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Abstract

We propose fast algorithms for computingcomposed productsandcomposed sums, as well asdiamond
productsof univariate polynomials. These operations correspond to special multivariate resultants, that we
compute using power sums of roots of polynomials, by means of their generating series.
c© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Letk be a field and letf andg be monic polynomials ink[T], of degreesm andn respectively.
We are interested in computing efficiently theircomposed sum f⊕ g andcomposed product
f ⊗ g. These are polynomials defined by

f ⊕ g =
∏
α,β

(
T − (α + β)

)
and f ⊗ g =

∏
α,β

(T − αβ),

the products running over all the rootsα of f andβ of g, counted with multiplicities, in an
algebraic closurek of k.

More generally, given a bivariate polynomialH ∈ k[X, Y], of degree less thanm in X and
less thann in Y, we study the fast computation of thediamond product f�H g, which is the
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polynomial of degreeD = mndefined by

f �H g =
∏
α,β

(
T − H (α, β)

)
, (1)

the product running over all the roots off andg in k, counted with multiplicities.
The operation�H was introduced byBrawley and Carlitz(1987). They showedthe following

property: if k is finite, then for large families of polynomialsH , the polynomial f �H g is
irreducible if and only if both f and g are irreducible and their degrees are coprime. Thus,
diamond products are used for constructing irreducible polynomials of large degree over finite
fields; seeBrawley et al.(1999), andShoup(1990, 1994). They occur as subroutines in many
other algorithms, including computations with algebraic numbers, symbolic summation and the
study of linear recurrent sequences. We present these applications inSection 5.

The polynomialsf ⊕ g and f ⊗ g can be expressed by means of bivariate resultants; see for
instance (Loos, 1983):

( f ⊕ g)(T) = ResX( f (T − X), g(X)),

( f ⊗ g)(T) = ResX(Xm f (T/X), g(X)). (2)

A similar formula also holds for the diamond productf �H g:

( f �H g)(T) = ResX
(
ResY

(
T − H (X, Y), f (Y)

)
, g(X)

)
. (3)

Formulae (2) and (3) show that f ⊗g, f ⊕g and f �H g have coefficients ink. They also provide
a way of computing these polynomials. Still, the complexity of the resulting algorithms is not
satisfactory. For instance, iff andg have degrees of order

√
D, the fastest existing algorithms for

bivariate resultants (Schwartz, 1980; Lickteig and Roy, 1996; Reischert, 1997; Lickteig and Roy,
2001) based on Formulae (2) have complexity of orderÕ(D M(

√
D)) field operations, while the

oneexploiting Formula (3) hascomplexityÕ(D2 M(
√

D)).
In this article the symbol̃O indicates the omissionof logarithmic terms, while M(d) stands

for the number of operations ink required to perform the product of two polynomials of degree
at mostd. To provecomplexity estimates, we implicitly use the inequalityM(d1) + M(d2) ≤
M(d1+d2) for all positive integersd1, d2. Using algorithms based on the Fast Fourier Transform
(FFT) (Schönhage and Strassen, 1971; Schönhage, 1977; Cantor and Kaltofen, 1991), see
alsovon zur Gathenand Gerhard(1999, Section 8.2),M(d) can be taken iñO(d). We also use
a function denoted byM(n, d) which represents the complexity of multiplication of two power
series inn variables and truncated at orderd with respect to each variable. By a recent algorithm
by Schost(2005), M(n, d) is in O(n2M(d)dn log(d)). UsingFFT yieldsM(n, d) = Õ(n2dn+1),
which is almost optimal with respect to the sizedn of the support of the power series.

Over fields of characteristic zero, an algorithm for computing composed sums and products
was given byDvornicich and Traverso(1989). The key idea is to represent polynomials by the
power sums of their roots. We will call this theNewton representation. Dvornicich and Traverso
gave formulae expressingf ⊕ g and f ⊗ g in terms of f and g in Newton representation.
However, a direct application of their formulae, combined with the use of Newton formulae
for conversions between Newton representation and the monomial one, led to algorithms of
complexityO(D2) (which is slower than the resultant method).

Brawley et al.(1999) proposed several algorithmic solutions for the composed product and
sum over a finite field. Apart from the resultant method described above, their most efficient
solution has quadratic complexity in the degreeD of the output and works only under the
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assumption of an irreducible output. They also considered the problem of computing the
diamond product. Their algorithm works over a finite field withq elements and has complexity
Õ(D log(q)+ D3), if f andg have degrees of order

√
D.

Our contribution
Our aim is to show that a better complexity can be achieved, in any characteristic. One of the

keysof our approach is the use of fast algorithms due toSchönhage(1982) andPan(2000) for
converting a polynomial from the classical monomial representation to its Newton representation,
and backwards.

Another crucial ingredient is our reformulation, in terms of generating series, of some
formulae byDvornicich and Traverso(1989) expressing f ⊗ g and f ⊕ g in their Newton
representation. This approach enables us to givenearly optimalalgorithms for the composed
product and the composed sum, provided the characteristic ofk is zero or large enough.
Our algorithms use mainly multiplications, inversions and exponentiations of power series, for
which nearly optimal algorithms are known (Sieveking, 1972; Kung, 1974; Brent, 1976); see
also Henrici (1986, Section 13.9), Bini and Pan(1994), Bürgisser et al.(1997, Chapter 2),
von zur Gathenand Gerhard(1999, Section 9.1). Throughout this article, “nearly optimal” means
that the number of operations ink is linear in the size of the result, up to logarithmic factors.

Our algorithm for the composed product can be slightly modified so as to work in small
characteristic as well, but the situation is different for the composed sum. By introducing a new
combinatorial idea, we reduce the computation of composed sums in small characteristicp
to the multiplication of two multivariate power series at order less thanp in each variable.
Combined with the algorithm given bySchost(2005) for multiplying multivariate power series
with respect to partial truncation, this yields a nearly optimal algorithm for composed sums in
small characteristic.

Wealso propose a fast algorithm for computing the diamond product. The heart of our method
consists in relating the Newton representation off �H g to the traces of multiplication by
successive powers ofH in the quotient algebraQ = k[X, Y]/( f (X), g(Y)). This way, the
computation of f �H g mainly reduces to solving thepower projection problemin Q: given
an elementx ∈ Q, compute the sequence�(1), �(x), . . . , �(xN), where� is a linear form onQ

and N ≥ 1. For the latter problem, we propose an algorithm usingO
(√

D(M(D)+ Dω/2)
)

operations ink. In this article ω denotes a feasible exponent of matrix multiplication over the
field k, that is, apositive real number such that any twon× n matrices overk can be multiplied
usingO(nω) operations ink.

The same complexity result for the bivariate power projection has already been given (in
a slightly more general context) byShoup(1994); see alsoKaltofen (2000). Shoup’s result is
an existence theorem; we build upon his idea and we exhibit an explicit algorithm with this
complexity. We refer toSection 4for historical noteson this subject.

Combining our algorithm for the powerprojection problem in the quotientk[X, Y]/( f (X),

g(Y)) with the fast conversion techniques mentioned above we obtain an algorithm for the

diamond product whose complexity is inO
(√

D(M(D)+ Dω/2)
)
. Plugging the best upper

bound known to this dateω ≈ 2.376 byCoppersmith and Winograd(1990), and using FFT for
the power series multiplication, we infer that the complexity of our algorithm is inO(D1.688).1

1 The exponent 1.688 may be slightly improved to 1.667 by using the faster algorithms for rectangular matrix
multiplication byHuang and Pan(1998).



4 A. Bostan et al. / Journal of Symbolic Computation 41 (2006) 1–29

For thetime being, this complexity result has only a theoretical relevance, since the algorithm
corresponding toω ≈ 2.376 is of no practical use. In contrast, usingStrassen’s (1969) algorithm
for matrix multiplication, with exponent log2(7) � 2.807, yields a practicalO(D1.904) algorithm
for the diamond product, whose experimental success is reported inSection 4. Even using naive
matrix multiplication (ω = 3), our algorithm is faster than previously known algorithms roughly
by a factor of

√
D.

We encapsulate our complexity results in the following theorem. Our algorithms for
the composed sums and products and for the diamond product work under no additional
assumption if the base field has characteristic zero or large enough. Over fields of small positive
characteristic, they require some mild assumptions, which are satisfied, for instance, if the output
is squarefree. If these assumptions are not satisfied, then only a divisor of the correct result is
returned.

Theorem 1. Let k be a field of characteristic p and let f and g be two monic polynomials in
k[T] of degrees m and n. Let D= mn.

(1) If p = 0 or p > D, thenthe composed operations f⊗ g and f ⊕ g canbe performed using
O(M(D)) operations in k.

(2) If p < D is larger thanall themultiplicities of the roots of f⊗g, then f⊗g canbe computed

in O
(

p M
( D

p

)
log

( D
p

)+M(D)
)

operations in k.
(3) If p < D is larger thanall themultiplicities of the roots of f⊕g, then f⊕g canbe computed

in O
(

p M
( D

p

)
log

( D
p

)+M
(

log(D)
log(p)

, p
))

operations in k.

Let H ∈ k[X, Y] have degree less than m in X and degree less than n in Y .

(4) If p is zero or larger than all the multiplicities of the roots of f�H g, then f�H g canbe

computed in O
(√

D
(
M(D)+ Dω/2

))
operations in k.

Taking M(D) ∈ Õ(D) andM(n, d) ∈ Õ(n2dn+1) justifies our claims on the near optimality
of our algorithms for the composed product and sum.

Outline of the article
In Section 2, we recall known fast algorithms for the translation between classical and

Newton representation of univariate polynomials. InSection 3we use these results to compute
the composed product and sum, and we present the experimental behavior of the resulting
algorithms. InSection 4westudy the fast computation of the diamond productf �H g and provide
experimental results.Section 5presents applications of composed operations and describes two
related questions: computation of resolvents and Graeffe polynomials.

Notation
– Ns(h) denotes thesth power sumof the roots of a polynomialh ∈ k[T], i.e., the sum

∑
γ γ s,

taken over all the roots ofh in k, counted with multiplicities.
– TheNewton seriesof h is the power series Newton(h) =∑s≥0 Ns(h)Ts.

– If P is a polynomial in k[T] of degree at mostn, we write rev(n, P) for its nth reversal,
namely for the polynomialP

( 1
T

)
Tn.

– Forh > l ≥ 0, we use the operations�.
h, �.�l and [.]hl on P =∑n
i=0 pi T i :

�P
h =
h−1∑
i=0

pi T
i , �P�l =

n−l∑
i=0

pi+l T
i , [P]h

l =
h−l−1∑

i=0

pi+l T
i .
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– Given a power seriesS = ∑i≥0 si Ti ∈ k[[T]] and an integerm ≥ 1, wewrite S mod Tm

for the truncated power series
∑m−1

i≥0 si T i .

– �x� and�x
 respectively denote the largest integer less than or equal tox, and the smallest
integer larger than or equal tox.

– For ak-vector spaceV , we denote byV̂ its dual, that is, thek-vector space ofk-linear maps
� : V → k.

2. Fast conversion betweenpolynomials and power sums

As mentioned in the introduction, the speed-up that we obtain in computing composed and
diamond operations is based on the use of an alternative encoding for univariate polynomials,
the Newton representationby power sums of roots. The use of the Newton representation for
polynomials is classical. It is already present inLe Verrier (1840), and also in Lascoux(1986),
Dvornicich and Traverso(1989), Valibouze(1989), Giusti et al. (1989), Thiong Ly (1989),
Schönhage(1993), González-Vega and Trujillo(1995a,b), González-López and Gonz´alez-Vega
(1998), Rouillier (1999), van Hoeij (2002) and Briand and González-Vega(2002). Pushing
further an idea ofDvornicich and Traverso(1989), we show that Newton representation provides
the appropriate data structure for the efficient computation of composed and diamond operations.

In characteristic zero or larger thanD, any polynomial of degreeD is uniquely determined
by the firstD power sums of its roots. Newton formulae provide a straightforward algorithm to
perform these conversions, butits complexity is quadratic inD. Fortunately, faster conversion
methods exist. We thus recall algorithms due to Sch¨onhage and Pan in this section; they will
be used as basic algorithmic bricks in the rest of our article. For the sake of completeness, we
collected them under the shape of ready-to-implement pseudo-code.

The structure of this section is as follows. We begin by recalling an algorithm for the
direct conversion (from a polynomial to its Newton representation), which works in arbitrary
characteristic. Next, we deal with the inverse conversion in characteristic zero or large enough.
We conclude the section by presenting an algorithm for the inverse conversion in the positive
characteristic setting.

2.1. From monomial to Newton representation

Schönhage(1982) was the first to propose an efficient algorithm for the translation from
monomial to Newton representation. It is based on the following result.

Lemma 1. Let h be a monic polynomial in k[T], of degree D. Then, the seriesNewton(h) is
rational; moreover, the following formula holds:

Newton(h) = rev(D − 1, h′)
rev(D, h)

.

Proof. Let γ1, . . . , γD be the roots ofh in k. Sinceh =∏D
i=1(T − γi ), we have

Newton(h) =
∑
s≥0

( D∑
i=1

γ s
i

)
Ts =

D∑
i=1

(∑
s≥0

γ s
i Ts

)
=

D∑
i=1

1

1− γi T

= rev(D − 1, h′)
rev(D, h)

. �

Proposition 1. If h ∈ k[T] has degree D and if N≥ D, thenthe first Npower sums of the roots
of h can be computed in O

( N
D M(D)

)
operations in k.
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Input: apolynomialh of degreeD.
Output: Newton(h) at precisionN ≥ D.

A← rev(D − 1, h′)
B← rev(D, h)

B0←
⌈

1
B

⌉D

C0← �AB0
D
l ← ⌊ N

D

⌋
for j from 0 to l do

Cj+1←−
⌈⌊

BCj
⌋

D B0
⌉D

return
∑l

i=0 Ci T Di + O(T N)

Fig. 1. Computing the Newton series of a polynomial.

Proof. By Lemma 1, it is sufficient to prove that if a polynomialA has degree at mostD − 1
and if a polynomialB has degreeD, then the first N ≥ D coefficients of the rational series
A/B can be computed within the announced running time bound. The idea is to proceed by
slicesof size D. We first compute the firstD coefficients of 1/B, using the Sieveking–Kung
algorithm (Sieveking, 1972; Kung, 1974), for a cost ofO(M(D)) operations ink. Denote byB0
the corresponding polynomial, of degreeD−1. We letC0 = �AB0
D and recursively define the
polynomials

Cj+1 = −
⌈⌊

BCj
⌋

D B0
⌉D

, for 0≤ j ≤ �N/D� .
Then, it is easy to check thatA

B = C0 + T DC1+ T2DC2+ . . . and the result follows. �
The corresponding algorithm is summarized inFig. 1.

2.2. From Newton representation to monomial representation

The converse direction is more difficult to handle: while in characteristic zero the Newton
formulae give a one-to-one correspondence between power sums and elementary symmetric
polynomials, in the positive characteristic case distinct monic polynomials of the same degree
may have equal power sums of roots (e.g.,T2 andT2+ 1 overF2). Consequently, the treatment
of this question should take into account the characteristic of the base field. Many efforts have
been made to bypass this difficulty; seeSection 2.2.2for historical details. The content of the
next subsections is encapsulated in the following proposition.

Proposition 2 (Scḧonhage, 1982; Pan, 2000). Let h be apolynomial of degree D in k[T].
(1) If k has characteristic zero or larger than D, then h can be computed from the first D power

sums of its roots within O(M(D)) operations in k.
(2) Suppose that k has positive characteristic p andthat all the roots of h have multiplicities

less than p. Then, thenumber of operations in k needed to compute the polynomial h from
the first2D power sums of its roots is

O

(
M(D)+ p M

(D

p

)
log

(D

p

))
.
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In Section 2.2.1we treat the case of characteristic zero or large enough, since the ideas
involved in that case are important and help understand the extension to the arbitrary positive
characteristic case. The latter case is addressed inSection 2.2.2, where technical details are
intentionally omitted. Instead we preferred to write down complete pseudo-code, to simplify
the task of reading Pan’s original article (Pan, 2000).

2.2.1. The case of characteristic zero or large enough
The exponential of a power seriesF of positive valuation over a fieldk is given by

exp(F) =
{∑

s≥0 Fs/s!, if char(k) = 0,∑p−1
s=0 Fs/s!, if char(k) = p > 0.

The next result is a converse ofLemma 1.

Lemma 2. Let h be a monic polynomial of degree D in k[T], where k is afield of characteristic
zero or largerthan D. Then the following formulaholds:

rev(D, h) = exp

(∫
1

T
·
(

D − Newton(h)
))

.

Proof. Let γ1, . . . , γD be the roots ofh in k. By Lemma 1, it follows that:

rev(D, h)′

rev(D, h)
=
∑

i

−γi

1− γi T
= −

∑
s≥0

(∑
i

γ s+1
i

)
Ts (4)

and, by definition, the right-hand side equals
(
D − Newton(h)

)
/T .

As one can easily verify, forP ∈ k[T] with constant coefficient 1, the formulaP =
exp(

∫
P′/P) holds as soon ask has characteristic zero. The same equality remains valid

moduloT p if p = char(k) is larger than the degree ofP. By applying this fact toP = rev(D, h),
we conclude the proof of the lemma.�

Corollary 1. A monic polynomial h of degree D over a field of characteristic zero or larger
than D can be computed from the first D power sums of its roots within O(M(D)) base field
operations.

Proof. The primitive of the power series(D − Newton(h))/T can be computed at precisionD
in linear time. ByLemma 2, exponentiating the latter series gives the polynomial rev(D, h).
This exponential can be computed withinO(M(D)) field operations, (Brent, 1976). Finally, we
recover the polynomialh = rev

(
D, rev(D, h)

)
. �

The first part of Proposition 2is now proved. The resulting algorithm is presented inFig. 2.
For a polynomialP, we denote byCoeff(P, i ) the coefficient ofTi in P. We use a variant of
the algorithm inBrent(1976) for power series exponential based on Newton iteration, but whose
complexity has a better constant factor and which is similar to that ofPan(1997, Appendix A).

2.2.2. The small positive characteristic case — the Schönhage–Pan algorithm
The conversion from Newton sums to coefficients in small characteristic is a more subtle

problem. Historically, two kinds of approach have been proposed2: on the one hand, the

2 A third approach, specific to finite fields, has been recently developed byBostan et al.(2005), but the input required
by that algorithm is different.
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Input: the firstD terms of Newton(h).
Output: thepolynomialh.

S← (Newton(h)− D)/T
R← 1− Coeff(S, 0)T
n← 2
while n ≤ D do

M ′ ← −
⌈

R′
R + S

⌉2n−1

M ← 1+∑i Coeff(M ′, i )Ti

i
R← �RM
2n

n← 2n
R← �R
D+1

return rev(D, R)

Fig. 2. Recovering a polynomial from its Newton series in characteristic zero.

techniques ofrecursive triangulationoriginated in Kaltofen and Pan(1992, 1994); and on
the otherhand, those usingfundamental sets of power sumsof Schönhage(1993) and Pan
(1996, 2000). The best currently known solution is that ofPan(2000), which inherits ideas
from Schönhage(1993) andfrom the algorithmic improvements inPan(1996, 1997). The first
approach was designed for parallel computations and its sequential complexity is not competitive
with that of the second one; we thus focus on the latter.

Let h be a polynomial of degreeD over a field of characteristic 0< p < D. To recoverh
from its first 2D power sums,Schönhage(1993) proposed the following method:

(1) Compute a polynomialg = Td + g1Td−1+ · · · + gd of degreed > 2D whose firstd power
sums equal those ofh and such thatgip = 0 for i ≥ 1.

(2) Starting fromg, recover the polynomialh.

Intuitively, the polynomialg is obtained by applying toh those Newton formulae which do
not involve division by p and setting the other coefficients to zero. This can be performed using
O(D2) operations ink. In Schönhage(1993) this stage was completed using a reduction to
a triangular linear system of size�D/p�, for a cost of O

(
M(D) + (D/p)2

)
operations ink.

Subsequently,Pan(1996) gave an improved solution for the computation ofg, by adapting
Newton’s iteration in the algorithm ofCorollary 1 to the positive characteristic case, leading
to a cost ofO (M(D)) operations ink for this first stage.

Concerning the second stage,Schönhage(1993) proposed a solution based on the resolution
of a linear system of equations of size�D/p�. This step was accelerated byPan (1997),
who showed that it amounts to solvingp − 1 Padé approximation problems of sizes at most
(D/p, D/p).

For technical details, we refer tothe original articles (Schönhage, 1993; Pan, 1996, 1997,
2000). We give inFig. 3 the algorithm we extracted fromPan(2000). This algorithm takes
as input the first 2D terms of the series Newton(h) and returns the polynomialh. We use the
notationlcm( fi ) for the least common multiple of a family of polynomials( fi ) andPade(S, a, b)
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The Scḧonhage–Pan algorithm

Input: the first 2D terms of Newton(h).
Output: the polynomialh.

S← (Newton(h)− D)/T
R← 1− Coeff(S, 0)T
n← 2
while n ≤ 2D do

M ′ ← −
⌈

R′
R + S

⌉2n−1

M ← 1+∑p� | i Coeff(M ′, i ) Ti

i
g← �2n−1

p �
if gp > n then

A← [R]gp−n+1
1 [M]gp

n
M ← M −∑g

i=� n
p
 Coeff(A, i p − n− 1)Tip

R← �RM
2n

n← 2n
for i from 1 to p− 1 do

di ←
⌊

D−i
p

⌋
Qi ←

∑d+di
j=0 Coeff(R, j p + i )T j

(Ai , Bi )← Pade(Qi , di , d)
H0← lcm(Bi )

Hi ← �Qi H0
di+1

H ← H0(T
p)+∑p−1

i=1 Hi (T
p)Ti

return rev(D, H)

Fig. 3. Recovering a monic polynomial from itsNewton series in small characteristic.

for the Pad´e approximant(A, B) of a power series (polynomial)S, that is the (unique) pair
of polynomialsA and B of minimal degrees such thatB(0) = 1 and suchthat the following
holds:

A− BS= 0 modTa+b+1, deg(A) ≤ a, deg(B) ≤ b.

A conceptually simpler algorithm was given inBostan et al. (2002, Lemma 3). It has
complexity O(M(D) log(D)), which, for fixed p, differs from that of the Sch¨onhage–Pan
algorithm only by a constant factor.

3. Two useful resultants that can be computed fast

Designing nearly optimal algorithms for general bivariate resultants is still an open problem;
seevon zur Gathenand Gerhard(1999, Research problem 11.10). The results of the preceding
section enable us to give such algorithms for the particular cases of the composed productf ⊗ g
and composed sumf ⊕ g. Our algorithms are based on formulae expressing the Newton series
of f ⊗ g and of f ⊕ g in terms of those off andg.
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3.1. Computing the composed product

Lemma 3. Let f and g be two polynomials in k[T]. Then:

Newton( f ⊗ g) = Newton( f )� Newton(g),

where� denotes the Hadamard (term-wise) product of power series.

Proof. For s ≥ 0, thesth power sum of the roots off ⊗ g is
∑

α,β(αβ)s, the sum running
overall the rootsα of f andβ of g. This sum can be rewritten as

(∑
α αs

) · (∑β βs
)
, which

is the product of thesth power sums of the roots off and of g. This proves that the series
Newton( f ⊗ g) is the Hadamard product of Newton( f ) and Newton(g). �

As a corollary, we obtain the following algorithm forf ⊗ g. Given two monic polynomials
f andg of degreesm andn, we first compute the power series Newton( f ) and Newton(g) up
to precision D = mn. UsingProposition 1, this step requiresO

( D
mM(m)+ D

n M(n)
)

operations
in k. Then we perform, at a cost linear inD, the Hadamard product of Newton( f ) and Newton(g).
By the preceding lemma, we thus obtain the Newton series off ⊗ g at precisionD. We recover
the polynomial f ⊗ g by applying the conversion algorithms inProposition 2. Summing up the
costs of each stage proves the complexity results concerningf ⊗ g in the first two assertions in
Theorem 1.

3.2. Computing the composed sum in characteristic zero or large enough

Let k be a field and E∈ k[[T]] be the power series exp(T), with exp as defined in
Section 2.2.1. Thenour algorithm for f ⊕ g is based on the following lemma:

Lemma 4. Let f and g be two polynomials in k[T]. Then

(1) If the characteristic of k is zero, the following formula holds:

Newton( f ⊕ g) � E= (Newton( f ) � E
) · (Newton(g) � E

);
(2) If p > 0 is the characteristic of k, the following formula holds:

Newton( f ⊕ g) � E= (Newton( f ) � E
) · (Newton(g) � E

)
mod T p.

Proof. We only treat the characteristic zero case; the arguments applymutatis mutandis in
characteristicp, since exp(F + G) = exp(F) exp(G) modT p.

The definition of Newton series shows that

Newton( f ⊕ g) =
∑
s≥0

(∑
α,β

(α + β)s

)
Ts,

the second sum running over the roots off andg. The conclusion now reads∑
s≥0

∑
α,β (α + β)s

s! Ts =
(∑

s≥0

∑
α αs

s! Ts

)
·
(∑

s≥0

∑
β βs

s! Ts

)
and we are done, as the latter equality simply translates the fact that∑

α,β

exp
(
(α + β)T

) = (∑
α

exp
(
αT
)) · (∑

β

exp
(
βT
))

. �
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As a corollary, we obtain an algorithm for computing the composed sum of two monic
polynomials f andg: first, compute Newton( f ) and Newton(g) to precision D, perform their
Hadamard product with E, then compute the product inLemma 4to recover Newton( f ⊕ g)

at precisionD and finally convert the last Newton series to the polynomialf ⊕ g. Using
Propositions 1and2, this completes the proof of the first assertion inTheorem 1.

3.3. Computing the composed sum in small characteristic

In this section we treat the computation of composed sums in small characteristic. In the case
of large characteristic, our solution involved an identity related to the exponential series. Because
of non-invertible factorials, the definition of theexponential series is problematic in the present
case. In what follows we overcome this difficulty by appealing to certain multivariate exponential
generating series.

We begin by giving the intuition behind our approach on a particular case. Suppose thatf
andg are polynomials over a field of characteristicp > 0; our aim is to express the firstp2

power sums of the roots
∑

α,β(α + β)� in terms of
∑

α α� and
∑

β β�. The firstp of these sums
can be determined using the method in the previous section, which amounts to exploiting the
identity exp((α + β)T) = exp(αT) · exp(βT). For � betweenp and p2 − 1, this method fails,
sinceone is not able to divide byp in k. In contrast, if� is written asi + pj with i and j less
thanp, then theequality(α+β)� = (α+β)i (αp+β p) j suggests the use of the bivariate identity

exp
(
(α + β)T + (α + β)pU

) = exp(αT + αpU) · exp(βT + β pU),

which translates into the following equality modulo(T p,U p):(
p−1∑

i, j=0

(∑
α

αi+pj
)Ti U j

i ! j !

)(
p−1∑

i, j=0

(∑
β

β i+pj
)Ti U j

i ! j !

)

=
p−1∑

i, j=0

(∑
α,β

(α + β)i+pj
)Ti U j

i ! j ! ,

helping us to find the firstp2 power sums off ⊕ g by means of a multiplication of bivariate
power series. We now formalize this idea in the general case.

Let k be a field of characteristicp > 0. For i ∈ N, we write ip = (i0, . . . , i s) for its p-adic
expansion, that is, the (unique) sequence of integers 0≤ i� < p suchthati = i0+i1p+· · ·+i sps.
Let T be an infinite set of indeterminates(Ti )i≥0. We definethe p-exponentialEp ∈ k[[T]] as
the multivariate power series

Ep =
∑
i≥0

Tip

ip! ,

where forip = (i0, . . . , i s), we noteip! = i0! · · · i s! andTip = Ti0
0 · · · Tis

s . For f ∈ k[T], we
define thep-Newton series of fas the multivariate power series

Newtonp( f ) =
∑
i≥0

Ni ( f )Tip .

By definition, in each variable, the degree of Newtonp( f ) is smaller thanp. With this notation,
our algorithm for f ⊕g in small characteristic is based on the following results, which generalize
Lemma 4.
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Lemma 5. Let k be a field of characteristic p and let f∈ k[T]. Then:

Newtonp( f )� Ep =
∑
s≥0

∑
f (α)=0

(
s∏

�=0

exp(αp�

T�)

)
,

where� denotes the term-wise product of multivariate power series.

Proof. By definition, the left-hand side equals

∑
i≥0

ip=(i0,...,is)

Ni ( f )

i0! · · · i s! Ti0
0 · · ·Tis

s =
∑
s≥0

∑
f (α)=0

 ∑
0≤i0<p···
0≤is<p

αi0+i1 p+···+is ps

i0! · · · i s! Ti0
0 · · · Tis

s

 .

The lemma follows, since all the summation indicesi� vary independently and

∑
0≤i�<p

αi� p�

i�! Ti�
� = exp(αp�

T�). �

Lemma 6. Let k be a field of characteristic p> 0 and let f and g be two monic polynomials in
k[T]. Then thefollowing identity holds:

Newtonp( f ⊕ g)� Ep =
(
Newtonp( f )� Ep

) · (Newtonp(g)� Ep
)

mod (T p),

where(T p) denotes the ideal generated by the monomials Tp
0 , . . . T p

s , . . . in k[[T]].
Proof. By Lemma 5, wecan rewrite the left-hand side as∑

s≥0

∑
f (α)=0
g(β)=0

exp
(
(α + β)T0

) · · · exp
(
(α + β)ps

Ts
)

and the right-hand side as∑
s≥0

∑
f (α)=0
g(β)=0

exp(αT0) exp(βT0) · · ·exp(αps
Ts) exp(β ps

Ts).

The conclusion of the lemma follows, using the fact that the series

exp
(
(α + β)p�

T�

) = exp
(
αp�

T� + β p�

T�

)
is equal to exp(αp�

T�) exp(β p�
T�) moduloT p

� for any� ≥ 0. �

Via the fastconversion algorithms inSection 2, the preceding lemma enables us to reduce
the computation of the composed sum of characteristicp > 0 to a single multiplication of
multivariate series involving afinite number of variablesand of degree less thanp in each
variable. Precisely, to recover the polynomialf ⊕ g, only 2D terms of its Newton series suffice,
whereD = deg( f ⊕ g), and this means that in thep-Newton series of f ⊕ g, all we need to
know are coefficients of the monomials containingT0, . . . , Ts, wheres = �log(2D)/ log(p)�.
By Lemma 6, this can be done by multiplying two multivariate power series in at most
log(2D)/ log(p) variables and of degree less thanp in each variable. This completes the proof
of part(3) in Theorem 1.
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Using the algorithm ofSchost(2005), the last multivariate multiplication of power series can
be performed inÕ(pD). A simpler (but slower) alternative algorithm relies on Kronecker’s
substitution, seeKronecker (1882, Section 4) and von zur Gathenand Gerhard(1999,

Section 8.4); its cost is̃O(D1+ 1
log(p) ).

3.4. Experimental results

Wehave implemented the algorithms for the composed sum and product, in their versions for
large or zero characteristic. We used the NTL C++ library as a basis (Shoup, 1996–2005).

Since our complexity estimates are stated in terms of the number of operations executed in
the base field, we have chosen to experiment on finite fields of the formZ/pZ, with p prime. For
such fields, NTL implements polynomial arithmetic using classical, Karatsuba and Fast Fourier
Transform multiplications.

For the tests3 presented inFig. 4, the input polynomials have equal degreesm = n and their
coefficients are chosen uniformly at random; the output has degreeD = m2. We letm vary from
1 to 500 by steps of 8, so thatD varies from 1 to 250 000; the base field is defined by a 32-bit
prime. We stress the fact that such output degrees are met in applications; seeSection 5.

In both cases (composed product and composed sum), the running times present an abrupt
jump when theoutput degreeD passes a power of 2. This feature is actually already present
in polynomial multiplication, and is inherent in NTL’s use of the Fast Fourier Transform: see
Fig. 5, which displays the time for one polynomial multiplication, in the same degree range as
Fig. 4. We also plot the ratios between the times of composed sum (resp. product) and polynomial
multiplication. For large degrees, the ratios do not exceed 5.

We also implemented in NTL an algorithm based on Formulae (2), as well as the algorithm
by Dvornicich and Traverso(1989). The bivariate resultant computation relies on NTL’s built-in
implementation of both quadratic and fast algorithms for univariate resultants. The latter is used
for m larger than 180, i.e.D larger than 32 400. The experimental timings are given inFig. 6.
A first observation is that, in accordance withtheoretical estimates, the algorithm ofDvornicich
and Traverso(1989) is slower than the resultant based algorithm. The main conclusion is that
these experimental results show that for large degrees, the resultant computations take several
hours, whereas our algorithms require approximately one minute.

4. Computing the diamond product

We finally address the general case: computing thediamond productof f and g. In this

section, we give an algorithm that computesf �H g usingO
(√

D
(
M(D) + Dω/2

))
operations

in k. Anticipating the following section,f �H g is the characteristic polynomial of the image
of H in the quotient algebrak[X, Y]/( f (X), g(Y)). This characterization of the diamond product
enables us to reduce its computation to that of thepower projectionsof H under thetracemap,
followed by a linearly generated sequence recovery.

The origins of this approach can be traced back at least toLe Verrier (1840), who proposed
a method for computing characteristic polynomials of matrices by means of traces of matrix
powers and using Newton identities for the recovery step. The idea of using power projections for

3 All our tests were performed on the computers of the MEDICIS resource centerhttp://www.medicis.polytechnique.fr,
using a 2 GB, 2200+ AMD Athlon processor.

http://www.medicis.polytechnique.fr
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Fig. 4. Composed product and sum (time in seconds versus output degree).

computing minimal polynomials in quotient algebras appears inThiong Ly (1989) andRifà and
Borrell (1991) in the one variable casek[X]/( f (X)). A breakthrough was achieved byShoup
(1994), who was the first to notice that the power projection problem isdual to themodular
composition problem.

Combining a complexity result ofBrent and Kung (1978) for the latter problem with an
algorithmic theorem calledTellegen’s principle, Shoup proved the existence of an algorithm
solving the power projection problem within the same complexity as ours, even for the more
general algebrak[X, Y]/( f (X), g(X, Y)). Still, Shoup gave no explicit algorithm. InShoup
(1995, Section 4.1 and 7.5) he partially filled in this gap and proposed a “baby step/giant step”
algorithm for the power projection in the univariate case, in the FFT polynomial multiplication
setting; in a subsequent article (Shoup, 1999, Section 2.2), he extended his algorithm to the
bivariate case, and independently of the polynomial multiplication model.Yet, in the complexity
of algorithms inShoup(1995, 1999), the termDω/2 is replaced byD3/2. Finally, Kaltofen(2000)
describes the bivariate power projection and its relation to modular composition.

In this section, we follow the steps of Kaltofen and Shoup and we solve the power projection
problem for the quotient algebraQ = k[X, Y]/( f (X), g(Y)) within the complexity predicted
by Tellegen’s principle. This is done by applying effective transposition techniques byBostan
et al.(2003a) to Brent and Kung’s algorithm for modular composition inQ. We refer toBostan
et al. (2003b) for a description of the general multivariate power projection problem, and its
applications to the context of polynomial system solving.
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Fig. 5. (a) polynomial multiplication (time in secondsversus output degree). (b) (composed product or sum
time)/(multiplication time) versus output degree.

4.1. Computations in the quotient algebra

Let Q be the quotient algebrak[X, Y]/( f (X), g(Y)). In the restof this section, we repeatedly
use thetrace, which is alinear form defined onQ: the trace ofA ∈ Q is defined as the trace of
the map of multiplication byA in Q.

Our algorithm for the diamond product is based on the following fundamental fact, which
is sometimes referred to as Stickelberger’s Theorem; seeCox et al.(1998, Proposition 2.7): for
any A in Q, the characteristic polynomial ofA equals

∏
α,β

(
T − A(α, β)

)
, where the product

runs over all the roots off and g counted with multiplicities. As a corollary, we have the
following:

Lemma 7. Thepolynomial f �H g is the characteristic polynomial of H in Q. The sth power
sum of theroots of f�H g is the trace of Hs in Q.

The second part ofLemma 7together with the fast conversion algorithms ofSection 2show
that the proof of the final part ofTheorem 1amounts to giving a fast computation scheme for the
first traces ofH s in Q. This is the object of the following proposition.

Proposition 3. Given N≥ 1, the sequence
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Fig. 6. Composed product (a) and sum (b) by resultant computation, respectively byDvornicich and Traverso(1989)
algorithm (time in seconds versus output degree).

trace(1), trace(H ), trace(H 2), . . . , trace(H N−1)

can be computed within O
(√

N M(D)+ DN(ω−1)/2
)

base field operations.

The proof of the complexity estimates inTheorem 1follows directly: fromProposition 2,
the number of traces to be computed is at most 2D, andby Proposition 3, this has complexity
O
(√

D(M(D) + Dω/2)
)
. ThenProposition 2and the obvious inequalityp M( D

p ) log( D
p ) ≤

M(D) log(D) show that the cost of recovering f �H g from the power sums of its roots is
negligible. Thus, we now concentrate on provingProposition 3.

4.2. Power projection

Computing the traces of the firstN powers ofH is a particular instance of thepower projection
problem: given a linear form� on thek-algebraQ, compute the image of� under the linear map

Q̂ → k[[T]]<N

� �→
N−1∑
i=0

�(H i )Ti + O(T N).

It is useful to notice thatk[[T]]<N naturally identifies, as ak-vector space, with the dual of
the spacek[T]<N formed by polynomials of degree at mostN − 1. Under this identification,
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the linear map defining the power projection is the transposed map of themodular composition
(polynomial evaluation) by H :

k[T]<N → Q
p �→ p(H ).

Now, an algorithmic theorem calledtransposition principle, or Tellegen’s principle, states,
roughly speaking, that for any algorithm computing a linear map there exists an algorithm
that computes the transposed map using almost the same number of arithmetic operations
(see the next proposition for a precise statement). In our situation, this principle establishes
a computational equivalence between the dual problems of modular composition and power
projection. This observation is due toShoup(1994); see alsoKaltofen(2000).

Tellegen’s principle canbe phrased in terms oflinear straight-line programs; these are
“ordinary” straight-line programs, that use only linear operations; see Chapter 13 inBürgisser
et al.(1997) for precise definitions. The complexity of a linear straight-line program is measured
by its size, that is, the number of operations it uses.

Proposition 4 (Bürgisser et al., 1997, Th.13.20). Let M be a m× n matrix with zr zerorows
and zc zero columns. For every linear straight-line program of size L that computes the matrix-
vector productMv there exists a linear straight-line program of size L− n+m− zr + zc that
computes the transposed matrix-vector productM trv.

Paterson and Stockmeyer(1973) proposed a “baby-step/giant-step” algorithm for the modular
composition byH , requiring the computation ofonly

√
N powers ofH . The key idea is to

seep(H ) as a polynomial inH
√

N of degree
√

N. Computing its coefficients amounts to
√

N
modular compositions of polynomials of degree at most

√
N by the same element H. Brent

and Kung(1978, Algorithm 2.1) remarked that thesesimultaneousmodular compositions can
be performed usingD/

√
N products of pairs of

√
N × √N matrices. Adding theO(

√
N)

multiplications in Q, the total cost of this algorithm is

O
(√

N M(D)+ DN(ω−1)/2).
Tellegen’s principle implies that the power projection problem can also be solved within
O
(√

N M(D)+ DN(ω−1)/2
)

operations ink.
We now make explicit and effectively transpose themaps involved in the algorithm for

modular composition described above. In order to simplify notations, setr =
⌊√

N
⌋

and

G = Hr . For a polynomialp = p0+· · ·+ pN−1T N−1, setp̃i = p(i−1)r+· · ·+ pir−1Tr−1. After
precomputing the elements 1, H, . . . , Hr , Brent and Kung’s modular composition algorithm
decomposes intothree linear maps, as follows:

k[T]<N → k[T]<r × · · · × k[T]<r → Q× · · · × Q → Q

p(T) �→
(

p̃1(T), . . . , p̃r (T)
)

(q1, . . . , qr ) �→
(
q1(H), . . . , qr (H)

)
(A1, . . . , Ar ) �→ ∑r

i=1 Ai Gi−1

– Thefirst one is a splitting map, so that no arithmetic operation is required.
– The second map isM �→ HM, whereH is ther × D matrix whose columns contain the

coordinates of the firstr − 1 powers ofH .
– The third map is computed using a Horner-like method.
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Input: H in Q, � in Q̂, N ≥ 1 in N.
Output: the series

∑N−1
i=0 �(H i )Ti + O(T N).

r ← �√N�, s← �N/r 

H0← 1Q

for p from 1 to r do
Hp← H · Hp−1

M1← the D × r matrix whosepth column isHp−1
�0← �

for q from 1 to s− 1 do
�q ← Hr ◦ �q−1

M2← thes× D matrix whoseqth row is�q−1
M ← M2M1

return
∑
1≤i≤s
1≤ j≤r

M[i , j ]T (i−1)r+ j−1 + O(T N)

Fig. 7. Bivariate power projection.

We now proceed to inspect the transposed maps. Concerning the last one, we first note that,
by definition, the transpose of the usual product mapB �→ AB on Q is the mapQ̂ → Q̂ that
associates to� ∈ Q̂ the linear form

A ◦ � : Q → k
B �→ �(AB).

We use the classical denominationtransposed productfor the operationA ◦ �. An important
property is that it endows the dual̂Q with a Q-module structure. With this notation, transposing
Horner’s rule amounts to computingG ◦ �, thenG ◦ (G ◦ �) and so on. The transpose of the
second map is simply given byM �→ HtrM and that of the first map can be computed for
free.

In summary, reversing the arrows in the previous diagram gives the following decomposition
of the power projection map; recall that 1, H, . . . , Hr−1 andG = Hr are precomputed.

k[[T]]<N ← k[[T]]<r × · · · × k[[T]]<r ← Q̂× · · · × Q̂ ← Q̂∑r
i=1 Si T (i−1)r ←� (S1, . . . , Sr )(∑r−1

i=0 � j (H i )Ti
)

1≤ j≤r
←� (�1, . . . , �r )

(�, . . . , Gr−1 ◦ �) ←� �

The corresponding algorithm for the power projection works as described inFig. 7; therein we
denoted byM[i , j ] the(i , j )th entry of a matrixM and by 1Q the unity of the algebraQ.

Apart from the computation of a product of two rectangular matricesM1 and M2 of sizes√
N × D andD ×√N, this algorithm requires

√
N multiplications in Q and

√
N transposed

products. Decomposing the matricesM1 andM2 into D/
√

N square matrices of size
√

N allows
us to compute their productM2M1 within O

(
DN(ω−1)/2

)
operations ink. In thenext sections, we
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give explicit algorithms for the product and the transposed product inQ, whichhave complexity
O(M(D)). This concludes the proof ofProposition 3.

In contrast toShoup’s (1999) algorithm for the power projection, our algorithm uses fast
matrix arithmetic. Interestingly, inKaltofen and Shoup(1998, Algorithm AP), arelatedquestion,
theautomorphism evaluation problem, is solved in a similar fashion.

4.3. Representing the linear forms

The quotient algebraQ has a canonical monomial basis: sincef has degreem and g has
degreen, then

M = {xi y j , 0 ≤ i ≤ m− 1, 0 ≤ j ≤ n− 1}
forms a monomial basis ofQ, wherex andy are the images ofX andY in Q. Thelinear forms
will be given by their coefficients in the dual basis ofM, that is,by thelist of their values on the
elements inM. Then the cost of a single evaluation ismn= D operations in the base field. As
a preamble to our algorithm, it is necessary to compute the trace of all elements in the basisM.

Let us thus consideri in 0, . . . , m − 1 and j in 0, . . . , n − 1. By Stickelberger’s theorem,
the trace ofxi y j equals

∑
α,β αi β j ; thenLemma 3shows that this trace is the product of the

coefficients ofTi in Newton( f ) andT j in Newton(g). The series Newton( f ) and Newton(g)

can be computed at precision respectivelym andn in O(M(max(m, n))) base field operations.
Then by the above reasoning, the value of the trace form on the canonical basisM can be
computed formn= D additional multiplications.

4.4. Complexity of the product in Q

Due to the very specific form of the ideal defining our quotient algebraQ =
k[X, Y]/( f (X), g(Y)), one can design the following algorithm for the product inQ. It takes
as input two elementsA, B in Q. To obtain AB in Q, we first compute their product as plain
polynomials ink[X, Y], then reduce this product modulo( f (X), g(Y)).

We use Kronecker’s substitutionX ← T, Y ← T2m−1 to reduce the computation of the
product ofA and B as polynomials ink[X, Y] to a univariate multiplication of polynomials of
degree at most 2mn− m− n < 2D. This can be done in complexityO(M(D)). Theresulting
productP = AB is a bivariate polynomial of degree at most 2m− 2 in X and at most 2n − 2
in Y. We next reduce it modulo the ideal( f (X), g(Y)); this is done in two steps.

We first considerP as a polynomial ink[X][Y] and we reduce all its coefficientsPj (X)

modulo f , using the variant of Sieveking–Kung’s algorithm (Sieveking, 1972; Kung, 1974)
described invon zur Gathenand Gerhard(1999, Algorithm 9.5): givenPj , compute Sj =
�u · rev(2m− 2, Pj )
m−1, whereu denotes the power series 1/rev(m, f ) at precisionm; then
Pj mod f is given byPj − rev(m− 2, Sj ) · f . Besides the precomputation ofu, whose cost is
3M(m)+O(m) base field operations, seevon zur Gathenand Gerhard(1999, Theorem 9.4), this
algorithm uses at most 2n(2M(m)+ O(m)) = 4nM(m)+ O(D) operations ink.

We have obtained a bivariate polynomial of degree at mostm− 1 in X and at most 2n − 2
in Y, whichwe now view ink[Y][X]. The final step consists in reducing its coefficients modulo
g(Y). This is done using again Sieveking–Kung’s algorithm, within 2mM(n)+O(D) operations
in k, plus theprecomputation of 1/rev(n, g), of cost 3M(n)+O(n). As bothmM(n) andnM(m)

are at mostM(mn) = M(D), our algorithm for the product inQ usesO(M(D)) operations ink.
We give the corresponding pseudo-code inFig. 8.
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Input: A, B ∈ Q = k[X, Y]/( f (X), g(Y)).
Output: the productAB in Q.

C(T)← A(T, T2m−1) · B(T, T2m−1)

u← �1/rev(m, f )
m−1

for j from 0 to 2n− 2 do

Pj ←∑2m−2
i=0 Coeff(C, (2m− 1) j + i )Xi

Sj ← �u · rev(2m− 2, Pj )
m−1

Pj ← Pj − rev(m− 2, Sj ) · f
v← �1/rev(n, g)
n−1

for i from 0 to m− 1 do

Qi ←∑2n−2
j=0 Coeff(Pj , i )Y j

Ri ← �v · rev(2n− 2, Qi )
n−1

Qi ← Qi − rev(n− 2, Ri ) · g
return

m−1∑
i=0

Qi (Y)Xi

Fig. 8. Bivariate modular multiplication.

4.5. Complexity of the transposed product

In this section we propose an algorithm for the transposed product inQ, whose complexity is
the same as that of the multiplication inQ. As noticed byShoup(1994), Proposition 4already
implies that such an algorithm exists; our contribution is to exhibit a simple, ready-to-implement
one. We derive it by applying the program transformation techniques introduced byBostanet al.
(2003a) to the algorithm of Section 4.4. Roughly, this works as follows. Given a program, we
decompose it into “elementary” blocks of instructions, then go through from the bottom to the
top andtransposeeach block. In this process, the ascendingfor loops are transformed into
descending ones, and input and output are swapped. We refer toBostanet al.(2003a) for details.

In our case, two main procedures have to be transposed: the bivariate polynomial
multiplication using Kronecker’s substitution on the one hand, and Sieveking–Kung’s algorithm
onthe other hand. The latter is explicitly transposed byBostanet al.(2003a). Since Kronecker’s
substitution is the identity map in the canonical bases,transposing it is immediate, so it remains
to transpose the univariate polynomial product involved in the bivariate multiplication. The
transposed map of the multiplication by a fixed polynomialP of degreem is the middle
productdefined byHanrot et al.(2004): it sendsQ of degree at mostm+ n to the polynomial
[rev(m, P) · Q]m+n+1

m , denotedmult (n, P, Q). By Proposition 4it can be computed for the
cost of one multiplication of two polynomials of degreem and n, up to O(m) operations;
see Hanrot et al. (2004) and Bostan et al. (2003a) for explicit algorithms. Note that the
transposed Sieveking–Kung’s algorithm inBostanet al.(2003a) also uses middle products. The
corresponding algorithm goes as inFig. 9.

This program has been constructed by operating some transformation on the instructions of
the program for the dual question inSection 4.4. Its correctness is guaranteed by the validity
of these transformations techniques. However, weconclude this section by interpreting what is
computed.
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Input: A in Q = k[X, Y]/( f (X), g(Y)), � in Q̂.
Output: the transposed productA ◦ �.

v← �1/rev(n, g)
n−1

for i from m− 1 downto 0 do

Qi ←∑n−1
j=0 �(xi y j )Y j

Ri ← mult (n− 2, g, Qi )

Qi ← Qi − Xn�Ri · v
n−1

u← �1/rev(m, f )
m−1

for j from 2n− 2 downto 0 do

Pj ←∑m−1
i=0 Coeff(Qi , j )Xi

Sj ← mult (m− 2, f, Pj )

Pj ← Pj − Xm�Sj · u
m−1

P(X, Y)←∑2n−2
j=0 Pj (X)Y j

C← mult
(
2mn−m− n, A(T, T2m−1), P(T, T2m−1)

)
return

∑
0≤i≤m−1
0≤ j≤n−1

Coeff(C, (2m− 1) j + i )Xi Y j

Fig. 9. Bivariate transposed product.

The algorithm takes as input a linear form� in Q̂. Since f (x) = 0 in Q, for any integerj ≥ 0,
the sequence�(xi y j )i≥0 satisfies a linear recurrence with constant coefficients, of characteristic
polynomial f . Theproblem of extending such a linear recurrent sequence is dual to the division
with remainder byf , seeBostanet al.(2003a, Section 5), so in the firstfor loop, the algorithm
computes the values�(xi y j ), for 0 ≤ j ≤ n − 1 andm ≤ i ≤ 2m − 2. Similarly, after
the pass through the secondfor loop, all the values taken by� on the monomials in the set
M2 = {xi y j , 0 ≤ i ≤ 2m − 2, 0 ≤ j ≤ 2n − 2} are computed; these values are encoded
in the polynomialP(X, Y). By definition of the middle product,one can finally check that the
algorithm outputs the part supported byM in the product A( 1

X , 1
Y ) · P(X, Y), that is,in the

product

A
( 1

X
,

1

Y

)
·

∑
xi y j∈M2

�(xi y j )Xi Y j .

Proposition 1 inBostanet al.(2003b) shows thatthis part gives the coefficients ofA ◦ � in the
dual basis ofM and this finishes an alternative proof of the correctness of our algorithm.

4.6. Experimental results

We implemented our diamond product algorithm in the NTL C++ library (Shoup, 1996–
2005); we implemented theversion for large or zero characteristic, for base fields of type
Z/pZ, with p prime. Our implementation uses Winograd’s variant ofStrassen’s (1969) matrix
multiplication algorithm; it alsouses the implementation of transposed polynomial multiplication
developed byBostanet al.(2003a).
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Fig. 10. Diamond product (time in seconds versus output degree).

Fig. 11. Respective times for polynomial multiplications andlinear algebra by classical and Strassen’s algorithm (time
in seconds versus output degree).

The data used to test the diamond product are similar to those ofSection 3.4: the input
polynomials f (X) and g(Y) have equal degreesm = n and their coefficients are chosen
uniformly at random; the output has degreeD = m2. The polynomialH is randomly chosen
of degree less thanm in both X andY. We letm vary from 1 to 425; the base field is defined by
a32-bit prime.

Fig. 10 shows the time for the diamond product computation, using both classical and
Strassen’s matrix multiplication. Again, the abrupt time jumps that occur at powers of 2
come from the Fourier transform. InFig. 11, we separate the times used in the polynomial
multiplication and transposed multiplication step, on the one hand, and the linear algebra step,
using respectively classical and Strassen multiplication, on the other hand. The polynomial
multiplication step is predominant, but the ratio between this step and the linear algebra one
actually reduces as the degree grows.

Recall that the diamond product algorithm handles matrices whose sizem= √D variesfrom
1 to 425. It appears that for such sizes, using a fast matrix multiplication algorithm does have a
practical significance on the whole diamond product computation time. Indeed we save a factor
of up to 3 on the linear algebra phase, and more than 25% on the whole computation time.
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5. Applications and related questions

To conclude this article, we present situations where composed operations, notably sums and
products, are useful.

Algebraic numbers. One may represent an algebraic number by its minimal polynomial. If
α andβ are two algebraic numbers represented by their minimal polynomialsf (x) andg(y),
the sumα + β is represented by one of the irreducible factors of the composed sumf ⊕ g.
The productαβ is represented by one of the irreducible factors of the composed productf ⊗ g
(subtractionsα − β and divisionsα/β can be handled similarly). Thus the resultant methods
described inLoos(1983) andCohen(1993) can be replaced by our faster solutions, even though
factoring the output remains necessary and is possibly costly.

We mention thatKaltofen(2000) presents an alternative solution for this question: it consists
in factoring f in the algebraic extensionQ[y]/(g(y)) beforehand, and then computing a power
projection modulo a system of the formg(y) = 0, h(x, y) = 0. Thus, the factorization in degree
deg( f )deg(g) overQ is replaced by a factorization in degree deg( f ) in anumber field of degree
deg(g).

Algebraic functions.Our algorithms also adapt to operations over Puiseux series as it suffices
to operate with a base field of the formk(z). As a matter of fact, ideas similar to the ones
developed inSection 3prove useful in determining the generating function of walks over the
half-line determined by a fixed finite set of allowed jumps; see the “Platypus Algorithm” [sic]
and the discussion ofBanderier and Flajolet(2002, pp. 56–58). (There the problem is to calculate
the minimal polynomial satisfied by a productα1 · · ·αk of k distinct branches of an algebraic
function defined byP(z, α) = 0.)

Dispersion set of polynomials.In many algorithms for symbolic summation (e.g.,Abramov,
1971; Gosper Jr., 1978; Abramov, 1989; Petkovšek, 1992; Paule, 1995) one has to compute
the dispersion setof two polynomials, that is, the set of the (integer) distances between their
roots. Classically, this is done by computing the polynomial whose roots are the elements of
the dispersion set. The latter polynomial is again a resultant of the particular form discussed
in Section 3and can be computed quickly using our algorithms. Alternative methods for
determining the dispersion set have been designed byMan and Wright(1994) and Gerhard
et al.(2003). It would be interesting to carefully compare the (bit) complexities and the practical
performances of these algorithms.

Irreducible polynomials. Constructing irreducible polynomials of prescribed degree over
finite fields is a useful but difficult task. It serves, for instance, to implement arithmetic in
extension fields. The most efficient algorithm known is due toShoup(1990, 1994): it consists in
first constructing irreducible polynomials whose degree is a prime power, then combining them
by means of composed products. InShoup(1994), the second step is achieved by a minimal
polynomial computation, which has complexityO

(
D(ω+1)/2

)
, whereD is the output degree.

Thanks to our algorithm for the composed product, the cost of this step becomes linear inD, up
to logarithmic factors.

Point counting. Designing genus 2 hyperelliptic cryptosystems requires determining the
cardinality of the Jacobian of genus 2 curves defined over finite fields. When the base field is
a prime fieldof the form Z/pZ, a commonly used solution is the extension byGaudry and
Harley(2000) of Schoof’s (1985) algorithm for elliptic curves, which requires to compute torsion
subgroups of the Jacobian.
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Workingout the details, one is led to solve systems of the form

f (x1)

g(x1)
= f (x2)

g(x2)
,

h(x1)

g(x1)
= h(x2)

g(x2)
,

where f, g, h are univariate polynomials. Taking into account the symmetry inx1, x2, we wish
to compute an eliminating polynomial forx1+ x2. This can be done through a suitable resultant
computation, but the denominatorsg(x1) andg(x2) create high-degree spurious factors in this
resultant, which should be found and removed. The parasites are powers of the composed sum
of g with itself; in their cryptographic-size record,Gaudry and Schost(2004) encounter degrees
in the range of several hundreds of thousands. To treat problems of such sizes, the use of our fast
algorithms for composed sums becomes necessary.

Linear recurrent sequences with infinitely many zeros.A classical result (Berstel and
Mignotte, 1976) asserts that a linear recurrent sequence has infinitely many zero terms if its
minimal polynomial f has a unitary pair, that is, if it has two roots whose ratio is a root of unity.
Yokoyama et al.(1995) give algorithms to test this condition, and if so, to find the order of the
multiplicative group generated by the corresponding roots of unity. The most time-consuming
part of their algorithm is the computation of a polynomial whose roots are the ratios of all pairs
of roots of f . This directly reduces to the computation of a composed product, for which our
algorithms apply.

Shift of polynomials. In von zur Gathenand Gerhard(1997), six algorithms for computing
shif ts of polynomials are proposed and their complexity is analyzed. A seventh algorithm can
be deduced as a straightforward application of our algorithm for the composed sums, since
f ⊕ (T + a) is the shift polynomial of f by a. In characteristic zero, the complexity of
this algorithm is linear (up to logarithmic factors) in the degree off , in terms ofbase field
operations. Yet, the convolution method ofAho et al.(1975) is better by a constant factor. In
small characteristic, the analysis has yet to be done.

Construction of polynomials that are hard to factor. Our algorithms for composed sums
can be used to compute the Swinnerton–Dyer polynomials (Zippel, 1993, p. 305), defined
as
∏

(T ±√p1± · · · ± √pn), where the product runs over all 2n possible combinations of
± signs and p1, . . . , pn are distinct primes. They also apply to the computation of their
bivariate analogues (Zippel, 1993, p. 340), which are the bivariate polynomials of total degree
D = 2n defined by Sn(X, Y) = ∏

(Y ±√X + 1± · · · ± √X + n). (These families of
polynomials are known to exhibit the worst possible case for factorization algorithms, over
Z[T] and k[X, Y], based on the “lift and recombine” strategy.) Without getting into details,
an evaluation/interpolation scheme together with our algorithms for composed sums allow the
computation ofSn(X, Y) in O(D M(D)) operations ink, which isagain nearly optimal in the size
of the output. Similarly, one can compute all the “hard to factor” polynomials inKaltofen et al.
(1983). Moreover, performing composed sums of polynomials of Swinnerton–Dyer type allows
one to build polynomials of prescribed degrees which are irreducible inZ[T], but reducible
modulo any primep. This yields a constructive proof of the result inBrandl (1986), in the case
of nonsquarefree degrees.

Resolvents.Resolvents are an important tool in Galois theory, notably for thedirect problem
of determining the Galois group of an irreducible polynomialf of degreem. Their factorization
patterns help determine the Galois group off . For h ≤ m, an exampleof such a resolvent
is the polynomial f +h of degreeN = (m

h

)
, whose roots are the sumsαi1 + · · · + αih , with
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1 ≤ i1 < · · · < i h ≤ m, where(αi )1≤i≤m are the roots off . This differs from thehth
iterated composed sum, since repetitions of roots are not allowed here. Yet, the methods we
havepresented help answer some simple cases, as illustrated in the next example.

Let f (T) = T7 − 7T + 3 be the Cartier polynomial introduced byGiusti et al.(1989), and
F = f +3 thepolynomial whose roots are all sums ofh = 3 distinct roots of f . To prove thatthe
Galoisgroup of f is not the symmetric groupS7, it is enough to check thatF is not irreducible.
The polynomialF has degree 35, so knowing its Newton series to order 35 suffices to recover it.
To do this, we first decomposef ⊕3 = f ⊕ f ⊕ f as

f ⊕3 =
∏
α

(T − 3α) ·
∏
α �=β

(
T − (α + 2β)

)3 · ∏
α �=β �=γ �=α

(
T − (α + β + γ )

)6
.

Then, using the definitionF = ∏
α �=β �=γ �=α

(
T − (α + β + γ )

)
and the equalities∏

α

(T − 3α) = f ⊗ (T − 3) and
∏
α �=β

(
T − (α + 2β)

) = f ⊕ ( f ⊗ (T − 2)
)

f ⊗ (T − 3)

enables us to express Newton(F) as

1

6

(
Newton

(
f ⊕3)+ 2 Newton

(
f ⊗ (T − 3)

)− 3 Newton
(

f ⊕ ( f ⊗ (T − 2)
)) )

.

UsingLemmas 3and4, this seriescan be computed from the series Newton( f ) and exp(T) to
order 35. The polynomialF is then recovered using the algorithms inSection 2. The CPU time
used in a direct resultant computation is about 300 times the whole computation time using our
approach.

A straightforward generalization of this approach for an arbitraryh is not satisfactory, due to
the combinatorial explosion of the number of terms involved. A faster method is presented by
Casperson and McKay(1994) andhas complexitỹO

(
h2N + N2

)
. It is based on the following

recurrence relation, expressingf +h in terms of f + j , for j < h:(
f +h

)h =
h∏

i=1

((
f ⊗ (T − i )

)⊕ f +(h−i )
)(−1)i+1

.

Using this formula and the fast conversion algorithms presented inSection 2reduces the
complexity to Õ (hN). Nevertheless, the degree of the output isN, so an optimal algorithm
for this question has yet to be found.

Characteristic polynomials in univariate quotient algebras.By definition, the diamond
product includes as a very particular case the characteristic polynomial of a univariate polynomial
H (X) in an univariatequotient algebrak[X]/(b(X)). The latter can thusbe computed using
O(
√

n(M(n)+ nω/2)) operations ink, wheren = deg(b) > deg(H ). Theresulting algorithm is
similar to that for minimal polynomials inShoup(1999).

Rothstein–Trager resultants.A special type of bivariate resultant occurs in algorithms for
symbolic integration; seeTrager (1976) andRothstein(1977). Given a(X) andb(X) in k[X]
of degree at mostn, with b squarefree, these algorithms require the computation ofr (Y) =
ResX(Y b′(X)−a(X), b(X)), whichhas degree at mostn. A direct evaluation–interpolationbased
algorithm has complexityO(n M(n) log(n)). A different approach is based on the fact thatr (X)

equals, up to the factor Res(b, b′), the characteristic polynomial ofH (X) = a/b′ modb in
k[X]/(b), thus can be computed as explained in the preceding paragraph.
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Graeffe polynomials.Let f be a monic polynomial of degreem andN be a positiveinteger.
We call theNth Graeffe polynomialof f the polynomial of degreem whose roots are theNth
powers of the roots off .

This polynomial can be obtained usingO(M(mN)) operations ink, by computing the
composed product off andXN−1. Note that the same complexity result is announced inHenrici
(1986, Section 13.8). This is nearly optimal with respect tom, butnot to N. On theother hand,
the Nth Graeffe polynomial off is the characteristic polynomial ofXN modulo f . Computing
XN mod f has complexityO(M(m) log(N)), which isoptimal in N, but thenthe characteristic
polynomial computation has complexity more than linear inm.

For comparison, Graeffe polynomials are computed byvon Haeseler and J¨urgensen(2001) by
means of so-calleddecimation matrices, which are structured (Toeplitz, quasi-circulant)N × N
matrices with polynomial entries of degree at mostm+N

N . Using an evaluation–interpolation
scheme, the cost of this method is dominated by the evaluation ofm determinants ofN×N scalar
Toeplitz matrices. OverC, Toeplitz determinants can be evaluated inO(M(N) log N) operations,
using the algorithm inKravanja and Van Barel(2000).

Is there a way of reducing the cost toO(M(m) log(N))? If N is a power of 2, this can be
achieved using binary powering, but the general case remains open.
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González-López, M.-J., Gonz´alez-Vega, L., 1998. Newton identities in the multivariate case: Pham systems. In: Gr¨obner
Bases and Applications (Linz, 1998). In: London Mathematical Society Lecture Note Series, vol. 251. Cambridge
University Press, pp. 351–366.
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