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ON A CLASS OF HYPERGEOMETRIC DIAGONALS
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ABSTRACT. We prove that the diagonal of any finite product of algebraic func-
tions of the form
(1—z1—- —an)F, ReQ,

is a generalized hypergeometric function, and we provide an explicit description
of its parameters. The particular case (1 — 2 —y)®/(1 —x —y — z) corresponds
to the main identity of Abdelaziz, Koutschan and Maillard in [J. Phys. A 53
(2020), 205201, 16 pp., §3.2]. Our result is useful in both directions: on the
one hand it shows that Christol’s conjecture holds true for a large class of
hypergeometric functions, on the other hand it allows for a very explicit and
general viewpoint on the diagonals of algebraic functions of the type above.
Finally, in contrast to the approach of Abdelaziz, Koutschan and Maillard, our
proof is completely elementary and does not require any algorithmic help.

1. INTRODUCTION

Let K be a field of characteristic zero and let g € K[x] be a power series in
X =(T1,...,Zp)

9x) = > gt al € K[x].
(i1,e0yin )ENT

The diagonal Diag(g) of g(x) is the univariate power series given by

Diag(g) == » _g;...;t' € K[t].
j=0

A power series h(x) in K[x] is called algebraic if there exists a non-zero polynomial
P(x,T) € K[x,T] such that P(x, h(x)) = 0; otherwise, it is called transcendental.

If g(x) is algebraic, then its diagonal Diag(g) is usually transcendental; however,
by a classical result by Lipshitz [Lip8§|, Diag(g) is D-finite, i.e., it satisfies a non-
trivial linear differential equation with polynomial coefficients in K[¢]. Equivalently,
the coefficients sequence (g;,... j);>0 of Diag(g) is P-recursive, i.e., it satisfies a linear
recurrence with polynomial coefficients (w.r.t. j).

When a P-recursive sequence satisfies a recurrence of order 1, we say that it is
hypergeometric. An important class of power series, whose coefficients sequence
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1072 ALIN BOSTAN AND SERGEY YURKEVICH

is hypergeometric by design, is that of generalized hypergeometric functions. Let
p,q € N and ay,...,a, and by,...,b; be rational numbers such that b; +j # 0
for any 4,5 € N. The generalized hypergeometric function ,Fj, with parameters
a1,...,ap and by,. .., b, is the univariate power series in K[t] defined by

_ o N ()i (ap); ¥
pFylas, ... ap); b, ... bglst) ._g s,

where (z); = z(x+1)---(z 4+ j — 1) is the rising factorial.

We are interested in this article in the following (dual) questions:

(i) What are the algebraic power series g(x) whose diagonal Diag(g) is a gen-
eralized hypergeometric function qu.
ii) What are the hypergeometric sequences (a,) ;>0 whose generating functions
3)i>
> >0 a;t’ can be written as diagonals of algebraic power series?

Already for n € {1,2} these questionfﬂ are non-trivial. The classes of diagonals
of bivariate rational power series and of algebraic power series coincide [P4122
Fur67]. Hence, questions (i) and (ii) contain as a sub-question the characterization
of algebraic hypergeometric functions. This problem was only recently solved in a
famous paper by Beukers and Heckman [BH89).

Another motivation for studying questions (i) and (ii) comes from the well-
known conjecture below, formulated in [Chr87,[Chr90] by Christol. Recall that
f € Q[t] is called globally bounded if it has finite non-zero radius of convergence
and 8- f(a-t) € Z[t] for some non-zero a, € Z.

Christol’s conjecture. If f € Q[¢] is D-finite and globally bound-
ed, then f = Diag(g) for some n € N and some algebraic power
series g € Qx1,...,xy,].

Christol’s conjecture is still largely open, even in the particular case when f is a
generalized hypergeometric function. In this case, it has been proved [Chr87,[Chr90]
in two extreme subcases: when all the bottom parameters b; are integers (case of
“minimal monodromy weight”, in the terminology of [Chrl5]) and when they are
all non-integers (case of “maximal monodromy weight”). In the first extremal case,
the proof is based on the observation that

(1) pFo(lar, .. ap)i[1,.. ., 1t) = (L =) 7 %% (1 — )%,

where * denotes the Hadamard (term-wise) product, and on the fact that diagonals
are closed under Hadamard product [Chr88, Prop. 2.6]. In the second extremal
case, it is based on the equivalence between being globally bounded and algebraic;
this equivalence, proved by Christol [Chr87,[Chr90], is itself based on [BHR9].

The other cases (of “intermediate monodromy weight”) are widely open. A first
explicit example of this kind, itself still open as of today, was given by Christol
himself as soon as 1987 [Chr87, §VII]:

INote that a necessary condition is that ¢ = p — 1, since the radius of convergence must be
finite and non-zero.

2From an algorithmic viewpoint, questions (i) and (ii) are very different in nature: while (i)
is decidable (given an algebraic power series, one can decide if its diagonal is hypergeometric, for
instance by combining the algorithms in [BLS13] and [Pet92]), the status of question (ii) is not
known (does there exist an algorithm which takes as input a hypergeometric sequence and outputs
an algebraic series whose diagonal is the generating function of the input sequence?).
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ON A CLASS OF HYPERGEOMETRIC DIAGONALS 1073

Is f(t) = sF> ([%, %, %] ; [1, %] ;t) the diagonal of an algebraic power
series?

Two decades later, Bostan et al. [BBCHM12[BBCHMI13] produced a large list
of about 100 similar 3 F3 (globally bounded) functions, which are potential counter-
examples to Christol’s conjecture (in the sense that, like 3F5([1/9,4/9,5/9];
[1,1/3];t), they are not easily reducible to the two known extreme cases, via closure
properties of diagonals, e.g., with respect to Hadamard products). In 2020, Abde-
laziz, Koutschan and Maillard [AKM20, §3] managed to show that two members
of that list, namely 3F2([1/9,4/9,7/9];[1,1/3];t) and 5F>(][2/9,5/9,8/9]; [1,2/3]; ),
are indeed diagonals. Precisely,

o (b))

(3) 3P (E §= g] : {1, %] ;27t> — Diag (%) .

Sec. 3 of [AKM20)] also contains the following extension of identities (2) and (3],
to any R € Q:

1-R 2—-R 3—-R . (1-—2—y)k
4 F: 1,1 —RJ;2 =D -_— ).
() 3 2<|: 3 ) 3 ) 3 :|7[a RL 7t> lag<1—x—y—z

A common feature of identities () and @) (and their extension (@)) is that
the top parameters are in arithmetic progression, as opposed to Christol’s initial
example. However, they are the first known examples of generalized hypergeometric
functions with intermediate monodromy weight, not trivially reducible to the two
known extreme cases, and which are provably diagonals.

Our first result extends identity ) to a much larger class of (transcendental)
generalized hypergeometric functions.

Theorem 1. Let R, S € Q and n,N € N such that S # 0 and 0 < n < N. Set
s=N—nand Q=S5 — R. Then the generalized hypergeometric function

Q Q+1 Q+N-1S S+s—1
N+SFN+S—1 Na N g ey N a;a"'aT ;
[Q,...,M,l,...,l};NNo
S S

is equal to the diagonal

pug (=== m),

(1—1‘1—”'—3?]\])

Note that identity () corresponds to the particular case (n,N,S) = (2,3,1)
of Theorem [I The proof of () given in [AKM20], §3.2] relies on an algorithmic
technique called creative telescoping [Koul3|, which works in principlad on any di-
agonal of an algebraic function, as long as the number max(n, N) of indeterminates
is fized. Our identity in Theorem [ contains a number of indeterminates which

3Creative telescoping algorithms, such as the one in [BLS13], compute a linear differential
equation for Diag(g(x)). This equation is converted to a linear recurrence, whose hypergeometric
solutions can be computed using Petkovsek’s algorithm [Pet92]. Note that the complexity (in time
and space) of these algorithms increases with n, N, R and S.
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1074 ALIN BOSTAN AND SERGEY YURKEVICH

are themselves variable; hence it cannot be proved by creative telescoping in this
generality. In 2.5l we offer instead a direct and elementary proof of a natural gen-
eralization. We note that Theorem [ can also be proven by directly multiplying
out the argument of the diagonal using the multinomial theorem, collecting needed
terms and simplifying using the Chu-Vandermonde identity.

Note that in the theorem above, and similarly in later statements, the restriction
on R and S to be rational numbers is actually superfluous. Indeed, from the proofs
it is obvious that the identities hold for arbitrary (formal) parameters R, S; however,
we include this condition because we wish (1 -z —---—z,)F(1—2; — - —2x) "%
to be an algebraic function.

In §2 we will further generalize Theorem [ in two distinct directions. The first
extension (Theorem []) shows that the diagonal of the product of an arbitrary
number of arbitrary powers of linear forms of the type 1 —x1 —--- — x,, is again a
generalized hypergeometric function. The second extension (Theorem H) shows that
under a condition on the exponents the same stays true if the product is multiplied
with another factor of the form (1 -z —---— 2,2 —22,,_1)". For instance, when
restricted to m = 3 variables, these results specialize as follows:

Theorem 2. For any R,S,T € Q, we have:

(5) Diag ((1-2)*(1 -2~y (1 —w—y—2)7) =
p([BES+T) 1= (R+S+T) 2= (R+S5+T) —(S+T) 1-(S+7) ],
61475 3 ’ 3 ) 3 ) 2 ) 2 ) ’

[(R+S+T) 1-(R+S+1T)

5 . ,—(S+T),1,1} ;27t>
and

(6) Diag ((1-2)*(1-z—-2y)°(1-z—-y—2)"") =
4F3<{1—(R+S) 2—-(R+S) 3—(R+Y95) 1—5’].

3 ’ 3 ’ 3 )
{1—(1;+S)72—(}22+S)71} ;m)_

Note that (6) generalizes and explains the following two identities observed
in [AKM20, Eq. (30)—(31)]

147 2 (1 =z —2y)%3
= = =|:]1.2]:27t] =D A 2 A
" 32({9’9’9}’[’3}’ 7) 1ag<1—ﬂc—y—z

25 8] [ 5] o ((—z—2y)'/3
(8) 3F2(|:97979:|a|:176:|a27t>_Dlag< I—I—y—Z .

Once again, our proofs of the (generalizations of) identities (&) and (@) are elemen-
tary, and do not rely on algorithmic tools.

One may wonder if other generalizations are possible, for instance whether the
coefficient 2 can be replaced by a different one in (@). The following example shows
that this is not the case. Let

(o) = Ding (122

l-z—y

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



ON A CLASS OF HYPERGEOMETRIC DIAGONALS 1075

Then, the coefficients sequence (u;);>0 of U(t) satisfies the second-order recurrence
relation

2a* (6n+5) (3n+ 1) u, —3(n+1) (3 (a® +4a — 4) n + 24 + 18a — 18) up4q
=9(1—-a)(n+2)(n+1)upyio.
When a € {0,1, 2}, the sequence (u;);>0 also satisfies a shorter recurrence, of order
1, as shown by our main results. In these cases, U(t) is a hypergeometric function.

When a ¢ {0,1,2}, the second-order recurrence is the minimal-order satisfied by
(uj)j>0; hence U(t) is not a hypergeometric function. This can be proved either

using the explicit identity
2 1—a/2
v = of (2 122
1—4t (1—4t)?

or by using the general approach in [Bou99, §5].

An apparent weakness of our results is that they only provide examples with
parameters in (unions of) arithmetic progressions. This is true, as long as identities
are used alone. But symmetries may be broken by combining different identities and
using for instance Hadamard products. As an illustration, by taking the Hadamard
product in both sides of the following identities

_ T x22)1-Q
3F2<{Q E7w];[1,Q];t>:Diag<(l = zj) )

3" 3 3 -2 — & _ &

1_ Ry 1*@/3
o F) ([% %} ; [%} ;t) = Diag (Uﬁ) ’

2 2

and

both particular cases of Theorem [1l one deduces that the non-symmetric hyperge-
ometric function

is equal to the diagonal
1-Q

o (-5 70-9)70-3-3-9)0-3-9)),

Similarly, the non-symmetric hypergeometric functiond

is equal to the diagonal
1-28

1-Q 2Q -1 -1
Diag (1—2) 3(1_ﬁ> 3 <1_ﬂ_ﬁ) (1_ﬁ_%) )
2 2 2 2 2 2

A natural challenge is to prove (or disprove) that Christol’s 3F» can be obtained in
such a way.

4 Amusingly, the above 3F, is not only asymmetric, but it also shares another similarity with
Christol’s example: the sum of two of the three top parameters is equal to the third one. This
pattern occurs in several other examples.
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1076 ALIN BOSTAN AND SERGEY YURKEVICH

As a final remark, one should not think that every generalized hypergeomet-
ric function which is a diagonal needs to have a representation like in our Theo-
rem [ or @ For instance, the diagonal Diag ((1 — (14 w)(z +y + 2)) ') is equal
to the generalized hypergeometric function

1122 11 729
Fill=,=,=,=|;[1,1,=|;—==t) =1+ 18t +1350¢> + - --

43<|:3737373:|7|:772:|74 ) + + + )
which is seemingly not of the form covered by any of our results.

2. GENERAL CASE

This section contains several parts: first we introduce in §2.11 and §2.2 some
notation and state the two general Theorems Bl and @l Then we explain them
in §2.3] by means of four examples, showing that both Theorem [I] and Theorem
are special cases. Further, we continue in §2.4] with several lemmas and their proofs.
Finally, the general theorems are proven in §2.5] and §2.61

2.1. First statement. Let N € N\ {0} and by,...,by € Q with by # 0. We want
to prove that the diagonal of

(9) R(z1,...,zN) = (1+:E1)b1(1+:1c1 +:E2)b2 (14 —l—---—l—a:N)bN

can be expressed as a hypergeometric function. For each k = 1,..., N we define
the tuple

N-k+1'N—-k+1"""" N-k+1
where B(k) = —(bp +---+by). For k=1,...,N — 1 we set
" _(B(k) Blk)+1 B(k)+N—k:—1>

o e < B(k) B(k)+1 B(k)+ N — k:) ,

N-k N—-k 7 N -k
Moreover set vV := (1,1,...,1) with exactly N — 1 ones. It follows by construction
that the lengths of the tuples
wi=(u',.. ., uN) and  we=(vh, .. 0N)

are given by M .= N+---+241=N(N+1)/2 and M — 1 respectively. We have
the following generalization of Theorem [Ik

Theorem 3. It holds that
Diag(R(z1,...,xn)) = mFar—1([u]; [v]; (=N)Nt).
2.2. Second statement. Let N € N\ {0} and by,...,by € Q. Assume that
by # 0 and by_1 + by = —1. We will prove that, for any b € Q, we can express
(1—|—x1—|—~~~—|—xN,2+2xN,1)b~R(:c1,...,:rN)
as a hypergeometric function as well. Again, let B(k) := —(by +---+bn). For each
k=1,...,N — 2 we define the tuple
ok B(k)—b B(k)—b+1 B(k)—b+N—k
N—-k+1" N-k+1 777~ N-k+1
and set @V "! == —(by_1 + by +b)/2 = (1 —b)/2 and @ = —by. Moreover, for
k=1,...,N — 2 we set
oo B(k)—-b B(k)—b+1 B(k)—b+N—-k—-1
N-k’ N-k 777 N —k ’

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



ON A CLASS OF HYPERGEOMETRIC DIAGONALS 1077

and 9V~1 = (1,1,...,1) with exactly N — 1 ones. It follows by construction that
the lengths of the tuples

= (a",...,aY) and o= (2,...,

are given by M —1 =N+---4+44+3+1+1=NN+1)/2—1and M —2
respectively.

,DNfl)

Theorem 4. It holds that

Diag((l +x1+ - t+TN_2+ 21’N71)b . R(:cl, - ,:L’N))
= m—1Far—o([); [0]; (=N)M1).

2.3. Examples. Let us list some examples of the general theorems and draw the
connection to previous statements.

(1) First we emphasize that Theorem [ follows promptly from the more general
Theorem [3] by letting all b; = 0 except b, = R and by = —S. Clearly,
the change x +— —x in the algebraic function is reflected by the change
t — (=1)Nt in its diagonal.

(2) Letting N = 3 in Theorem Bl we obtain immediately the first part of The-
orem

(3) If moreover T'= —1 in the case N = 3, we achieve a cancellation of the last
parameter and are left with

Ding ((1 +2) R4z + y)s> _

l+z+y+=z
o ([L=(R+5) 2-(R+S) 3—(R+S) 1-S 28]
5474 3 ) 3 ) 3 ) 9 2 )

1— 2 —
(R+S), (R+S),1—S,1 27t ).
2 2
(4) Comparing with the similar situation of Theorem [in the case N = 3 and
by_1 = —1 — by = 0, we see that a family of 4F5 functions remains and
covers the second statement of Theorem 2l

2.4. Lemmas and proofs. In this section we will state and prove necessary lem-
mas for the proofs of Theorems Bl and @l

Lemma 1. Let N be a positive integer and by, ..., by € Q such that by # 0. It
holds that

b R ) (4 2) ()

_ <bN><bN—1+bN—kN)“.<b1+---—|-bN—kN"'—k2>
kn kn_1 k1 .

This result contains the core identity of the present paper, since it enables the
connection between the algebraic functions R(x) of the form (@) and hypergeomet-
ric sequences. It can be proven in two ways: a direct approach works by multiplying
the left-hand side out using the multinomial theorem, picking the needed coefficient
and reducing the sum using the Chu-Vandermonde identity several times. This pro-
cedure is rather tedious and not instructive; therefore we present a combinatorially
inspired proof.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



1078 ALIN BOSTAN AND SERGEY YURKEVICH

Proof. Because (1+x1)% - (1+xy +---+xn_1)" 1 does not depend on xy, we
obtain that the left-hand side of the equation is equal to

[zFr .. ke H(HZ%) (I+a1+-+ay_)™

=1
bn
-<1+ =il >
1+-’131+"'+J)N_1
N—-1 )

= [zf .. (HZ%) (I+a 4+ +ayg)™
i=1 =1
20 )
k 1—|—I1—|—"'—|—IN_1

k>0

b
"Qﬁ)h?~w“'W1+m>~~u+xrw~+xNzﬁN2
42+ + xNil)bNﬂ-ﬁ-bN—kN.
Now the claim follows by iteration. ([l

We remark that the same strategy as above can be used to prove an even more

general statement. Let
N b;
R®_HO+Z%),

i=1 jel
for rational numbers by, ..., by, such that all variables x1, ...,y appear in R(x),
and sets Iy,...,In C {1,..., N} with the property that I; U---U I,y C I; U

~UIl, 1UI, foralln=1,..., N. Then, similarly to the statement in Lemma [T}
the coefficient of z*1 ---2¥~ in R(x) is a product of binomial coefficients and the
diagonal of R(x) is a generalized hypergeometric function. The notation, however,
becomes quite cumbersome in this setting and no new ideas are needed; therefore
we stick to the more insightful but less general case I, = {1,...,n}.

Note that Lemma[lshares some similarities with Straub’s Theorem 3.1 in [Str14],

which provides explicit expressions of rational power series of the form

((1+x1+~-~+xxl)(1+m1+1+~'~+$A1+A2)"'

-1
I+ @xn4egr,_, -+ aN) —a-z122- "IN) .

In Lemma [l we allow products of linear forms with arbitrary exponents; however
there is no term « - 129 - - -z, while in [Str14l Theorem 3.1] the linear forms have
disjoint variables and appear with exponent 1. Setting o = 0 in Straub’s formula
also yields a product of binomial coefficients.

It is legitimate to wonder whether there is a common generalization of Lemma /Il
and Thm. 3.1 in [Strl4]. For instance, one may ask for which values of « is the
diagonal

Diag ((\/1 —z(1—y) —axy)_1> =1+ (a+1/2)t+ (a®>+2a+3/8)t* +

hypergeometric? For a general o, the minimal recurrence satisfied by the coefficients
of the diagonal is of order 4, for « = +i/2 it is of order 3, and it seems that the only

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



ON A CLASS OF HYPERGEOMETRIC DIAGONALS 1079
rational value of « for which there exists a shorter recurrence is « = 0, in which
case the diagonal is hypergeometric.

Now we want to verify a similar statement for the situation as in Theorem [l
so the case where we deal with the coefficient sequence of (1 +x1 + -+ zy_2 +
2xn_1) - R(x1,...,7x). We lay the grounds for a lemma similar to Lemma [ by
starting with a rather surprising identity.

Lemma 2. Let k € N and b € Q arbitrary. It holds that

1+ 2z)° b—1)/2

[:L‘k] ( + .’L‘) _ 4k ( )/ )
(1+ x)ktt k
Proof. First notice that for arbitrary a,b we can compute
a\ - a

[2*](1 + 22)°(1 4 2)® Zz() i Z()xﬂ :ZQJ<_)(k )

i>0 >0 M =0 J —J

So we set a = —(k + 1) and obtain

=32 () () = e () ()

It remains to prove the following identityﬁ

) i(—zrj (k b j) (k:y) _ Qk(a) —;)/2).

=0

To do this, we note that

f:(—w' (k fj) (k—]:j)uj _ (Z>2F1([—k, k1 o+ 1 — Ksu),

=0
and

D((b+1- k)20 +2-k)/2) (")

D((b+1-26)/20(0b+2)/2)  ~  (8)

o P ([, b+ 1] [b+1—k[;1/2) =

by Kummer’s identity [Kum36, Eq. 3, p. 134]. |

The proof above explains the special role of the coefficient a = 2 mentioned in
gIt it is one of the few values, along with 1 and —1, for which there exists a closed
form expression for the evaluation of a o F ([o, 1 — o [y];u) at uw = 1/a.

Now we can proceed and prove the essential lemma for Theorem [l Note that
contrary to Lemma [T the following statement is purely about diagonal coefficients
and not for general exponents anymore. Except for the missing factor (bN *lsz 7k)

and the new two factors 4 and ((bfé)/ 2) the formulas are completely analogous.

5Note that identity (IQ) could alternatively be proven by using Zeilberger’s creative telescoping
algorithm [Zei91], or derived from identity (3.42) in [Gou72, p. 27] by setting 2n — z = b,
multiplying with 2¥ and reverting the summation.
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1080 ALIN BOSTAN AND SERGEY YURKEVICH

Lemma 3. Let N be a positive integer and by, ...,by € Q such that by_1 +by =
—1. For any b € Q the coefficient of z¥ - - 2% in
(I+ai+ - +ayo+2anv1)’ (L+a) A +z+- Fay)™

is given by

e ((b —k1>/2> (bg) , (bm + bm; by +b~ %) .

.<b1+---+bN+b—(N—1)k)
i .

Proof. By the same argument as in the proof of Lemma [I the left-hand side is

equal to (bfcv) multiplied with the coefficient of z¥ - .- 2% | in

N-2 j by
L4z + oy +2en-1)" [[ (”Z“)

j=1 i=1
. (1 T +.’[N,1)bN71+bN_k.
Because the product in the middle does not depend on xx_1 and since we assumed
by_1+ by = —1, we can first compute

b —1-k
k TN-1 TN-1

X 142 1+

[N1]< 1+x1+~-~+9€N—2> ( 1+l‘1+"'+xN—2>

(v

>(1 +x 44 ay_a)7F

by Lemma [Z2l Therefore we are left with

T ()

Jj=1

.(1+x1+,_.+xN_2)bN72+b—2k—1,

which is easily computed using Lemma [T O

Note that the requirement by _1 +by = —1 comes from the +1 in the denomina-
tor of the left-hand side in Lemma[2l Since this identity is itself surprising and does
not allow for obvious generalizations, the condition on the relationship of by _1 and
by is necessary.

2.5. Proof of Theorem [Bl For the proof of Theorem [l we will only use Lemma [T
and algebraic manipulations similar to the proof of Bober’s Lemma 4.1 in [Bob09].
By Lemma [I] we obtain the coefficient of ¢ for any n € N on the left-hand side:

[t"Diag((1 + 1) - (1421 4+ -+ 25)")

_ (b;:;)l_.(b1+...+b];—(N—1)n)_

For the right-hand side we use the fact that for all a,b and non-negative integers n
it holds

(a/b)n((a+1)/b)n -+ ((a+b=1)/b)n - 0" = (a)on.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.
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Then
N—k+1

o Ey _ (_bk - bN)(kaJrl)n
Uk = Hl ()n = (N —k+1)(N-k+Dn 7
1=

forall k =1,..., N. Similarly,

N—-Ek

._ ey (b= = bN)(N—k)n
Vk = H(UZ )n— (N—]{i)(N_k)" ’
i=1

foral k=1,...,N —1. Clearly Vy = Hf\:ll(vZN)n = (n!)N~=1. We deduce that

[t e Far—1 ([u]; [v]; (—-N)Nt) = H v
" (=bi =+ = bN) (=it 1)n
(=bi =+ = bN) (N—i)n

.
Il
_

—~
|
[t
3
s

|
B
=
=

I
=
=
—
&
|

s
Il
-

o — by + (N = )n)y.

The claim of Theorem [3 follows from the fact that

W (Sbe = = by + (N = B)n),

(=1) n!
:(_1)n<_bk_..._bN+n(N—k+1)n—1>
_ <bk+"'+bN_(N_k)n>'

2.6. Proof of Theorem [4. The proof of Theorem Ml is very similar: we will use
Lemma [Bland the same reasoning as before. The only difference lies in the fact that
because the hypergeometric function has one parameter less, we need to redefine
Un-1,Vn—1 and Vy. Recall that the denominator of Uy was given by (N — k +
)(N k+1)n and it cancelled with the denominator of Vi_;. In the present case,
U ~v—1 will have no denominator and therefore 22" from VN 5 survives. This fits
with the 4 in the statement of Lemma[Bland is another indicator for the importance
and essence of the constant a = 2.
Using Lemma [B] we obtain the coefficient of t" for any n € N on the left-hand
side:

[t"]Diag((l 4214+ 2xNy-1+ ZZ?N)bR(I1, ce ,xN))

e ((b —nl)/2> (b;;,) . <bN2 + bz\,,l;r by +b— 2n>

.<b1+~'~—|—bN—|—b—(N—1)n)'

n

By the same reasoning as before, we have forall k=1,... , N —2 N
U B Ni_k[+1(~k) B (—bk — o —by — b)(N—k+1)n
k= Ui Jn = (N —k+ 1)(N—k+1)n )

=1
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and similarly

N—k
_ gy (Zbe = =N = D) (N _k)n
Vk = | | (U )n - (N — k;)(N—k)n )

fork =1,...,N—2. Clearly Vy_; := Hf:ll(ﬁNfl)n = (n)N~"' and we set Vi = 1.

7

Moreover, this time we have Uy_1 == (a¥ 1), = ((1 — b)/2),. Altogether, we find

n N 5
aeEar-a( s o (-3)¥0) = = T 7
( 1)nN22n(( /2 N N— 2 ..... —bN _b)(N i+1)n . (_bN _b)n
B ( =1 0T — by _b)(N in 1
1b2nN2 ) (—by—- - —by + n)  (=1)*(—bx—b)
4()( )/2) H n!N( ))_()(n!N)_

=1

Using the same final observation as before we conclude the proof.

3. ALGEBRAICITY AND HADAMARD GRADE

3.1. Algebraic cases. We address here the following question: given by,...,by €
Q, by # 0, when is the diagonal

Diag(R(x)) = Diag((1 + 1) - (1 + 21 4 -+ -+ ax5)")
an algebraic function?
Corollary 1. Diag(R(x)) is algebraic if and only if N =2 and by € Z, or N = 1.

In the proof below we will use several times the following useful fact [Chrl5l
Thm. 33]: if a generalized hypergeometric function is algebraic, then its monodromy
weight is zero, that is the number of integer bottom parameters is at most equal to
the number of integer top parameters.

Proof. By Theorem [ it is sufficient to study the algebraicity of the generalized
hypergeometric function H(t) defined by

N(N+1)/2FN(N+1)/2—1 ([ula'"auNila_bN];[Ula'"aUN71a1517"'71];t)7
where u* and v*, k =1,..., N — 1 are defined like in §ZI

(b bl bl (bbbl bl
BN N R R T\ e

fOl“bZ—(bk-i-bz-f—"'-f—bN) and / = N — k.

By definition, N —1 of the bottom parameters are ones. We claim that each tuple
u® contains at most one integer and if it does contain one, then v* does as well.
From the definition of u* it follows that if some u¥ € Z then b € Z and b= —i + 1
mod ¢ + 1. This shows that for any k = 1,..., N — 1 at most one u¥ € Z. Because
of the definition of v* we see that if b € Z and b =i mod ¢ for some i € {1,...,¢},
then v¥ € Z. This proves the claim.

Henceforth, in order to introduce new integer parameters on the top, while not
creating equally many on the bottom, it is only possible to choose —by integer.

Therefore, in order to achieve monodromy weight zero — a necessary condition for
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algebraicity of H(t) — we need to have N — 1 < 1. From the same argument it
follows that in the case N — 1 =1, we need to have —by € Z.

Obviously for N = 1 the diagonal is algebraic, so it remains to prove that,
conversely, when —by, =: S is an integer and by = R € Q arbitrary, then the
diagonal in

(11) Diag <%> — P ({S;R,S_fﬂ,s} ;[1,S—R];4t)

is an algebraic function. If R is an integer too, this follows from [PI22[Fur67]. In
the general case, one can rewrite the sF5 in (II]) as the Hadamard product

(12) 3F2({S;R,S_];+1,S} ;[I,S—R];t)

:2F1<[S_R S_R+1];[S—R];t)*(1—t)_s.

2 7 2
The o F} is algebraic as it corresponds to Case I in Schwarz’s table [Sch73|. Since
S is an integer, (1 — )~ is a rational function. We conclude by applying Jungen’s
theorem [Jun31l, Thm. 8]: the Hadamard product of an algebraic and a rational
function is algebraic; see also [Sta99, Prop. 6.1.11]. O

3.2. Hadamard grade. Recall that the Hadamard grade [AMFT11] of a power
series S(t) is the least positive integer h = h(S) such that S(¢) can be written as
the Hadamard product of h algebraic power series, or oo if no such product exists.
Since algebraic power series are diagonals [Fur67, §3], and diagonals are closed under
Hadamard product [Chr88|, Prop. 2.6], any power series with finite Hadamard grade
is a diagonal Thm. 7]. Conversely, it is not clear whether diagonals always
have finite Hadamard gradeﬁ

A natural question in relation with Corollary[dlis the following: given by,...,by €
Q, determine the Hadamard grade of Diag(R(x)) = Diag((1 + z1)" --- (1 + x1 +
-4 xn)"), or at least decide if it is finite or not. We have the following result
as an application of the classification in 89] (in particular case 1 in Table 8.3)
and our main theorem.

Corollary 2. The Hadamard grade of Diag(R(x)) is at most N.

Proof. Like in the proof of Corollary [, we define

. b b+1 b+ ¢ and ok b b+1 b+¢—1

RN A R | S\ e Y ¢
forb=—(bp+ba+---+by),{=N—-—kand k=1,...,N —1. Then by Theorem [
it is sufficient to study the Hadamard grade of
H(t) = N(N+1)/2FN(N+1)/2—1 ([ul, . ,’U,Nil, —bN]; [Ul, . ,’UNil, 1,1,..., 1];t) .

Now notice that

H(t) = nFrnoa([u']; o)) x o P (w1 oV t) 0 Fo ([0 [131),

and that each hypergeometric function in the Hadamard product is algebraic by

[BHRY, Thm. 7.1]. O

6There exist diagonals of any prescribed finite grade [RRI4, Cor. 1 & 2], assuming the
Rohrlich-Lang conjecture Conj. 22]. If Christol’s conjecture also holds, there exist diag-
onals of infinite grade [RR14}, Prop. 1].
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For instance, by Theorem [Tl when S =1, R = 1/2, the diagonal

. (1 -y — )"
D
188 <(1 — X1 — T2 — 1‘3)5

is a transcendental 5F}, which can be written as the Hadamard product of two

algebraic functions
A (23] M) et - v
2471 676 ) ) )

(the o Fy being algebraic by Schwarz’s classification [Sch73]), hence its Hadamard
grade is 2

Similarly, the diagonals from () and (@) have Hadamard grade 2 due to the
identities

2 58 2 2 58 1 2
F 22201 2] ) =.F 2220012 2. 1)~ /2
’ 2(|:9’9,9:|7|:73:|’t) ’ 2([979’9:|’|:2’3:|’t>*( t)
14 7] [1] ) 14 7] [11] oy
3F2(|:97979:|7|:173:|at)_3F2<|:97979:|7|:273:|7t>*(1 t)

and due to the fact that the two 3F5’s on the right-hand side are algebraic by the
interlacing criterion Thm. 4.8]; see Figure [Tl for a pictorial proof, where red
points correspond to top parameters, and blue points to bottom parameters (and
the additional parameter 1).

More generally, the diagonal from (@) has Hadamard grade 2 due to the identity

JFy 1-R 2—-R 3—-R 1 Rl:t) =
{ Jin =)

and

3 7 3 7 3

1-R 2—-R 3—-R 1

F 15 1= R|t) x(1—1)71/2
32(|: 3 ) 3 ) 3 :|a|:2, R:|7>*( ) )

since the 3F5 on the right-hand side is an algebraic function for any R € Q (with

Fig. Mreplaced by a similar one, containing only interlacing blue right triangles and

red equilateral triangles).

OOOOO0O

FiIGURE 1. A pictorial proof of the algebraicity of
3F2([; %,%] [1,1 R];t) for R € {3,3 There
are ¢(18) = 6 conditions to check, which lead to two distinct

interlacing configurations.

This observation provides an alternative (and probably the shortest) proof that
the hypergeometric functions in (2)), ([B]) and (@) are diagonals of algebraic functions.
However, this viewpoint does not yield such a compact diagonal representation as
found in [AKM20] and in our main theorem.

The same observation also quickly solves two more cases amongst the 16 cases
in the list [BBCHMI12] p. 58], namely those 3F5 ([N1/9, N2/9, N5/9];[1, M1/3];t)
for which (Ny, No, N3; My) is (1,4,7;2) or (2,5,8;1).
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Furthermore, using the interlacing criterion it is easy to see that the hyperge-
ometric function 3F5([1/9,4/9,7/9]; [a,b]; t) is algebraic if (a,b) or (b,a) occurs in
the set

{(3/4,1/4),(2/3,1/3),(2/3,1/6),(1/2,1/3),(1/2,1/6) }.

Similarly, 3F5([2/9,5/9,8/9]; [a, b]; t) is algebraic if (a,b) or (b,a) is part of
[(5/6,1/2), (5/6,1/3), (3/4,1/4), (2/3,1/2), (2/3,1/3)}.
Moreover, both 3 F5 ([i, %, %} ; [%, %] ;t) and 3F5 ([%, %, g] [g, 3} t) are algebraic.
The previous analysis proves Corollary

Corollary 3. The hypergeometric function
3F2 ([AaBaC] ; [LD] 7t)
has Hadamard grade 2 (hence is a diagonal) for (A, B,C; D) in the following set

{(1/4,3/8,7/8; 1/3), 1/4,3/8,7/8;2/3), (1/8,5/8,3/4;1/3), (1/8,5/8,3/4;2/3),
(1/9,4/9,7/91/2), (1/9,4/9,7/9:1/3), (1/9,4/9,7/9;1/4), (1/9,4/9,7/9;1/6),
, (1/9,4/9,7/9; 3/4)7 (2/9,5/978/9;1/2)7 ,

(2/9,5/9,8/9;1/4), (2/9,5/9,8/9:2/3), (2/9,5/9,8/9;3/4), (2/9,5/9,8/9;5/6)}.

Note that the authors of [BBCHM12 produced in 2011 a list of 116

potential counter-examples to Christol’s conjecture; they displayed a sublist of 18
cases in the preprint [BBCHMI2, Appendix F], of which they selected 3 cases that
were published in [BBCHMI3, §5.2]. As of today, to our knowledge, the 3 cases
in [BBCHM13] are still unsolved|] while 2 of the 18 cases in have been
solved in [AKM20] (in red, above) and 2 others in the current paper (in orange,
above). From the list of 116 cases, only 2 were previously solved, in [AKM20].
Corollary [ solves 14 cases more, raising the number of solved cases to 16 (out
of 116). Finally we note that another 24 cases could be resolved with the ansatz
3Fy ([A, B,C|;[1,D];t) = oF1 ([A, B];[r];t) x oF1 ([C, 7] ; [D] ;) and finding r» € Q
such that both hypergeometric functions on the right-hand side are algebraic. The
remaining 76 cases, however, seem to be much more difficult.
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"Rivoal and Roques proved in [RRI4, Proposition 1] that one of the 3 cases
in §5.2], namely 3F» ([%, %, %] ; [1, %] ;t), has infinite grade assuming the Rohrlich—
Lang conjecture [Wal06, Conj. 22]; the status of the analogous statement for Christol’s

3 I ([%7 %, %] ; [1, %] ;t) is still unclear.
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