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Abstract

We compare the complexities of multipoint polynomial evaluation and interpolation. We show
that, over a field of characteristic zero, both questions have equivalent complexities, up to a constant
number of polynomial multiplications.
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1. Introduction

Multipoint polynomial evaluation and interpolation are ubiquitous problems. They can
be stated as follows:

Evaluation: Given some evaluation points, ..., x, anq the coefficientgy, ..., p, ofa
ponnomiaIP, cpmputg t_he vglueB(x,-) = Z'};o pjxl'./, fori =0,.. 1

Interpolation: Given distinct interpolation pointsy, ..., x, and given some values
qo, - - - » qn, COmpute the unique coefficients, . . ., p, such thaﬂ?zo pj.xi] = ¢; holds

fori =0,...,n.
Note in particular that we are concerned only with dense, univariate evaluation and interpo-
lation algorithms: we shall consider neither multivariate polynomials nor specific questions
arising with sparse polynomials, as for instancé2i
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It is known that the complexities of evaluation and interpolation are closely related: for
instance, the interpolation algorithms of Lipsi@9], Fiduccia[12], Moenck and Borodin
[21], Borodin and Moenck5] and Strassef26] all require to perform a multipoint evalu-
ation as a subtask. Thus in this note, rather than describing particular algorithms, we focus
on comparing the complexities of both questions, that is, on reductions of one question to
the other.

Close links appear when one pyiogram transpositioiechniques into use. Roughly
speaking, such techniques prove that an algorithm that performs a matrix—vector product
can be transformed into an algorithm with essentially the same complexity, and which
performs the transposed matrix product. These techniques are particularly relevant here, as
many relations exist between Vandermonde matrices, their transposes and other structured
matrices such as Hankel matrices.

Using such relations, reductions of interpolation to evaluation, and conversely, have
been proposed in, or can be deduced f{8M0,13,15,16,19,22,23Nevertheless, to our
knowledge, no equivalence theorem has been established for these questions. All results
that we are aware of involve the following additional operation: giwgn. ., x,,, compute
the coefficients of [/_o(T — x;), that is, the elementary symmetric functions. . ., x,.

If we denote byE(n), I(n) andS(n) the complexities of multipoint evaluation, interpolation
and elementary symmetric functions computation e+l points, then the above references
yield

[(n) € O(E(n) +S(n)) and E®n) € O((n) + S(n)).

The best currently known result givésn) € O(M(n) log(n)), whereM(n) is the cost

of degreen polynomial multiplication (se¢14, Chapter 10] Thus, the above estimates

are of little help, since it is already known that bdifrn) andl(n) are in QM(n) log(n))

[5,6,21,26]

Our purpose in this note is to reduce the gap, replacing the t&(msy M) in the

above estimates, in the case when the base field has characteristic zero. With this improve-

ment, such estimates become useful, since for instance they now imply that improving the

O(M(n) log(n)) bound for either evaluation or interpolation entails a similar improvement

for the other problem.

Actually, we prove a sharper statement: it is known that evaluation or interpolation sim-
plifies for particular families of points (e.g., geometric progressions); see for indthiite

and the comments below. We take this specificity into account; roughly speaking, we prove

that:

e Given an algorithm that performs evaluation on some distinguished families of points,
one can deduce an algorithm that performs interpolation on the same families of points,
and with essentially the same complexity, up to a constant number of polynomial multi-
plications.

e Given an algorithm that performs interpolation on some distinguished families of points,
one can deduce an algorithm that performs evaluation on the same families of points, and
with essentially the same complexity, up to a constant number of polynomial multiplica-
tions.
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We can infer two corollaries from these results. First, we deduce the estimates
I(n) € O(E(n) + M(n)) and E®m) € O(l(n) + M(n)),

as claimed above. Our second corollary relates to results [ftpriThat article studies the

families ofn + 1 points inC on which any degrea polynomial can be evaluated in time

O(M(n)). Our results show that these are precisely the families of points on which any

degreen polynomial can be interpolated in timg/®(r)). For instance, it is proved by Aho

et al.[1] that given any, b, ¢, z € C*, any degree polynomial can be evaluated on the

sequence + bz’ + ¢zZ in time O(M(n)). We deduce that as soon as all these points are

distinct, any degrer polynomial can be interpolated on this sequence in tiflgl@)) as

well.

Our approach closely follows the ideas given in the references mentioned above, notably
[10,19] We will use reductions of one problem to the other; the underlying ideas are
borrowed from these two references. To perform both reductions, we have to compute the
symmetric functions in the sample poinig, . . ., x,,. Technically, we will prove that the
cost of this operation reduces to that of either interpolation or evaluation, up to a constant
number of polynomial multiplications. To do so, the main ideas are the following:

e Suppose that an algorithm that performs interpolatiarpat. . , x, is given. We cannot
use it to deduce the polynomial = [];_,(T — x;) directly, sinceF has degree + 1.
Nevertheless, we can recover the polynonjifl ; (T — x;) by interpolation, since it
has degree, and its values ato, ..., x, are easy to compute. Then, recoverkgs
immediate.

e Suppose that an algorithm that performs evaluatiamat. ., x, is given. By transpo-
sition, this algorithm can be used to compute the power sums of the polynémial
[T/_o(T — xi). Then one can deduce the coefficient§dfom its power sums using the
fast exponentiation algorithm of Bref&] and Schénhagg4].

The rest of this paper is devoted to give a rigorous version of these considerations and their

consequences. In the next section, we first precise our computational model, and then state

our results in this model. Then, we present basic complexity results for polynomials and
power series. The next two sections give the proofs of the main theorems and we conclude
by discussing a closely related problem.

Finally, let us mention other problems in a similar vein, namely to obtain equivalence re-
sults for other evaluation and interpolation questions, notably Newton or Hermite problems.
We leave them as further work.

2. Computational model, main result

Our basic computational objects ateaight-line programgallowing divisions), which
are defined as follows. Let = Ao, ..., A, be afamily of indeterminates over a fiddd_et
us defineg_, = Ao, ..., go = A,. A straight-line programl” is a sequencey, ..., g1 C
k(A) such that for X ¢ < L, one of the following holds:

e gy =/, withlek;
o gr=Axgi,withlek,xe{+,—, x,-}and—r<i < ¢;
o gy = gi*xgj,Withx € {+, —, x, +},0rge = —g; —g;, with, in both cases;r <i, j < .
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These rational functions are tivestructionsof I'. Thesizeof I is L and it is denoted by
s(I'); theoutputof I' is a sequencé&y, ..., G, of elementsifg_,, ..., gr}. I isdefined
atapointz = ao, . .., a, € k"t1if a cancels no denominator {g1, . . ., g }; in this case,
we say that” computesG; (a))o<i<s ON inputa.

In the sequel, we have to consider algorithms that take as input both the sample points
x = xo, ..., x, and the coefficients (resp. values) of a polynorRialVe will allow arbitrary
operations on the sample points. On the other hand, since we compute linear functions of
the coefficients (resp. values) Bf we will only allow linear operations on them; this is
actually not a limitation, because in this case any non-linear step can be simulated by at
most 3 linear steps (s¢®, Theorem 13.1][27]).

Formally, we will thus consider straight-line programs taking as input two families of
indeterminategl andB, allowing only linear operations on the second family of indetermi-
nates. The straight-line programs satisfying these conditions are die¢ar straight-
line programgor simplylinear straight-line programpgand are defined as follows, compare
with [9, Chapter 13]

LetA = Ag,..., A andB = By, ..., By be two families of indeterminates over a field
k. Let us defing_, = Ao, ..., g0 = A, andy_; = By, ..., 7o = Bs. A B-linear straight-
line programI” is the data of two sequencgs ..., g C k(A)andyq, ..., vy C k(A)[B]

such thatgs, ..., gz satisfy the axioms of straight-line programs and, feat/& < M, one
of the following holds:

o v, =Ay,WithdlekU{g_,, ..., gL} and—s<i < m;

ey, =%V :i:yj,with —s<i,j <m.

In particular,y,, ..., 7, are linear forms irB, as requested. The sequenges .., g, and
Y1, - - -» ¥ form theinstructionsof I'. Thesizeof I" is L + M, and is denoted by(I") as
above; theutputof I' is a sequencéy, ..., G, ofelementsofy_,, ..., v, }. [ isdefined
atapointa = ap,...,a, € k"1 if a cancels no denominator @1, ..., gr}; in this case

we say that” computes the linear form&s,; (a, B))o<i<s On inputa.

We use a function denoted (), which represents the complexity of univariate poly-
nomial multiplication. It is defined as follows: For any= 0, let us introduce the indeter-
minatesA = Ao, ..., A,, B = By, ..., B,, and let us define the polynomialy, ..., C2,
in k[A, B] by the relation

n ) n . 2n .
(Z A,'Tl)( B,'Tl) = ZC[TI
i=0 i=0 i=0

in k[A, B][T]. The polynomialsC; are linear inB (they are of course actually bilinear in

A, B);then, werequire that they can be computed Bylaear straight-line program of size
M(n), that performs no division in the indeterminatésAgain, imposing such conditions

is no limitation, since allowing arbitrary operations would at best gain a constant factor. We
also suppose that the functid verifies the inequality(n1) + M(n2) <M(n1 + n2) for

all n1, n» >0. For instance, the algorithms of Schénhage and Strg&5¢and Cantor and
Kaltofen[11] show that\V(n) can be taken in G:log(n) log(log(n))).

Main results. With these definitions, our results are the following. Roughly speaking,
Theoreml shows that, up to a constant number of polynomial multiplications, evaluation is
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not harder than interpolation, and Theor2iproves the converse assertion. As mentioned
above, we want to take into account the possibility of specialized algorithms, which may
give the result only for some distinguished families of sample points: this is obtained using
suitable hypotheses on the pointsAll results apply on a field of characteristic zero.

Theorem 1. Let I' be a Q-linear straight-line program of size,ltaking as inputX =
Xo,...,X,andQ = Qo, ..., On, and letG = Go, ..., G, € k(X)[Q] be the output of
I'. Then there exists &-linear straight-line progranv of size2L + O(M(n)), taking as
inputX and P = Py, ..., P,, and with the following property

Letx = xo, ..., x, be pairwise distinct points such thatis defined atc and such that
the sequence ; (x, Q) satisfies

n .
Y Gj(x,0x! =Q; fori=0,...,n.
j=0
Then4 is defined ate and the outpufy, ..., H, of 4 satisfies

n .
Hi(x,P):ZijiJ fori=0,..., n.
j=0

Theorem 2. Let 4 be a P-linear straight-line program of size,ltaking as inputX =
Xo,...,X,andP = Py, ..., P,,andletHy, ..., H, € k(X)[P] be the output off. Then
there exists a2-linear straight-line programi” of size3L + O(M(n)), taking as inputX
andQ = Qo, ..., Qn, and with the following property

Letx = xo, ..., x, be pairwise distinct points such thdtis defined atc and such that
the sequencé/; (x, P) satisfies

n .
Hi(x,P) =Y Pjx} fori=0,...,n.
j=0
ThenI is defined akr and the outpuGo, ..., G, of I satisfies

Y Gj(x,Q)x! =0 fori=0,...n.
j=0

3. Preliminaries

Inthis section, we present preliminary results that are needed for what follows. The first of
them is our basic tool, which relates the complexity of computing a linear map to that of its
transpose. Next, we recall some basic complexity results for power series and polynomials.
Finally, we describe how complexity behaves through the composition or evaluation of
rational functions or linear forms.

All straight-line programs considered below are defined over somelfiele suppose
thatk has characteristic zero so as to be able to apply some fast algorithms of&Brand
Schonhagé§24].
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3.1. Program transposition

Inspired by Kaltofen and Yagafl9], Canny et al[10] and Pan23], we will use the
following idea: any algorithm that performs interpolation (resp. evaluation) can be trans-
formed into one that performs the transposed operation. Originating from Bordeijk
and sometimes referred to as Tellegen’s thedi8h thetransposition principlgrecisely
gives this kind of result, and predicts the difference of complexity induced by the transpo-
sition operation; sef9] for a proof and18] for a detailed discussion. In our context, we
easily obtain the following result:

Lemma 1. Let I be a P-linear straight-line program of size,ltaking as inputX =
Xo,..., X, andP = Py, ..., P, and letG = Gy, ..., G, € k(X)[P] be the output of .
Then there exists @-linear straight-line programFJr of sizeL + O(n), with input X and
0 = Qo, ..., Q,,with outputH = Hy, ..., H,, and with the following property

Letx € k"*1 be such thaf” is defined atr and letp : k*t1 — k"*1 be the linear map
p— G(x,p). ThenI'" is defined atr andq — H(x, q) is the transposed map of.

3.2. Polynomial and power series algorithms

In what follows, we need to perform basic operations on polynomials, such as recovering
a polynomial from its Newton sums and conversely. We now discuss fast algorithms for such
questions, of complexity bounded by a constant times that of polynomial multiplication.

Let firstF be a polynomial of degree+ 1 in k[T']. Writing F = [[;_o(T — x;) over an
algebraic closure df, theith Newton sunof F is defined a§;=0x§ (so the Oth Newton
sum isn + 1). Our question will be to compute the first 2 1 Newton sums of. The
following lemma gives a complexity estimate for this operation, using the fact that the
generating series at infinity of the Newton sumg-ois the logarithmic derivative of;
seg[24].

Lemma 2. Letn € N. There exists a straight-line prograf, with input Fo, ..., Fy,
with outputAo, . .., A2, and with the following property. For alf = fo, ..., f, € k*t1,
P, is defined atf and for 0<i<2n, A;(f) is the ith Newton sum of the polynomial
ST _o fiTH + T"*1. Furthermore, the size @, is in O(M(n)).

Conversely, we ask the question of recovering a monic polynomial of degreefrom
its first Newton sums. In characteristic zero, Newton formulas allow one to do this, but
using them has a complexity quadratiainThe following lemma shows that better can be
done; this result originates from Schonh4g4] and uses the exponentiation algorithm of
Brent[8].

Lemma 3. Letn € N. There exists a straight-line prograh, with inputAq, ..., A,41,
with outputFy, . .., F, and with the following property. Foralt = a1, ..., a,41 € Kkt
N, is defined atz and for 1<i<n + 1, g; is the ith Newton sum of the polynomial
ST o Fi(@T! + T"*1. Furthermore the size oN, is in O(M(n)).



A. Bostan, E. Schost / Theoretical Computer Science 329 (2004) 223—-235 229

Next, the following lemma states that a matrix—vector product by a Hankel matrix can be
performed in time proportional to that of polynomial multiplication. This result is classical;
see for instancf8].

Lemma 4. Letn € N. There exists an A-linear straight-line prograhh, with input
So, ..., 82, and Ag, ..., A,, with output Hy, ..., H, and with the following property.
The size of, isinO(M(n)); forall s = so, ..., s2, in k¥t anda = aq, . .., a, in k"1,
H, is defined at: and we have

SO ... S ag Ho(s, a)

Spo-v. S2n an H, (s, a)

Letfinallyn € N, andA = Ag,..., A, andB = By, ..., B, be indeterminates. Then
we will denote byMulTrunc, a B-linear straight-line program that outputs the coefficients
of (Y7o AT (X !_o B:T') moduloT"+2, has sizeMl(n), and performs no division in
the indeterminated.

3.3. Composition rules

In the following sections, we will design algorithms from basic building blocks, such
as polynomial multiplication, or the algorithms mentioned above. Seeing the output of an
algorithm as a sequence of rational functions or linear forms, such constructions correspond
to composition. We now define the corresponding rules for (linear) straight-line programs.

Let X = Xo,..., X, andP = Py,..., P, be two sets of indeterminates. There are
several ways to compose or evaluate rational functiok&Xn and linear forms ik (X)[ P].

We now review them, and show how to translate these operations at the level of (linear)
straight-line programs. Though technical, these definitions bear no difficulty. We leave it
to the reader to check that in all cases, the axioms of (linear) straight-line programs are
satisfied.

e We first consider the composition of rational functions. Let tiee= Go, ..., G, and

G' = Gy, ..., G} be ink(X), and let us writeG'(G) = (G;(Go, - .., Gu))o<i<s- Let

alsoI” andI” be straight-line programs whose outputs @andG’; we now define a

straight-line program that computés(G).

Let g1,..., gL be the instructions of andg], ..., g}, those ofI". For 1<i< L',
let giyr = g/(Go,...,Gp) € k(X). We let I o I" be the straight-line program with
instructionsgy, ..., g7+ and outputG’(G). Then,s(I" o I') = s(I"') + s(I).

e We can also compose linear forms. Let th@r= Go, ..., Gy, letG' = Gy, ..., G be

linear forms ink(X)[P], and writeG'(G) = (G!(Go, ..., Gm))o<i<s. LetI’ andI” be

P-linear straight-line programs whose outputs @eandG’; we now define aP-linear

straight-line program that computés(G).

Letgs,...,grandyy, ..., 7, betheinstructionsdf andg, ..., g;, andy, ..., 7},

those ofI". For 1<i< L/, let giy; = g; for 1<i <M’ lety, ), be the linear form

7:(Go, ..., G,) obtained by composition. We Igt’ e I" be the P-linear straight-line
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program with instructiongs, ..., gr4+z andyy, ..., Y4 p» @nd outputG’(G). Then,
s(I" oIy =s(I") +s(I).

e We next evaluate linear forms on rational functions. @t = Goq,..., G, in
k(X), let G' = Gy, ..., G be linear forms ink(X)[P], and write G'(G) =
(GQ(GO, ..., Gm))o<i<s, Which are ink(X). Let alsoI’ be a straight-line program
andI” a P-linear straight-line program, whose outputs &@andG’; we now define a
straight-line program that computés(G).

Let g1,..., gz be the instructions of and g3, ..., g;, andyi,...,7), those of
I For 1<i<L/, letgiy; = g;, for 1<i <M’ let g; ;4 be the rational function
7:(Go, ..., Gn) € k(X) obtained by evaluation. We |€t«I" be the straight-line program
with instructionsg, . . ., gz 14 am @and outpuiG’(G). Then,s(I" x I') = s(I'") + s(I').

e Let, finally G = Go,...,G, be ink(X) andG" = Gy, ..., G be linear forms in
k(X)[P]. For any linear formg € k(X)[P], writing g = Zogigmgipi with all g; €
k(X), we defineg(G, P) = 20<i<m gi(Go, ..., G,)P;. Then, we defing’ (G, P) =
(GL(G. P))o<i<s-

LetI" be a straight-line program ardd a P-linear straight-line program, whose outputs
areG andG’; we now define &-linear straight-line program that comput€4G, P).

Letgs, ..., g, beinstructions of " andg;, ..., g;, andy], ..., 7}, those ofl". For
1<i<L', letgirr = gi(Go, ..., Gy); for 1<i <M, lety; = y/(G, P). We letI" o T
be theP-linear straight-line programs with instructiogs, ..., gr+r andyy, ..., 7,

and outpuiG’(G, P). Then,s(I" o I') = s(I'") + s (I).

4. From interpolation to evaluation

We now prove Theorem. Given an algorithm that performs interpolation, possibly
on some distinguished families of points only, one deduces an algorithm that performs
evaluation, on the same families of points, and with essentially the same complexity. The
reduction is based on the following matrix identity, which appearddi

1...1 1... x5 SO ... Sy
Xp oo- X 1...x] Sp ... S2n

wheres; = 27:0 x;'. is theith Newton sum of’ = []'_,(7 —x;). We rewrite this identity as
(VYHV = H, whereH is the Hankel matrix made upas, . . ., s2, andV the Vandermonde
matrix made upony, . .., x,. This in turn yieldsV = (VH)~1H.

Using this last equality, we deduce the following algorithm to evaluate a polyndmial
on the pointse, . . ., x,; this algorithm appeared originally [&0] in a “transposed” form;
see alsg22].

(1) Compute the Newton sumss, ..., sz, of F = [[/_o(T — x;).

(2) Computep’ = Hp, whereH is defined as above andis the vector of coefficients
of P.

(3) Compute(VH~—1p'.
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Our contribution is the remark that the first step can be essentially reduced to perform a
suitable interpolation. Consider inde¢d= [[;_;(T — x;). Then we have the equalities

fao) = [[o—x) and f(i)=0,  i>0.
i=1

The value f (xg) can be computed in @) operations. It then suffices to interpolate the
valuesf (x;) atxo, ..., x, to recover the coefficients éfsince this polynomial has degree
n. Then, the coefficients d&f = (T — xp) f can be deduced for @) additional operations.
Finally, we can compute the first2-1 Newton sums df for O(M(n)) additional operations
following Lemma2; this concludes the description of Step 1.

On input of the Newton sums, . .., s2, and the coefficients d?, Step 2 can be done
in time O(M(n)) sinceH is a Hankel matrix. It then suffices to perform a transposed
interpolation to conclude Step 3. To summarize, our algorithm requires one interpolation
and one transposed interpolationgt. . ., x,,, and QM (n)) additional operations; in view
of Lemmal, this gives Theoren.

Let us now give a formal proof of our assertions. [dbe a linear straight-line program
of sizeL as in Theorent, andI'T the linear straight-line program obtained by applying
Lemmalto I'. Letx be as in Theorerh and letP,, andH,, be as in Sectio.2

Next letn, be a straight-line program performing®) additions and multiplications,
with input X, ..., X, and outpuf [/_;(Xo — X;),0,...,0and lety, = I+ ;. Then on
inputx, n, computes the coefficients of the polynonfialefined above.

Let 55 be obtained by adding @) additions and multiplications t,, so as to compute
the coefficients of, and lety, = P, o n3. Then on input, 1, computes the first2+ 1
Newton sums ofF.

We finally definens = H, ¢ 14 andng = I'"e ns. Then on inputy, 5 computes the
linear formspy, ..., p, defined above, ang; computes the values Bfat the pointg. The
size estimates given in Secti@rshow that the size ofg is 2L + O(M(n)), as requested,
concluding the proof.

Finally, we note that the idea of using interpolation algorithms to compute the elementary
symmetric functions (in the context of bounded-depth arithmetic circuits) is attributed to
Ben-Or by GrolmusZ17].

5. From evaluation to interpolation

We finally prove Theorer2. Given an algorithm that performs evaluation, possibly on
some distinguished families of points only, one deduces an algorithm that performs interpo-
lation, on the same families of points, and with essentially the same complexity. Consider
the matrix—vector product

1...x Po q0



232 A. Bostan, E. Schost / Theoretical Computer Science 329 (2004) 223—-235

Our goalisto computg = po, ..., p, oninputy. To do so, we first consider the transposed
problem, that is, computing’ = p, ..., p, oninputg, wherep’ is given by
1...1 Po q0
: : =] (2)
B P qn

To solve this question, we use a reduction that appearddi9n(see alsq23] for an
alternative formula originating frorfi5], which requires essentially the same operations).
Itis easily checked thatthe generating se@es Y "_,¢; T satisfies the following identity:
n n J#
Q- MMA-xT=X{p, 11 @—x;T)) mod7" .
i=0 i=0 0<j<n ’

Define

F:fﬂT—m)am G:T”%ﬂﬂvzﬁu—mn,
i=0 i=0

n j i
H= <p£ jl‘[ (1—x,-T)> and [ =T"H(1/T)
0

] 0<j<n

J#
= <le [T (T —x.,-)) .

i=0 0<j<n
Then we haveH = QG mod7"*+! and pi = I(x;)/F'(x;). We deduce the following
algorithm for recoveringy, . .., p;, fromqo, ..., g,. This originally appeared if19] and
follows [29].

(1) ComputeF = [['_o(T — x;) andG = T"F1F(1/T).
(2) ComputeH = QG modT"*Yandl = T"H(1/T).
(3) Evaluatd andF’ onxo, ..., x, and outputl (x;)/F’(x;).

As in the previous section, our contribution concerns Step 1. We show that computing
is not more costly than performing an evaluation and some polynomial multiplications.

Indeed, let us compute the transposed evaluation on the set of pgints, x, with
input valuesxo, ..., x,: this gives the first Newton sums Bf Z?zoxi’, forl<j<n+1.
Then following Lemma3 we can recover the coefficients of the polynonfidor O(M(n))
operations. This concludes the description of Step 1.

Step 2 can then be done fibt(n) operations, and Step 3 for two multipoint evaluations
plusn + 1 scalar divisions. This algorithm thus requires two evaluations and one transposed
evaluation ato, . .., x,, and QM(n)) additional operations. Transposing backwards an-
SWers our question.

We now give a formal proof of Theore Let 4 be a linear straight-line program of
sizeL as in Theoren and 4" be obtained by applying Lemndato 4. We next takec as
in Theorem?. Let finally N,, be as in SectioB.2andX the straight-line program of size 0
that hasXo, ..., X, for input and output.

We first defined; = AT « X andd, = N, o 81. Then on inputx, d2 computes the
coefficients ofF. By adding GQn) operations ta,, we define a straight-line prograia

=
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that computes the coefficients Bf; by reversing the order of the output®f, we define a
straight-line progrand4 that computes the coefficients Gf

Let nowMulTrunc, be as in Sectio.2and defineds = MulTrunc, ¢ d4; then on input
x, 05 computes the coefficients &f. By reversing the order of the output &, we define
a linear straight-line progrady that computes the coefficients lof

Next, letus introducé; = 4 edg andog = Axd3. Oninputx, they respectively compute
the values/ (x;) and F’(x;). Let finally Div be the linear straight-line program that takes
X, Q as input and output®o/ Xo, ..., 0,/ X,. We conclude by definingg = Div ¢ dg
ando1g = dge 7. Then oninpuk, 610 computes the valugs defined above. By the results
of Section3, it has size 3 + O(M(n)). Applying Lemmal to 610 concludes the proof.

6. Further results

Givenx = (xo, ..., x,), let us denote byinComb, the following operation of linear
combination:

n J#i
1
c=0(co,....cp) €k — S ] (T — x;).
i=0 0<j<n

The complexities of this operation and those of multipoint evaluation and interpolation
are closely related: the classical interpolation algorithms use this operation as a subtask
(which was also used in the previous section). To conclude this paper, we will establish that
this operation has a complexity equivalent to evaluation and interpolation, up to suitable
correcting terms in QM (n)). We will keep our discussion informal, leaving it to the reader

to formalize these arguments in our complexity model. In what follows, we wfite

[Ti—o(T = xp).

From linear combination to multipoint evaluation. Suppose thatan algorithm that per-
forms theLinComb operation atx = xo, ..., x, IS given. We show how to deduce an
algorithm for evaluation at.

Applying LinComb, to the vector(1, 0, ..., 0), we obtain the coefficients of the poly-
nomial f = F/(x — xg); then, the polynomiaF can be recovered frorhusing Qn)
additional operations. Suppose now that we want to evaluate a polynBnaiek. Let
G =T""'F(1/T),Q =T"P(1/T)andR = Q/G moduloT"+1. Then it was shown by
Bostan et al[6] that the value® (xp), ..., P(x,) are obtained by applying the transpose of
LinComb, to the polynomiaR. A power series division at precisiant 1 requires QM (n))
operations. Using Lemmp we deduce that the complexity of multipoint evaluation &
bounded from above by twice the complexity of performirigComb at x and QM ®#))
additional operations.

From interpolation to linear combination. Suppose that an algorithm that performs in-
terpolation atr = xg, .. ., x, iS given. We show how to deduce an algorithm for performing
the linear combination at.
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The Lagrange interpolation formula implies that the matrix of the linear combination
equals

1... x5 -1 F'(xg) ... O

1...x] 0 ... F'(xp
On the other hand, the valués(xo), ..., F'(x,) can be recovered by performing a trans-
posed interpolation at, due to the equality

1...17To 1/F'(xo)

xg ...x) 1 1/F (x,)

These matrix equalities show that performing the linear combination amounts to atransposed
interpolation, followed by a direct interpolation.atThus, the complexity ofinComb, is
bounded from above by twice that of interpolationcand Qin) additional operations.
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