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p-adic cycles

Consider E; : y? = x(x — 1)(x — t). A period,

%/loo NEE _d:)(x = i (2:>2(t/16)k.

k=0
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p-adic cycles

Consider E; : y? = x(x — 1)(x — t). A period,

%/loo NEE _df)(x = i (Zkk>2(t/16)k.

k=0

Define truncated sums

Ful) = 3 (%) ey

k=0
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p-adic cycles

Consider E; : y? = x(x — 1)(x — t). A period,

. /100 NGE _df)(x — - > <2kk>2(t/16)k.

k=0

Define truncated sums

fay

m—

Fm(t) =) <2kk>2(t/16)k.

k=0

Theorem (B.Dwork, 1969)

Let p be a prime and ty € Z,. Suppose Fp(tp) is not divisible by p.
Then the p-adic limit

A= (_1)(P—1)/2 S|L)no1o Fps+1(t0)/Fps(t0)

exists and equals a root of the zeta-function of E(tp)(mod p).
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A variation

Define f(x,y) = y? — x(x — 1)(x — to). Define for every positive
integer m,

Bm = coefficient of (xy)™ 1 of f(x,y)™ L.
Explicitly (for those interested),

Bin = ((mm__l)l /2) (m§/2 ((m _kl)/ 2>2t{; when m odd.

k=0
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A variation

Define f(x,y) = y? — x(x — 1)(x — to). Define for every positive
integer m,
Bm = coefficient of (xy)™ 1 of f(x,y)™ L.

Explicitly (for those interested),

Bin = <(mm__1)1 /2> (m§/2 ((m _kl)/ 2)2t{; when m odd.

k=0
Theorem (formal group theory)
Suppose p does not divide 3,. Then
Bpst1 = ABps(mod p*T?)

for all s > 0.
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Newton polytope

Let f(x) = 3.V, fix* be a Laurent polynomial in x = xi, ..., X,
with coefficients f; € Z.
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Newton polytope

Let f(x) = 3.V, fix* be a Laurent polynomial in x = xi, ..., X,
with coefficients f; € Z.

Let A be the Newton polytope of f, i.e convex hull of {a1,...,an}
Let A° be its interior and A, = A° N Z.
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Newton polytope

Let f(x) = 3.V, fix* be a Laurent polynomial in x = xi, ..., X,
with coefficients f; € Z.

Let A be the Newton polytope of f, i.e convex hull of {a1,...,an}
Let A° be its interior and A, = A° N Z.

Example for f(x,y) = y? — x(x — 1)(x — t),

with A = {(1,1)}.
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A generalization

Let g = |A7|. Define the g x g-matrix Bm by
(Bm)uy = coefficient of x™ ™" in f(x)m_1

indexed by u,v € A7.
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A generalization

Let g = |A7|. Define the g x g-matrix Bm by
(Bm)uy = coefficient of x™ ™" in f(x)m_1
indexed by u,v € A7.

Theorem (M.Vlasenko, 2016)

Let p be a prime and suppose that det(f3,) is not divisible by p.
Then there exists a g x g-matrix A such that

ﬂp5+1 = /\ﬁps(mod ps+1)

for all s > 0.
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An example

Let us take f(x) = x3 — x + 2 (discriminant is —104).
Notice: Aj = {1,2}.
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An example

Let us take f(x) = x3 — x + 2 (discriminant is —104).
Notice: A5 = {1,2}.Let

o Xm—l X2m—1 ) 1
Bm = coefficient of m-2 2m-2) in f(x)™*.
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An example

Let us take f(x) = x3 — x + 2 (discriminant is —104).
Notice: Ay = {1,2}.Let
m—1 X2m—1

. x : _
Bm = coefficient of (x’"_z sz_2> in £(x)™ 1.

We get B147 = (2; 19362> (mod 147) and

det(f1a7 — A) = A2 — 2\ + 1(mod 147).
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An example

Let us take f(x) = x3 — x + 2 (discriminant is —104).
Notice: Ay = {1,2}.Let

o Xm—l X2m—1 ) 1
Bm = coefficient of m-2 2m-2) in f(x)™*.

We get B147 = (2; 19362> (mod 147) and

det(f1a7 — A) = A2 — 2\ + 1(mod 147).

Similarly,
o det(f163 — A) = A% — 1(mod 163)
o det(B151 — A\) = A2 + A + 1(mod 151)
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Another example

Let us take f(x,y) = y? + x5 +x? + x.
Notice: Aj = {(1,1),(2,1)}.
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Another example

Let us take f(x,y) = y? + x5 +x? + x.
Notice: AY = {(1,1),(2,1)}. Let

m—1,,m—1 X2m—1 m—1

.. X y y . —
Bm = coefficient of (x"’_zy’"_l sz_gym_l) in f(x,y)™ .
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Another example

Let us take f(x,y) = y? + x5 +x? + x.
Notice: AY = {(1,1),(2,1)}. Let

o Xm—lym—l X2m—1 m—1 ) .
Bm = coefficient of (X”’_zy’"—l sz_gym_l) in f(x,y)™ L.
We get
476 194
far = (341 1782) Baz(mod 47°)

and characteristic polynomial: Q(\) = A2 + 2160\ + 92(mod 472).
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Another example
Let us take f(x,y) = y? + x5 +x? + x.
Notice: AY = {(1,1),(2,1)}. Let

Xm—lym—l X2m—1 m—1 1
= coefficient of in f(x,y)™""
Bm = coefficient o (x'"_zym_l sz—zym—l) in f(x,y)

We get
(476 194 )
Par> = (341 1782) Baz(mod 477)

and characteristic polynomial: Q(\) = A2 + 2160\ + 92(mod 472).
Times its reciprocal Q(47/)\) gives

A —2)3 —2)\2 — 47 . 2)\(mod 472).
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Another example

Let us take f(x,y) = y? + x5 +x? + x.
Notice: AY = {(1,1),(2,1)}. Let

Xm—lym—l X2m—1 m—1 1
= coefficient of in f(x,y)™""
Bm = coefficient o (x'"_zym_l sz—zym—l) in f(x,y)

We get

476 194
Par> = (341 1782) Baz(mod 47°)

and characteristic polynomial: Q(\) = A2 + 2160\ + 92(mod 472).
Times its reciprocal Q(47/)\) gives

A —2)3 —2)\2 — 47 . 2)\(mod 472).
Similarly, for p = 59 we get

A* 4 2X% +2)% + 59 - 2\ (mod 59?).
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Regular functions
Sketch of a proof of Vlasenko's result for

f(x,y) = y? — x(x — 1)(x — t) and 3, the 1 x 1-matrix with
element the coefficient of (xy)™ ! in f(x,y)™ 1.
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Regular functions

Sketch of a proof of Vlasenko's result for

f(x,y) = y? — x(x — 1)(x — t) and 3, the 1 x 1-matrix with
element the coefficient of (xy)™ ! in f(x,y)™ 1.

Consider the Z,-module Qf generated by the functions

Xrys

(k=115

with (r,s) € kA°.
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Regular functions

Sketch of a proof of Vlasenko's result for

f(x,y) = y? — x(x — 1)(x — t) and 3, the 1 x 1-matrix with
element the coefficient of (xy)™ ! in f(x,y)™ 1.

Consider the Z,-module Qf generated by the functions

Xrys

fk

(k—1)! with (r,s) € kA°.

Define the derivatives by

0 0
dQr = x—Q —Qf.
f=Xo% f+y8y f
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Regular functions

Sketch of a proof of Vlasenko's result for

f(x,y) = y? — x(x — 1)(x — t) and 3, the 1 x 1-matrix with
element the coefficient of (xy)™ ! in f(x,y)™ 1.

Consider the Z,-module Qf generated by the functions

Xrys

fk

(k—1)! with (r,s) € kA°.

Define the derivatives by

0 0
dQr = x—Q —Qf.
f=Xo% f+y8y f

Side remark: when we work over C,

Qr/dQs = HR (T2 \ E)
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Regular functions

Sketch of a proof of Vlasenko's result for

f(x,y) = y? — x(x — 1)(x — t) and 3, the 1 x 1-matrix with
element the coefficient of (xy)™ ! in f(x,y)™ 1.

Consider the Z,-module Qf generated by the functions

Xrys

fk

(k—1)! with (r,s) € kA°.

Define the derivatives by

0 0
dQr = x—Q —Qf.
f=Xo% f+y8y f

Side remark: when we work over C,

Qf/dQr = Hpp(T?\ E) = Hpg(E)
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Regular functions

Sketch of a proof of Vlasenko's result for

f(x,y) = y? — x(x — 1)(x — t) and 3, the 1 x 1-matrix with
element the coefficient of (xy)™ ! in f(x,y)™ 1.

Consider the Z,-module Qf generated by the functions

Xrys

fk

(k—1)! with (r,s) € kA°.

Define the derivatives by

0 0
dQr = x—Q —Qf.
f=Xo% f+y8y f

Side remark: when we work over C,

dx xdx
Qf/dQs = H3R (T2 \ E) = HLR(E) = <C7 + CT'
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Formal expansions

We expand
Xrys
(y2 — x(x — 1)(x — 16t))k

formally as

x"y*® x(x —1)(x — 16t)\
2 (1— 2

y y

and then as geometric expansion

Z (m +k — 1) " x"y*® " xM(x —1)™(x — 16t)™

m y2k y2m

m>0
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Formal expansions

We expand
Xrys
(y? = x(x = 1)(x — 16t))*

formally as

x"y*® x(x —1)(x — 16t)\
2 (1— 2

y y

and then as geometric expansion

Z (m + k— 1) " x"y® " xM(x —1)™(x — 16t)™

m y2k y2m

m>0

This is contained in set of Laurent series Q¢ormar of the form

m

X
E am,,—n.

n/2<m<3n/2 y

It gives embedding of Qf into Q¢ormal



Formal derivatives

We define the formal derivatives
0 0
deormal = X_Qformal + y_Qformal-
ox dy
Notice that dQr C dQormal-
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Formal derivatives

We define the formal derivatives
0 0
deormal = X_Qformal + y_Qformal-
ox dy
Notice that dQr C dQormal-

Lemma (Katz)

Z amnx"y" € dQformal = pmi"(ordp(m)’ordp(”))\am,,, for all m, n.
m,n
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Formal derivatives

We define the formal derivatives

0 0
Q =x—0 —Q .
d formal X Ox formal + Y 6y formal

Notice that dQr C dQormal-
Lemma (Katz)

Z amnx"y" € dQformal = pmi"(ordp(m)’ordf’(”))\am,,, for all m, n.
m,n

Indication of proof:

0
X8_X Z amnx"y" = Z mam px"y".

Clearly map, , is divisible by pordf’(m).
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Finiteness

Theorem (Be-Vlasenko, 2018)

Suppose 3, is not divisible by p. Then the quotient module
Q¢ /dQformal is generated over Z, by
Xy
f(x,y)
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Finiteness

Theorem (Be-Vlasenko, 2018)

Suppose 3, is not divisible by p. Then the quotient module
Q¢ /dQformal is generated over Z, by
Xy
f(x,y)

So, for any (k — 1)!% € Q¢ there exists a € Z, such that

r.,,s

o e day.

(k=P —a”
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Cartier operator

We define the Cartier operator 6, : Qtormal —+ Q2formal by

Cp E amnx"y" — E apm,pnX"y".

m,n m,n
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Cartier operator

We define the Cartier operator 6, : Qtormal —+ Q2formal by

Cp Z amnx"y" — E apm,pnX"y".

m,n m,n

Lemma
We have
e 4, 0x2 = pxZ 0%, and similar for y-2-
pCXox = PXpx ©%p Yoy-
° (gp © @ gl = (50 M-
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Cartier operator

We define the Cartier operator 6, : Qtormal —+ Q2formal by

Cp Z amnx"y" — E apm,pnX"y".

m,n m,n

Lemma

We have
° ¢p oxa% = px% © ¢p and similar for ya%.
® 6p : dQformal — PAQformal.
o ¢p(g(xP,yP)h(x,y)) = &(x, y)p(h(x, y)).
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Cartier on rational functions

What is €,,(2¢)?

Dwork's congruences



Cartier on rational functions

What is €,,(2¢)?As example:

o(ry) = @ (%)
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Cartier on rational functions

What is €,,(2¢)?As example:
v\ xyf(x,y)P~t
“(ien) =«

= %, (f(xp)fyyfp(; ly,);pc_(lx, y))

where pG(x,y) = f(xP,yP) —f(x, y)P.
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Cartier on rational functions
What is €,,(2¢)?As example:
v\ xyf(x,y)P
() = % (o
( xyf(x,y)P )
= %,
f(vayp) - pG(va)
where pG(x,y) = f(xP,yP) — f(x,y)P. Expand in geometric series

( o xyF(x, y)P1G(x,y)" )

f(xP, yP)rtt

Co(xyf(x,y)P 1 G(x,y)")

||M8

Xyr+1
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Cartier on rational functions
What is €,,(2¢)?As example:
v\ _ xyf(x, y)P
(i) =«
( xyf(x, y)Pt )
= %,
f(vayp) - pG(va)
where pG(x,y) = f(xP,yP) — f(x,y)P. Expand in geometric series

2y, y)P G, y)
%, Zprxy (x,¥) (x y))

f(xP, yP)rtt

_ NP r! -1
= ;FW%AX#(X,Y)" G(x,y)")

The latter sum is in ﬁf = limQ¢/p°Q¢, the p-adic completion of
%
Q.



Cartier matrix

So cgp : ﬁf—>§f.
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Cartier matrix

So cgp . ﬁf — ﬁf.
Also %p : deormal — deormal-
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Cartier matrix

So cgp . ﬁf — ﬁf.
Also %p . deormal — deormal-
We have (by Be-Vlasenko)

Xy

ﬁf/deormal = Zp?
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Cartier matrix

So cgp . ﬁf — ﬁf.
Also (Kp : deormal — deormal-
We have (by Be-Vlasenko)

~ X
Qf/deormal = ZpTy

Hence

X X
, (TV) = )\Ty(mod A ormal)

for some A\ € Z,,.
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Cartier matrix

So cgp . ﬁf — ﬁf.
Also %p : deormal — deorma,l-
We have (by Be-Vlasenko)

~ X
Qf/deormal = Zp?y

Hence

X X
, (%) = )\Ty(mod A ormal)

for some A\ € Z,,.
Some more careful analysis shows that

0 (F) =¥ oo

with dn is a derivative in dQ¢ormal
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Katz's theorem

From previous slide:

%, (%) - A% + pdn.

Choose integers u, v such that u/2 < v < 3u/2 and s > 0. Take
coefficient of x“P"y~“P* on both sides. Recall that

Xy _
=2 amy
n/2<m<3n/2
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Katz's theorem

From previous slide:

%, (%) - A% + pdn.

Choose integers u, v such that u/2 < v < 3u/2 and s > 0. Take
coefficient of x“P"y~“P* on both sides. Recall that

Xy _
=2 amy
n/2<m<3n/2

The up®, vp® coefficient of dn is divisible by p®.
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Katz's theorem

From previous slide:

%, (%) - A% + pdn.

Choose integers u, v such that u/2 < v < 3u/2 and s > 0. Take
coefficient of x“P"y~“P* on both sides. Recall that

X —n
Ty = Z amnx"y ",
n/2<m<3n/2
The up®, vp® coefficient of dn is divisible by p°*.We get
Theorem (Katz,1985), case g =1

Bupstt ypstt = Adyps vps (mod p*T).
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Final step

()= o

with dn is a derivative in dQ¢rmal-
Multiply on both sides by ():y% and take the constant term.
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Final step

ﬁ) B AR

(% F P

with dn is a derivative in dQ¢rmal-

Multiply on both sides by (f% and take the constant term.

Middle term: constﬁsf1 Bps.
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Final step

G () =27 +pdn

with dn is a derivative in dQ¢rmal-
Multiply on both sides by (f% and take the constant term.

Middle term: const(f?q Bps.

For the left hand term observe that

Fn)P (2 F(xP,yP)P" Xy
const ()P ‘Kp<f)—const Cp ) )
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Final step

G () =27 +pdn

with dn is a derivative in dQ¢ormal.

Multiply on both sides by % and take the constant term.
Middle term: -const (fTqu Bps.
For the left hand term observe that

Fn)P (2 F(xP,yP)P" Xy
const ()P ‘Kp<f)—const Cp ) )

Modulo ps*! this equals

f(Xv y)psH Xy s+1
const )P Fx,y) = Bpst1(mod p*T).
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Final step ct'd

For the last term we get

S S

£P p

Plgyrdn=rd <( o) sn) (mod p**).

The constant term of a derivative is 0.
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Final step ct'd

For the last term we get

S S

£P p

Plgyrdn=rd (( o) sn) (mod p**1).

The constant term of a derivative is 0.
Result,

Bpst1 = ABps(mod p°t).
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Conclusion

Recall
Theorem (M.Vlasenko, 2016)

Let p be a prime and suppose that det(f3,) is not divisible by p.
Then there exists a g x g-matrix A such that

Bpst1 = NBps(mod p*t)

for all s > 0.
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Conclusion

Recall
Theorem (M.Vlasenko, 2016)

Let p be a prime and suppose that det(f3,) is not divisible by p.
Then there exists a g x g-matrix A such that

Bps+1 = NBps(mod P
for all s > 0.

Conclusion

With the analysis given above we conclude that A is the matrix of
the action of €, on the rank g module Q¢/dQormal-
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