(m=3u)/2] m-3u-2v 1

la"] exp(f(q. P)) = ; o — ulviw! (m—-3u—-2v-w)!

(_-I)m+u+v+w W m—3u—w 2u

T om2ugu pi P2 b3
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Deriving a Triple Sum (2/2)

We are interested in

a == (16 N (g ) @ &) © K(p)K(p)K(p)

1=p2=p3=1

where

f(q.p) = 39(pT = p2) = 14°P5 + §0°P3, 8(P) = p1+ ¢pi + pipa + ps.

By multiple applications of the binomial theorem:

n n—-an—a-b

~ n _ n 1 a+3b+c ¢ n—a—b—c
g(p) _ZZ Z (a,b,c,n—a—b—c)2b3bp1 P2P3 >

a=0 b=0 ¢=0

Lm/3] L(m=3u)/2] m-3u-2v

[q" exp(f(q.p)) = D

u=0 v=0 w=0

1

ulviw! (m—-3u—-2v-w)!

(_-I)m+u+v+w W m—3u—w 2u

T om2ugu pi P2 b3
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Deriving a Triple Sum (2/2)

We are interested in

a == (16 N (g ) @ &) © K(p)K(p)K(p)

1=p2=p3=1

where

f(q.p) = 39(pT = p2) = 14°P5 + §0°P3, 8(P) = p1+ ¢pi + pipa + ps.

Forcing equal exponents in both sums yields

[ (2k=1)/3] [ (2k=1-3u) /2] 2k—1-3u—2v (_1)u+v+w+1
ay = _
k—1—u+wu+w—k

u=0 v=0 w=k—u 2 I S

(26)! (2w)!
kD) (urw—Rlad v wl 2k—1-3u—2v—w)l’
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Classical Creative Telescoping for Triple Sums

L(2k=1)/3] [ (2k—1-3u)/2] 2k—=1-3u—2v

ag = ﬁ(, u,v,w
u=0 v=0 w=k—u

What algorithms for creative telescoping compute and promise

(Chyzak, 2000) and (Koutschan, 2010) find a telescoper and certificates,
PeQ(k)(Sk), Qi,Q, &, Ch,...,Cq€Q(k,u,v,w)(Sk, Sy, Sy, Sw),
that satisfy

4
P=(Si-1NQ+(S-NQ+(Su-NQ+ ) CiZ
=1

for annihilators of the summand,

fk+1,u,v,w fk,u,v,w+]

Zy=5——"—""—, ..., Zy=8S,———"——.
fk,u,v,w v ﬂ(,u,v,w
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Classical Creative Telescoping for Triple Sums

L(2k=1)/3] [ (2k—1-3u)/2] 2k—=1-3u—2v

ag = ﬁ(, u,v,w
u=0 v=0 w=k—u

What algorithms for creative telescoping compute and promise

(Chyzak, 2000) and (Koutschan, 2010) find a telescoper and certificates,
PeQ(k)(Sk), Qi,Q, &, Ch,...,Cq€Q(k,u,v,w)(Sk, Sy, Sy, Sw),
that satisfy
p 'fk,u,v,w = (Su - 1) . (Q1 'ﬁ(,u,v,w) + (SV - 1) . (QZ 'fk,u,v,w)

4
+ (S =1 (s fiowww) + ). Ce - (2t Fioww) -
=1
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Classical Creative Telescoping for Triple Sums

L(2k=1)/3] [ (2k—1-3u)/2] 2k—=1-3u—2v
ag = Z ﬁ(,u,v,w
u=0 v=0 w=k—u

Wishful motivation

p 'fk,u,v,w = (Su - 1) . (Q1 'ﬁ(,u,v,w) + (Sv - 1) . (QZ 'fk,u,v,w)
+ (Sw - 1) : (Q3 'fk,u,v,w) + Z Z Ct’ . (Z[ 'fk,u,v,w)

u,v,w £=1

should imply, after summing over {0, . . ., N}? with large enough N,

N N+1 N+1
P kauvwz(z Q fkuvw) (ZQkauvw)
u,v,w v=0

0 v,w=0 u=0 u,w=0
N+1 N
(Zas fonn) 4 Y 00
u,v=0 =0 u,v,w=0

Frédéric Chyzak On (3, 1)-Regular Graphs with One More Vertex than Edges



Classical Creative Telescoping for Triple Sums

L(2k=1)/3] [ (2k—1-3u)/2] 2k—=1-3u—2v

ag = ﬁ(, u,v,w
u=0 v=0 w=k—u

What really happens:

p 'fk,u,v,w = (Su - 1) : (Q 'fk,u,v,w) + (Sv - 1) . (QZ 'fk,u,v,w)
4
+ (SW - 1) : (Q3 'fk,u,v,w) + Z Z Cf . (Zf 'fk,u,v,w)

u,v,w £=1
0 QQ,Qs,Cy,...,C4,Z4,...,2Z4 have poles,

@ absorbing poles by using shifts is not a sufficient proof
(any syntactic change in equation requires an independent proof),

o Equation need not hold everywhere, even away from their poles
(more poles may have been lost during the computer calculation),

o finite-difference operators do not commute with summation,

@ summation range has to be split into sub-ranges.
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Classical Creative Telescoping for Triple Sums

L(2k=1)/3] [ (2k—1-3u)/2] 2k—=1-3u—2v

ag = ﬁ(, u,v,w
u=0 v=0 w=k—u

Similar observations in the past

@ (Chyzak, Mahboubi, Sibut-Pinote, Tassi, 2014)
o (Koutschan, Wong, 2021)

Do not provide a sufficient solution.
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Classical Creative Telescoping for Triple Sums

L(2k=1)/3] [ (2k—1-3u)/2] 2k—=1-3u—2v

ag = ﬁ(, u,v,w
u=0 v=0 w=k—u

Similar observations in the past

@ (Chyzak, Mahboubi, Sibut-Pinote, Tassi, 2014)
o (Koutschan, Wong, 2021)

Do not provide a sufficient solution.

(Bostan, Lairez, Salvy, 2015) is not applicable

ay is not a binomial sum (non-trivial denominator).
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Towards Everywhere-Valid Recurrence Relations

Iverson’s bracket notation

Definition:

[#] = 1 if the predicate # holds,
“lo ifit does not hold.

Nice property: if c(e) is defined everywhere,

c(e) [e=0] = c(0) [e = 0].
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Towards Everywhere-Valid Recurrence Relations

Iverson’s bracket notation

Definition:

[#] = 1 if the predicate # holds,
“lo ifit does not hold.

Nice property: if c(e) is defined everywhere,

c(e) [e=0] = c(0) [e = 0].

Everywhere-defined factorial and “inverse factorial” functions

{n! ifn>o0, {1/n! ifn>0,
nj =

0 ifn<0. 0 if n<0.
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Towards Everywhere-Valid Recurrence Relations

Iverson’s bracket notation

Definition:

[#] = 1 if the predicate # holds,
“lo ifit does not hold.

Nice property: if c(e) is defined everywhere,

c(e) [e=0] = c(0) [e = 0].

Everywhere-defined factorial and “inverse factorial” functions

| {n! ifn>o0, {1/n! if n>0,
nl = nj =

0 ifn<0. 0 if n<0.

Everywhere-valid recurrence relations
VYn€Z,nl =n(n—1)!+[n=0]
VYneZ, n=(n+1)(n+1);
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Reformulation as a Sum over Natural Bounds

A triple sum with everywhere-defined summand

ag = Z Z ka,u,v,w

UEZ veZ WEZ

where

fk _ (_1)u+v+w+121+u—w—k3k—2u—w
LUV, W

X (2k)!' 2w)! X (k+ 1); (u+ w — k)jujviw; (2k — 1 - 3u—2v — w);.

The summand f; ., satisfies first-order recurrence relations valid over Z*.
But we won’t try to use them directly.
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Variant Creative Telescoping

Step 1: Heuristic creative telescoping

Obtain 4-variate rational functions Q; such that

P(ka Sk) - AUQ](k’ ua V7 W) - AVQZ(k7 u» V? W) - AWQ3(k’ u’ V’ W) = 0
(mod Z1, 000 ,Z4).

“Integer” denominator of, e.g., Qi (k+3) [13,(2k +i—3u—2v—w).

Frédéric Chyzak On (3, 1)-Regular Graphs with One More Vertex than Edges



Variant Creative Telescoping

Step 1: Heuristic creative telescoping

Obtain 4-variate rational functions Q; such that

P(k’ Sk) - AUQ](k’ ua V5 W) - AVQZ(k7 u’ V? W) - AWQ3(k’ u’ V’ W) = 0
(mod Z1, 000 ,Z4).

“Integer” denominator of, e.g., Qi (k+3) [13,(2k +i—3u—2v—w).

Step 2: Removal of denominators, by trial and error

Remove denominators by finding suitable shifts such that
P(k, Sk) = AuRi(k, u, v, w)S, S, — A Ry (k, u, v, w)S.°SY
—AwRs(k, u,v, W)S}(OS;,O =0 (mod Z,...,2Z,).

Common “integer” denominator of Ry, Ry, R3:  k + 3.
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Variant Creative Telescoping

There remains to prove V(k, u,v,w) € Z*, k # -3 = Zi,yv.w = 0 for
Ziuyvow = Ps(K) fras,uvow + PaCk) fera,uvow + P3(K) fias,uvaw
+ p2(K) fir2,uv,w + P1CK) firr,u,v,w + Po(K) fi,uv,w
= Ri(k, u+ 1, v, W) firo urt,v,wro + Ri(k, U, vi W) firo uv wro
= Ro(k, u, v+ 1, W) frrr0,uv+1,w+10 + Ra(ks, Uy v, W) firr0,u,v, w410

= Rs(k, u, v, w + 1) fixr0,u,v,we11 + R3(k, u, v, W) fiwr0,u,v,w+10-
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Variant Creative Telescoping

There remains to prove V(k, u,v,w) € Z*, k # -3 = Zi,yv.w = 0 for
Ziuyvow = Ps(K) fras,uvow + PaCk) fera,uvow + P3(K) fias,uvaw
+ p2(K) fir2,uv,w + P1CK) firr,u,v,w + Po(K) fi,uv,w
= Ri(k, u+ 1, v, W) firo urt,v,wro + Ri(k, U, vi W) firo uv wro
= Ro(k, u, v+ 1, W) frrr0,uv+1,w+10 + Ra(ks, Uy v, W) firr0,u,v, w410

= Rs(k, u, v, w + 1) fixr0,u,v,we11 + R3(k, u, v, W) fiwr0,u,v,w+10-

Step 3: Rewrite each fiip uiq,vrr,wts in terms of fii11 u v wat2

Determine and prove 12 everywhere-valid identities, like
V(k,u, v, w) € Z*,
(k+11)(2k + 21) (2w + 23) fir10,u,v,w+11 =
— (k+12)(2k+9 —3u—2v — W) fer11,uv. wt12-

@ Shift fis11,u,v,w+12 determined by trial and error.

@ Introduces no new denominator in zy y v u-
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Variant Creative Telescoping

There remains to prove V(k, u,v,w) € Z*, k # -3 = Zi,yv.w = 0 for
Ziuyvow = Ps(K) fras,uvow + PaCk) fera,uvow + P3(K) fias,uvaw
+ p2(K) fir2,uv,w + P1CK) firr,u,v,w + Po(K) fi,uv,w
= Ri(k, u+ 1, v, W) firo urt,v,wro + Ri(k, U, vi W) firo uv wro
= Ro(k, u, v+ 1, W) frrr0,uv+1,w+10 + Ra(ks, Uy v, W) firr0,u,v, w410

= Rs(k, u, v, w + 1) fixr0,u,v,we11 + R3(k, u, v, W) fiwr0,u,v,w+10-

Step 3: Rewrite each fiip uiq,vrr,wts in terms of fii11 u v wat2

Determine and prove 12 everywhere-valid identities, like

V(k,u, v, w) € Z*,
(I( + 11)(2’( + 21)(2W + 23)fk+10,u,v,w+11 =
— (k + 12)(2/( +9—3u—2v-— W)ﬁ(+11,u,v,w+12'
Proof postponed: new algorithmic idea.
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Variant Creative Telescoping

There remains to prove V(k, u,v,w) € Z*, k # -3 = Zi,yv.w = 0 for
Ziuyvow = Ps(K) fras,uvow + PaCk) fera,uvow + P3(K) fias,uvaw
+ p2(K) fir2,uv,w + P1CK) firr,u,v,w + Po(K) fi,uv,w
= Ri(k, u+ 1, v, W) firo urt,v,wro + Ri(k, U, vi W) firo uv wro
= Ro(k, u, v+ 1, W) frrr0,uv+1,w+10 + Ra(ks, Uy v, W) firr0,u,v, w410

- R3(k’ u,v,w+ 1)fk+10,u,v,w+11 + R3(k9 u,v, W)fk+10,u,v,w+]0'

Step 4: Normalizing the candidate relation

1 polynomial expression

Zk u,v,w = ka+1],u,v,w+12 =0

k + 3 polynomial expr. non-zero at integers
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Variant Creative Telescoping

There remains to prove V(k, u,v,w) € Z*, k # -3 = Zi,yv.w = 0 for
Ziuyvow = Ps(K) fras,uvow + PaCk) fera,uvow + P3(K) fias,uvaw
+ p2(K) fir2,uv,w + P1CK) firr,u,v,w + Po(K) fi,uv,w
= Ri(k, u+ 1, v, W) firo urt,v,wro + Ri(k, U, vi W) firo uv wro
= Ro(k, u, v+ 1, W) frrr0,uv+1,w+10 + Ra(ks, Uy v, W) firr0,u,v, w410

= Rs(k, u, v, w + 1) fixr0,u,v,we11 + R3(k, u, v, W) fiwr0,u,v,w+10-

Step 4: Normalizing the candidate relation

1 polynomial expression

Zk u,v,w = ka+1l,u,v,w+12 =0

k + 3 polynomial expr. non-zero at integers

Step 5: Telescoping the telescoping relation

For k € Z \ {-3}, summing z_,.,.,, for (u, v, w) over Z? yields
ps(K)agys + pa(k)agea + p3(K)agss + pr(k)agsr + pr(k)ager + po(k)ay = 0.
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Proving two-term relations between shifts of f

a(k, u,v, W)fk+p,u+q,v+r,w+s - b(ka u,v, W)fk+11,u,v,w+12 =0
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Proving two-term relations between shifts of f

a(k, u,v, W)fk+p,u+q,v+r,w+s - b(k, u,v, W)fk+11,u,v,w+12 =0

Simplifying by
Sktp,utq,vir,wes = expression in factorials and inverse factorials,
n=n(n=1D!'+[n=0], nj=(n+1)(n+1)
c(e) [e=0] = c(0) [e = 0]

leads to a linear combination of terms of the form

t := poly(k, u, v, w) X l_[f,'(k, u, v, w)! x nf;(k, u, v, w)i X [[e = 0]],
i i
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Proving two-term relations between shifts of f

a(k, u,v, W)fk+p,u+q,v+r,w+s - b(k, u,v, W)fk+]1,u,v,w+12 =0

Simplifying by
Sktp,utq,vir,wes = expression in factorials and inverse factorials,
n=n(n=1D!'+[n=0], nj=(n+1)(n+1)
c(e) [e=0] = c(0) [e = 0]

leads to a linear combination of terms of the form

t := poly(k, u, v, w) X l_[f,'(k, u, v, w)! x nf;(k, u, v, w)i X [[e = 0]],
i i

t#0= /\(&(k, u, v, w) > 0) A /\(t’;(k, u, v, w) > 0)

1

Frédéric Chyzak On (3, 1)-Regular Graphs with One More Vertex than Edges



Proving two-term relations between shifts of f

a(k, u,v, W)fk+p,u+q,v+r,w+s - b(k, u,v, W)fk+]1,u,v,w+12 =0

Simplifying by
Sktp,utq,vir,wes = expression in factorials and inverse factorials,
n=n(n=1D!'+[n=0], nj=(n+1)(n+1)
c(e) [e=0] = c(0) [e = 0]

leads to a linear combination of terms of the form

t := poly(k, u, v, w) X l_[f,'(k, u, v, w)! x nf;(k, u, v, w)i X [[e = 0]],
i i

t=0«< Ci(k, u,v,w) >0) A t(k, u, v, w) > 0) unsatisfiable
Al :
i

1
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Proving two-term relations between shifts of f

a(k, u,v, W)fk+p,u+q,v+r,w+s - b(k, u,v, W)fk+11,u,v,w+12 =0

Simplifying by
Sktp,utq,vir,wes = expression in factorials and inverse factorials,
n=n(n=1D!'+[n=0], nj=(n+1)(n+1)
c(e) [e=0] = ¢(0) [e = 0],

then replacing with 0 those unsatisfiable expressions of the form

poly(k, u, v, w) X nf;(k, u, v, w)! x né’;(k, u, v, w)jx [e=0],

proves the goal in all 12 cases of interest.

Proving unsatisfiability: algorithms exist

Satisfiability Modulo Theory + Linear Integer Arithmetic (SMT LIA)
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Second Approach:
By a Residue Representation



Deriving a Residue Representation

We are interested in

i n

2 o5y = {e0lfa.0). onle(o))

m,n=0
where

f(q.p) = 39(p1 = p2) = 34°P2 + 50°P3,  &(P) = p1+ ¢pi + 3p1p2 + 3P,

11272013381 ifr=s,

ry r ry Sy Sy S3\ __
(P'P;P3 Py Py Ps {0 otherwise.
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Deriving a Residue Representation

We are interested in

i n

2 a5 = (o0 (a.0).o0lel)

m,n=0
where

fla.p) =3q(pi—p) - 1?2+ 1P, g(p) = pi + 1pl + Ipipa + 1ps,

(P prps, pypips) = {1r1"1!2r2r2!3r3r3! ifr=s,
1F2P3°P1 P2 Fs

0 otherwise.
Formal Laplace transform, formal residue
ro.r o3 I']! r2! r3! r
L(P1 P2 P3) T+l o+l r+l’ res Z Gp | =61t
Py Py Ps rez?
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Deriving a Residue Representation

We are interested in

m;() rm,nqm;—r; = <exp(f(q, p))s exp(g(p)t)>

where

fla.p) =3q(pi—p) - 1?2+ 1P, g(p) = pi + 1pl + Ipipa + 1ps,

(P prps, pypips) = {1r1"1!2r2r2!3r3r3! ifr=s,
1F2P3°P1 P2 Fs

0 otherwise.
Formal Laplace transform, formal residue
ro.r o3 I']! r2! r3! r
L(P1 P2 P3) T+l o+l r+l’ res Z Gp | =61t
Py Py Ps rez?

Residue representation

<exp(f),exp(tg)> = resy q (ef(pupz,ps,q)L(etg(Tanpzﬁps)))
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Deriving a Residue Representation

We are interested in

0 2k
CEDY rzk—1,2k® = eventdiagq,t<qexp(f(q, p)), exp(g(p)t)>
k=0 '

where
f(a.p) = 3q(p} = p2) — 10°Ps + £4°P3.  8(p) = p1 + ¢pi + 3p1p2 + 3ps.

11 22n130n! ifr=s
. r r3 sy S S3\ _ ’
(Py'Py'Pss Py Py P3) {0 otherwise.

Formal Laplace transform, formal residue

rn' nl ol

Mo oy — rl—

LEIRER) = = res| ) b =
PPy p

1 2 3 rez?

Residue representation

A(t) = even;res, g (ef(pupz,ps,q)L(eq"tg(1p1,2pz,3p3)))
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Integration in D-Modules (Brochet, Chyzak, Lairez, 2026)

A(t) = even;res, (ef(pupz,ps,q)z(eq"tg(1p1,2pz,3p3)))

Composition of (holonomy-preserving) operations

@ exp(tg(p)): a system of annihilators is
dg ~ ~
qa,.—td—g (1<i<3), dg+18 qdh—3
Pi

e L(...): change p; — —0d,, and 0, — pi, and think modulo ker(res))
@ exp(f(p)) X ...: change 8,, — 0p, — %

@ res, 4(...): compute the integral of a module
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Integration in D-Modules (Brochet, Chyzak, Lairez, 2026)

A(t) = even;res, (ef(pupz,ps,q)z(eq"tg(1p1,2pz,3p3)))

Composition of (holonomy-preserving) operations

@ exp(tg(p)): a system of annihilators is
dg ~ ~
qa,.—td—g (1<i<3), dg+18 qdh—3
Pi

e L(...): change p; — —0d,, and 0, — pi, and think modulo ker(res))
@ exp(f(p)) X ...: change 8,, — 0p, — %

@ res, 4(...): compute the integral of a module

holonomic system in M '
Q(1)[p1: p2: P3: G1{Bp,» Opy Oy Bg) M _, ODEin
, . Q(1){d:)
+ action of 9; + action of 0,
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Integration in D-Modules (Brochet, Chyzak, Lairez, 2026)

A(t) = even;res, (ef(pupz,ps,q)z(eq"tg(1p1,2pz,3p3)))

Composition of (holonomy-preserving) operations

@ exp(tg(p)): a system of annihilators is
dg ~ ~
qa,.—td—g (1<i<3), dg+18 qdh—3
Pi

e L(...): change p; — —0d,, and 0, — pi, and think modulo ker(res))
@ exp(f(p)) X ...: change 8,, — 0p, — %

@ res, 4(...): compute the integral of a module

holonomic system in

- ODE in
Q(t) [PhPZv Ps3; q] <6P1’ apz’ aP3’ aq> *}% Q(t)<6t>

+ action of 0;
Hadrien Brochet’s MultivariateCreativeTelescoping.jl
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Validity of the Algorithms

Role of holonomy

@ Holonomic D-module M — its integral M/dM is finite-dimensional.

@ Holonomic system — integration algorithm has non-zero output.

(Brochet, Chyzak, Lairez, 2026)
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Validity of the Algorithms

Role of holonomy

@ Holonomic D-module M — its integral M/dM is finite-dimensional.

@ Holonomic system — integration algorithm has non-zero output.

(Brochet, Chyzak, Lairez, 2026)

always:  holonomy < D-finiteness
smooth functions: holonomy & D-finiteness
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Validity of the Algorithms

Role of holonomy

@ Holonomic D-module M — its integral M/dM is finite-dimensional.

@ Holonomic system — integration algorithm has non-zero output.

(Brochet, Chyzak, Lairez, 2026)

always:  holonomy < D-finiteness
smooth functions: holonomy & D-finiteness

Creative telescoping for here

o D-finite functions — work over Q(t, p1, p2, p3, q)-

@ The system contains psq — t
— classical algorithms wongly believe they integrate 0.

Frédéric Chyzak On (3, 1)-Regular Graphs with One More Vertex than Edges



Third Approach:
By a Combinatorial Recurrence



Interrelated Combinatorial Classes

- ® =
- /

Go ‘ labelled graphs with vertices of degree 3 or 1 only
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Interrelated Combinatorial Classes

- ® =
- /

Go ‘ labelled graphs with vertices of degree 3 or 1 only
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Interrelated Combinatorial Classes

Go

/.I

labelled graphs with vertices of degree 3 or 1 only

Gi

labelled graphs with vertices of degree at most 3, includ-
ing exactly one of degree 2
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Interrelated Combinatorial Classes

Go

- ® =
- /

labelled graphs with vertices of degree 3 or 1 only

Gi

labelled graphs with vertices of degree at most 3, includ-
ing exactly one of degree 2
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Interrelated Combinatorial Classes

] % ]
]

Go | labelled graphs with vertices of degree 3 or 1 only

G labelled graphs with vertices of degree at most 3, includ-
' | ing exactly one of degree 2

é labelled graphs with vertices of degree at most 3, includ-
2

ing exactly two of degree 2, which are not adjacent
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Interrelated Combinatorial Classes

] % ]
]

Go | labelled graphs with vertices of degree 3 or 1 only

G labelled graphs with vertices of degree at most 3, includ-
' | ing exactly one of degree 2

é labelled graphs with vertices of degree at most 3, includ-
2

ing exactly two of degree 2, which are not adjacent
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Interrelated Combinatorial Classes

See

Go | labelled graphs with vertices of degree 3 or 1 only

G labelled graphs with vertices of degree at most 3, includ-
' | ing exactly one of degree 2

é labelled graphs with vertices of degree at most 3, includ-
2

ing exactly two of degree 2, which are not adjacent
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Interrelated Combinatorial Classes

=28

Go | labelled graphs with vertices of degree 3 or 1 only

G labelled graphs with vertices of degree at most 3, includ-
' | ing exactly one of degree 2

é labelled graphs with vertices of degree at most 3, includ-
2

ing exactly two of degree 2, which are not adjacent
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Interrelated Combinatorial Classes

= & =
Ny o

=

11l

Go | labelled graphs with vertices of degree 3 or 1 only
G [abelled graphs with vertices of degree at most 3, includ-
' | ing exactly one of degree 2
labelled graphs with vertices of degree at most 3, includ-
G2 in | i i j
g exactly two of degree 2, which are possibly adjacent
é labelled graphs with vertices of degree at most 3, includ-
2 | ing exactly two of degree 2, which are not adjacent

Frédéric Chyzak On (3, 1)-Regular Graphs with One More Vertex than Edges



A Differential System in Generating Functions

Four generating functions

&a.b.c = # of labelled graphs with a, b, c vertices of degree 1,2,3, gz2.c=-..

a+2b+3c ta+b+c &
Go(q D)= D gabcq > 0<b<2,  GylgbD=...

|’
Fe=) (a+b+c)!
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A Differential System in Generating Functions

Four generating functions

&a.b.c = # of labelled graphs with a, b, c vertices of degree 1,2,3, gz2.c=-..

tat+ b+c

a+2b+3c ~
Gp(q, t) = Z 8ab.cq 2 0<bh<2 Gy(q,t) = ...

a,c>0

One of five decompositions

element of Gy with a marked edge — element of G; or element of G>

(a+ b+ )V’

%(a +30)8a0,c = (@+ ) ga-1,1,c-1 + Ba2,c-2

g0 - Go(q. 1) = qtGi(q. t) + qGa(q. t)
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A Differential System in Generating Functions

Four generating functions

&a.b.c = # of labelled graphs with a, b, c vertices of degree 1,2,3, gz2.c=-..

tat+ b+c

a+2b+3c ~
Gp(q, t) = Z 8ab.cq 2 0<bh<2 Gy(q,t) = ...

a,c>0

One of five decompositions

element of Gy with a marked edge — element of G; or element of G>

(a+b+ol

%(a +30)8a0,c = (@+ ) ga-1,1,c-1 + Ba2,c-2

g0 - Go(q. 1) = qtGi(q. t) + qGa(q. t)

Similar differential equations for other classes or marking a vertex.
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Algebraic Manipulations Get the Recurrence Relation

0q- Go(q, t) = tGi(q, t) + Gy(q, 1),
Gi(q. 1) = 3¢°Go(q. 1) + ¢*1*Gi(q, 1) + ¢°1Gy(q. 1),
Gy, 1) = Gy(q. 1) + 3¢°t' Go(q, 1) + ' Gi(q, 1) + ¢’ Ga(g, 1)
+34't'Go(q, 1) + 1¢*°Gi (g, 1),
4Gy(q. 1) = @1Gi(q. t) + 2¢°t0g - G1(q. 1) — 4qtGy(q. )
+4¢°Gy(q. 1) + @' Go(q. 1) + ¢'t°Go(q. 1)
+q'Gi(q.t) + ¢ Gi(q. 1) +2¢°t* Gy(q. 1),
0t Go(g,t) =....
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Algebraic Manipulations Get the Recurrence Relation

0q- Go(q, t) = tGi(q, t) + Gy(q, 1),
Gi(q. 1) = 3¢°Go(q. 1) + ¢*1*Gi(q, 1) + ¢°1Gy(q. 1),
Gy, 1) = Gy(q. 1) + 3¢°t' Go(q, 1) + ' Gi(q, 1) + ¢’ Ga(g, 1)
+3q't'Go(q. 1) + 3" Gi(q. 1),
4Gy(q. 1) = @1Gi(q. t) + 2¢°t0g - G1(q. 1) — 4qtGy(q. )
+4¢°Gy(q 1) + ¢°t'Go(q, 1) + ¢'1°Go(g, 1)
+q PGi(q, 1) + ¢ Gi(q, D) +2¢°t* Gy (q, 1),
0t Go(g,t) =....

J elimination: module Grébner basis over Q(q, t){dg, 0;)

system for Gy in Q(gq, t)(dq, 0r)
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Algebraic Manipulations Get the Recurrence Relation

0q- Go(q, t) = tGi(q, t) + Gy(q, 1),
Gi(q. 1) = 3¢°Go(q. 1) + ¢*1*Gi(q, 1) + ¢°1Gy(q. 1),
Gy, 1) = Gy(q. 1) + 3¢°t' Go(q, 1) + ' Gi(q, 1) + ¢’ Ga(g, 1)
+3q't'Go(q. 1) + 3" Gi(q. 1),
4Gy(q. 1) = @1Gi(q. t) + 2¢°t0g - G1(q. 1) — 4qtGy(q. )
+4¢°Gy(q 1) + ¢°t'Go(q, 1) + ¢'1°Go(g, 1)
+q PGi(q, 1) + ¢ Gi(q, D) +2¢°t* Gy (q, 1),
0t Go(g,t) =....

J elimination: module Grébner basis over Q(q, t){dg, 0;)
system for Gy in Q(gq, t)(dq, 0r)

l diagonal: creative telescoping for D-finite functions
t2k

2k

differential equation for Z
k>0
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Conclusion



Final Comments

Creative telescoping in computational proofs

o triple sum: CT for hypergeometric multi-summation
traditionally: implicit assumption make proofs incomplete
here: fix whose generality has to be explored

o residues: CT in D-modules for residues
generally: ensuring a holonomic input system is difficult
here: polynomial exponential make it simple

@ combinatorial recursion: CT for the diagonal of a D-finite function
very robust
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Final Comments

Creative telescoping in computational proofs

o triple sum: CT for hypergeometric multi-summation
traditionally: implicit assumption make proofs incomplete
here: fix whose generality has to be explored

o residues: CT in D-modules for residues
generally: ensuring a holonomic input system is difficult
here: polynomial exponential make it simple

@ combinatorial recursion: CT for the diagonal of a D-finite function
very robust

Role of computation in our proofs

o triple sum:
right formulation by a lot of mathematical experimentation
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Final Comments

Creative telescoping in computational proofs

o triple sum: CT for hypergeometric multi-summation
traditionally: implicit assumption make proofs incomplete
here: fix whose generality has to be explored

o residues: CT in D-modules for residues
generally: ensuring a holonomic input system is difficult
here: polynomial exponential make it simple

@ combinatorial recursion: CT for the diagonal of a D-finite function
very robust

Role of computation in our proofs

o triple sum:
right formulation by a lot of mathematical experimentation

@ residues:
straightforward algorithmic calculation
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Final Comments

Creative telescoping in computational proofs

o triple sum: CT for hypergeometric multi-summation
traditionally: implicit assumption make proofs incomplete
here: fix whose generality has to be explored

o residues: CT in D-modules for residues
generally: ensuring a holonomic input system is difficult
here: polynomial exponential make it simple

@ combinatorial recursion: CT for the diagonal of a D-finite function
very robust

Role of computation in our proofs

o triple sum:
right formulation by a lot of mathematical experimentation

@ residues:
straightforward algorithmic calculation

o combinatorial recursion:
computer enumeration was used to correct proof by cases
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