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| In (Glasser, M. L. and Montaldi E. (1994): Some Integrals Involving Bessel Functions, J. Marh.
Anal. Appl, 183:577-590), Glasser and Montaldi compute a closed form for an integral of a
product of two Bessel functions, and suggest that their weatment should extend to the following
example
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| which is of interest because it contains each of the four tvpes of Bessel functions. This integral is
one of numerous inte grals containing four (or more) Bessel functions. See for instance
(Prudnikov, A. P, Brychkov, Yu. A, and Marichev, O. L (1986): fnregrals and Serfes. Vodume 2:
Special functiens, Gordon and Breach; Sec. 2.16.47).

| In this session, we deal with the integral above and derive a closed form for it using our Mefun

L package in an intimate interaction with the gfun package.
* with{Mgfun) ;

2ma

[clfarg e sys, inf_of sys, pol_fo_sys, sum_of sys, sys¥sys, sys+sys |
[ = with{gfun);

[ Laplace, algebraicsubs, al pegiodi ffeq, algegrose des, algfuntoalgeg, borel, e anchyproduct,
diffeg*diffeq, diffeg+diffeq, diffegrohomdiffeq, diffeqrorec, guesseqn, guessgf,
hadamardproduct, holexpriodiffeq, invborel, lstoalgeg, sitodifeq, listohypergeom, Hsttolis,
listtoratpoly, listtorec, st toseries, st toseries/Laplace, listtoserfesdegf, st toseriesd gdegf,
listtoseriesd gdogl, isttoseriesfogf, lisinose desfreve gf, listoseriesfrevogfl, maxdege oeff,
maxdegegn, maxorde regn, minde geoeff, mindegegn, minorde regn, optionsgf, pol lodiffeg,
poitorec, raipolyiocoeff, rec Frec, rectrec, reclodiffeq, reclohomrec, rectoproc, sedestoalgeg,

| seriestodi ffeq, senestohype rgeom, seriestolist, serfesdoralpaly, serfesforec, s nesloseries |
More specifically, the gfun package will be used to prepare a svstem of PDE"s for the application
| of Mgfun functons, and to solve the ODE that s output by the Mg fun package.

Search for a System of PDE’s Satisfied by the Integrand
xJlax)I(ax) Y, (x) Ky x)

We use the gfun package to compute a svstem of PDE"s satisfied by each factor of the
mtegrand. Mext, we use the Mgfun package to derive a svstem of PDE's satisfied by their
product.

B System of PDE’s Satisfied by x
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| The identity function v trivially satisfies the following differential system

dha
. where each entry exprin the set denotes the equation expr= (0.

System of PDE’s Satisfied by J (a x)
[ We compute a system of PDEs for
| > f=Bessell(1, ax)

[ by first computing an ODE with respect o the variable v using gfun[hole xpriodiffeq]. and

L next considering svmmetries of o derive a complete svstem.
[ > holexpritodiffeq{f,vi{x));

(F} ] d
=ogvsd =[x hix,a) =1L hixal]
L 1:.'.1{ g

3 % d * : 1
[{=1 +f.r'.t'}}r{x}+x[a}f{x}]#t'[ﬁ}f{x}]}r{ﬂ}—ﬂ. D['FHH}_EH]

[ » deg:r=op{remove (type, ", equation) ):

subs{v{x}=hix, a), deg)

W

X

% (a ] "I-[a_l"‘ ]
(=l+a v yhivay+x| " hiva) |+ —Zhiva)
dx J v J

W

subs{[x=a,a=x, vix)=hixal), E.ft'i:jl':l'

(=l+a Xy, al+a }'I.{'l‘.' o} +£.r _]'I.'['l‘.' o}
d

(:th{t u}] (:ﬂh{x.u}]
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System of PDE’s Satisfied by I (a x)

[ We compute a system of PDE's for

| = f=DBessell( 1, ax)

| in the same way as in the previous section.
[ = helexpricdiffeg(f,v{x));

W

3 4 d ] * 'F-F
[(=1=—a X )vix)+x a}f{x} +x _i}f{x} vil)= ﬂ[l{m:ﬂ:ﬂ}— i ]
J o

> deg:=op{remove ({type, ",equaticn) ):

> subs{vix}=hix a), deg)

l—a ¥ )h [ih ] | —h ]
(=l =a ¥ Yhix,a)+x W {.‘E,H}J'f.‘li o {x,a)

| > subs{[x=a,a=x vix)=hix, a)], deg)

(7
{—I—gixi}h{xlﬂ'}'l'ﬂ'( hix, u}]+£.r _,rh{.'t.i.l']']

. ) da” J

P | Lnn |

| o {x,u}il i % {x,.s.r]-il
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System of PDE’s Satisfied by ¥, (x)
[ We compute a system of PDEs for
| = f=BesselY(0, x)

b first computing an ODE with respect to the variable x by using giun[hole xpriodiffeq].
U and next encoding that fdoes not depend on a.
> holexpriodiffeg(,vix));

2 }] (a ( }] (x)
L Bl 1 - T Wi + . .
X ati}ftJ Hx}rtJ vl

d
= syid = [subs(vix)=hix, a) ") Eh{x, al]

3 4—[ ]l{t |'.']:|' ﬂ]l{'i'. ﬂ:l‘]"‘[ {Eﬂ}]lt’,][{tﬂ}]
. = [— ¥, x| — ¥ — ¥ . T
III-I n:h'.r * ax J ax J

System of PDE’s Satisfied by K, (x)

We compute a svstem of PDE"s for
| = f=BesselK(D, x)
| in the same way as in the previous section.
[ = helexpricdiffeg(f,v{x));

SOVESN
X .:hi}f{x}‘l+ ax}l'{x} —xyix)

!

d
= sysd = [subs(wix}=hix a), ") Eh{x. al]

X I— . g A, A, . A,
.1'-‘5 ]l K, & X . ]|. K, III+ . ]|. Ly ) E]l L, d

System of PDE’s Satisfied by the Product
[ Computing a system for the product is now a simple call to Mgfun[*svs®svs'].

> ays:="‘sys*ays {aysl,sysZ,sys3,sysd,aysh);

&
sys = [ (~452a’ &' + 2001 + 740 1) W x, &) + 210 4" .E{ s hix, a)
A 7 J

. . &
+ (=108 " + 700 a* " +20 17y _,Lh{x.i.r}]—q'ﬂ I —3}1{.1:.{;}]
dy J dy J

& &
+ 140 a o i x, a}]+ {140 +* + 805 x* + 420 1" a*) —hix, u}]
H'x"ﬂu J l:.h" 4

2" &
+ 35 xu[ﬁh{x. a}]+{—|9ﬂs ax+ 28004 ¥ + mu.x’}[axauh{x. u}]
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7 I }] 175 & Fﬁh{ }]
X, + . - X,
_.l_au 'Ef.'.l'lll X a_‘ 'lil'.'.l'llI

i X

—T?ﬂf.rxj[
4 4 (F} ]
A (=152 ax =3272a v +1212a)| —hx a)
dhat J
d a
+{—4|2t + 700" & = 2091 x) ]"I.{'E £.r]- +51 Qh{x.u}
A
a
+ (=48 i.r:L—4{H]a-1.t4+4ﬂ]ujx4}[ﬁh{x.u}]

A
i

+(1514ax - 1680 a” 1" + Euax"'}[a — hix, u}]
i J

a&
+ {1000 x* & — 30 a" — 2600 +* o ) fh{.u.a}]
da” J
L

F(3Ma x+200x" a + |4ma°f}[a = hi x, a}] (4a*x*-3-4x Yhix a)
e ¥ J

. [ i ] a.[Fr" ] . [ l
—6a x| S hMya)l=x| —Shixva) +4a x
dx” da” dy” J dx da

B W x, u}]
A A 4

+2bax WMy, a)y +4ax S bixal)l-x —_‘h{x.a}
dx da J T | o

!

26 [ah{ }] 3 [ah{ }] Ba ;f*h{ }] 12ax - h }]
- — hix, +3 x| T hix, - — hix, - : " X a) |
a au 'EE.I'III X ax "iﬁl'lll i .:_'u:* X, i X ax_au 'Eﬁl'lll

!

m“agh{ }] 24 a” s I }]{ 124+ =20 + 21 hix, )
= a | + - + x,
.:M_“* X, d Htaxaa— Al X X, d

!
5 % a-‘.
+ 3 a K P—
e e

4
h{x,a}]— [—]‘L{tu}] Jx’[—h{m}]
J .'li J .'E J
10ax’ il I }] 10 h{ }] 148 [
+ X X al |+ .1: . mxoa o X
a.t4a£1 J .'E J -
[ s S
=20ax M ayl=5x _]"I.{'Ei.l':ll
o' da J a? J
d d
+{—\E£.r.1:4+E£.rjx4+I?Eu}(ah{x.u}]+{—2lx—lEx -4 u}( h{tu}]
4

(7 ' (7
—Ba | hixa)+6dax”| 5 hixa) |+20a | — hix, a)
e’ ) dx” da J ™ )
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(@ ] s @
-4 ax Shiva) =10y a| —
dx da” J v da”

WMaar|+3x | —hiv,a) -4 —hixa)

hi x, u}] (3+ 124" + 20" Y W, a)
4

+loa x| ———
dy da”

. & d°
+ (42" =227 +204" a*}[—,, hix, a}]—x“ [—n hix, u}]
dx” J dx J

& '
+{-Bax - |9ﬂax—24a’ﬁ{ h{x.u}]— Wax | — h{x.u}]
dx da J v da )

4 d ] 4 54 d ]
+4x ;h{x,a} +{=l6ax + 16a x + 238 a) ah{x,u}ﬂl

X J

(-3x-16 m*’}(ah{ }]4 —111{ }]
+{=3x - 1:+ a X Xoalhl+4a X,

‘.]“:L g
.\

+T6ax
{ﬂrﬂu
—ﬁﬁuix{ ]"I.{'E i.r}]+2£.rt { hi x, H}]—4H:L.t4h{.t.ﬁ:|'
dx da ] dx” ]

- " Ay L - L)
a hix a ! 3 hix a ) 4 :I_]I' X, i lll+3i.|' hox a )

| Note that the routine gfun| diffeq®diffeq’] performs a similar task, but is restricted to the
univariate case, Le., to functions described by a single ODE. Thus, it can only compuate
the ODE which does not involve cross-derivatives in the svstem above, and a similar
equation with derivations with respect to x. Ittorns out that this would induce a loss of
information, precluding the following calculation of the integral. Besides,
L Mefun| svs®syvs’ ] would also deal with svstems of mixed differential-difference equations.

E"'_l-
o x, a}]+{93r”+ Bt a® - E.t*f}[ﬁh{x.u}]

= Integraunn

| Again, the integration itself is performed by a single call to Mgfun[int of svs]:
[ = ode:r=op{int_of_svs{svs,x=—infinity..infinity,takavama_algac));

. o 3
ode =32a Wa)+{a —a') [Q hi u}]+ (=3+103a*) [E h{u}]
i §

a_"l-
+ {—4£.r1+ |ﬁﬁu}[ﬁh{ﬂ'}]+{?3 a’ +3 H}[Eh{ﬂ}]

| However, the jJustification that the algorithm selected by the option fakayama_alge applies o
the integral under consideration is rather technical and is bevond this presentation.

Resolution of the Final ODE

| We use the gfun package to solve for the solution h{a) which corresponds to the integral to be
Page §



computed. Due to s integral representation, this function s analvic at 0, hence admits a
Tavlor expansion at 0. 'We proceed w compute a closed form for hia ) by summation of this
expansion. To this end, we determine a recurrence equation on the coefficients of the Tavlor

L expansion using gfunfdiffeqrorec:
= ore =diffeqorec ode, h{a ), uin})

_ ore = [({n+2Yuay+{=n=06)un+4)wl)=0,u3}=0]
| Maple readily solves this recurrence:
* racli=rsclve{ocre,uin) );

1 1 1 1 ., &
[—u{2}+—u{ﬂ}]r{n+2} [—u{ﬂ}——u{z}]ﬂmtﬂf{_r+ 1y Tin+2)
2 4 | 4 2 J

rad =2 +2
[in+3) [(n+3)

1 1
(Eu{2}+1u{ﬂ}]{-l}* [(n+2)

+ 2
[in+3)

| | . "
[;u{ﬂ}—gu{?}]{—ﬂm’rﬂf{_ﬂ% 1}) Din+2)
/

+ 2
[(n+3)

| After rearranging the terms in the sum, it is obvious that u{n }is non-zero for even n only.
[ = cellect {map (normal, rscl,expanded) ,u, factor);
s L4 3 [
1 {1+RootOR_Z + 1) 3 {1+{-1)puf0) (=1+RootOf_Z + 1) } 1+(-1))u(2)

2 n+2 n+2

| We perform the corresponding change of variable, n= 2 p,
[ » subs{{n=2*p, {-1) *n=1, ReotO£{_Z"2+1)*n={-1)"p}, "i;

(1+(-1Y)u(0) 5 (=1 +{-1)")u(2)

_ 2p+12 2p+2

| sothat Maple can sum the Taylor series:

P oaum{"*a™ (2*p),p=0..infinitv);

i[{lﬂ—lf}u{ﬂ} {—l+{-l>"}u{2}] .
-2 i

2p+2 2p+2 J

pe=i
* hri=collect {value (gexpand{") ) ,u);

I In{-a*+1} 1lnfa"+1) In{—a’ + 1) Infa’+ 1)

L " +— " wi)+| = - w2}
2 ar 2 a- J

It only remains o evaluate u, and w,. We first compute u, and find it is 0 by inversion of

| lirmits. Let

| = f=xBessell( |, a x) Bessell{ 1, a x )} BesselY((, x ) BesselK(0, x})
| be the integrand. We have:

> J/-lim Sfx
i =i L

u}

% 5
i - J
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| In the same way, each coefficient of the Taylor series for the integral is obtained by inversion
| of limits. In partcular, & =, but Mapde is not capable of integrating:

[ = kappa=int {coeff{series{normal (diff|{f,a,a)),a=0),a,0) /2, x=0..1
nfinity);

1
K= ; v BesselY (0, 1) Besselk{D, x ) dx

la]

| {This integral for K cannot be computed by a call to inr using the Release 4, but the next

| release will probably be able to integrate it.)

| We obiain the following form for hi a):

[ » —combine{normal {—subs {({u{0)=0,u{2)=kappal. b)), lo,symbolic);
In({=a" + 1) {a + 1)) K

x
il

1
It only remains o be proved that H.'—E—. We do not do i, since computing this last integral
m

which is a constant les outside the scope of the theory of holonomy. With this example, we
have reduced the problem of evaluating a parametrized integral to the evaluation of a
non-parametrized integral. In case there were no closed form for &, we could at least perform
a simple numerical evaluation and return a result in terms of this numerical value and the

[ series above for K= 1.
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