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Abstract

We propose fast algorithms for computisgmposed produc@asndcomposed sumas well addiamond
productsof univariate polynomials. These operations correspond to special multivariate resultants, that we
compute using power sums of roots of polynomials, by means of their generating series.
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1. Introduction

Letk be a field and lef andg be monic polynomials ik[T], of degeesn andn respectively.
We are inerested in computing efficiently thesomposed sum £ g andcomposed product
f ® g. These are polynomials defined by

fog=[[(T-@+p) and feg=][][(T-0ap),
o, B a,p
the products running over all the roots of f and g of g, counted with multiplicities, in an
algebraic closuré& of k.
More generally, given a bivariate polynomidl € k[ X, Y], of degree less tham in X and
less tham in Y, we study the fastamputation of thediamond product foy g, whichis the
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polynomial of degre® = mndefined by

fong=]](T-H@p), (1)
a.p

the product running over all the roots df andg in k, counted with multiplicities.

The operatior was intoduced byBrawley and Carlit{1987. They showedhe following
property: ifk is finite, then for large families of polynomiald, the polynomialf oy g is
irreducible if ard only if both f and g are irreducible and their degrees are coprime. Thus,
diamond products are used for constructing irreducible polynomials of large degree over finite
fields; seeBrawley et al.(1999, andShoup(199Q 1994). They occur as subroutines in many
other algorithms, including computations with algebraic numbers, symbolic summation and the
study of linear recurrent sequences. We present these applicatiSestion 5

The polynomialsf & gand f ® g can be expressed by means of bivariate resultants; see for
instance l(oos 1983:

(f ® g)(T) = Resc(f (T — X), g(X)),
(f ® 9)(T) = Rex(X™ f (T/X), g(X)). 2

A similar formula also holds for the diamond producty g:

(f oy g)(T) = Resx(Res((T — H(X, V). f(V)), g(X)). 3)

Formulae ) and @) showhat f ® g, f &g and f oy g have coefficients ik. They al® provide

a way of computing these polynomials. Still, themaplexity of the resulting algorithms is not
satisfactory. For instance, ff andg have degrees of ordefD, the fastestxésting algorithms for
bivariate resultantsSchwartz 198Q Lickteig and Roy 1996 Reisclert, 1997 Lickteig and Roy
2009 basd on Formulaed) have conplexity of orderO(D M(+/D)) field operations, while the
oneexploiting Formula @) hascomplexityO(D? M(v/D)).

In this article the symboD indicates the onsisionof logarithmi terms while M(d) stands
for the number of operations krequired to perform the product of two polynomials of degree
at mostd. To prove complexity estimates, we implicitly use the inequalitf(d;) + M(d2) <
M(d1 + dp) for all postive integerds, dy. Using aborithms based on the Fast Fourier Transform
(FFT) (Schonhage and Strassef971; Sctonhage 1977 Canbr and Kaltofen 1991, see
alsovon zur Gatherand Gerharq1999 Sedion 8.2),M(d) can be taken ifD(d). We also use
a function denoted b (n, d) which represents the complexity of multiplication of two power
series im variables ad truncated at ordef with respect to each variable. By a recent algorithm
by Schost(2005, M(n, d) is in O(n?M(d)d" log(d)). UsingFFT yieldsM(n, d) = O(n?d"+1),
which is almost optimal with respect to the sit®of the support of the power series.

Over fields of characteristic zero, an algorithm for computing composed sums and products
was given byDvornicich and Travers¢1989. The key idea is to represent polynomials by the
power sums of their roots. We will call this tiNewton representatiomvornidch and Traverso
gave formulae expressinf) @ g and f ® g in terms of f andg in Newton repesentation.
However, a direct application of their formulae, combined with the use of Newton formulae
for conversions between Newton representation and the monomial one, led to algorithms of
complexityO(D?) (which is slower than the resultant method).

Brawley et al.(1999 proposed several algorithmic solutions for the composed product and
sum over a finite field. Apart from the resultant timed described above, their most efficient
solution has quadratic complexity in the degrgeof the output and works only under the
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assumption of an irreducible output. They also considered the problem of computing the
diamond product. Their algorithm works over a finite field witielements andds complexity
O(Dlog(q) + D3), if f andg have degrees of ordefD.

Our contribution

Our aim is to show that a better complexity can be achieved, in any characteristic. One of the
keysof our approach is the use of fast algorithms du&thonhageg(1982 andPan (2000 for
converting a polynomial from the classical monomial representation to its Newton representation,
and backwards.

Another crucial ingredient is our reformulation, in terms of generating series, of some
formulae byDvornicich and Travers@1989 expressingf ® g and f @ g in their Newton
representation. This approach enables us to gealy optimalalgorithms for the composed
product and the composed sum, provided the characteristic isfzero or large enough.

Our algorithms use mainly multiplications, iessions and exponentiations of power series, for
which nearly optimal algorithms are knowBiéveking 1972 Kung 1974 Brent 1976); see
also Henrici (1986 Sedion 139), Bini and Pan(1994), Burgisser et al(1997, Chapter 2),
von zur Gathemand Gerhar@1999 Section 9.1). Throughout this article, “nearly optimal” means
that the nurber of operations ik is linear in the size of the result, up to logarithmic factors.

Our agorithm for the composed product can be slightly modified so as to work in small
characteristic as well, but the situation is different for the composed sum. By introducing a new
combinatorial idea, we reduce the comgisa of composed sums in small characterigtic
to the multiplication of two multivariate power series at order less than each variable.
Combined with the algorithm given bychost(2005 for multiplying multivariate power series
with respect to partial truncation, this yields a nearly optimal algorithm for composed sums in
small chaacteristic.

We also propose a fast algorithm for computing the diamond product. The heart of our method
consists in relating the Newton representationfofy g to the traces of multiplication by
successive powers dfl in the quotiat algebraQ = k[X, Y]/(f(X), g(Y)). This way, the
computation off oy g mairly reduces to solving thpower projection problenin Q: given
an elemenk € Q, conrpute the sequendgl), £(x), ..., £(xN), wheret is a linear form onQ

andN > 1. For the latter problem, we propose an algorithm usm\é,\/B(M(D) + D‘“/Z))

operations irk. In this aticle w denotes a feasible exponent of matrix multiplication over the
field k, that is, apositive real number such that any two< n matrices ovek can be multiplied
usingO(n®) operations irk.

The same complexity result for the bivagapower pojection has already been given (in
a slightly more general context) byShoup (1994); see alsdKaltofen (2000. Shoup’s result is
an existence theorem; we build upon his idea and we exhibit an explicit algorithm with this
complexity. We refer t&section 4for historical note®n this subject.

Combining our algorithm for the powearojection problem in the quotiek{ X, Y1/(f (X),
g(Y)) with the fast conversion techniques memntd above we obtain an algorithm for the

diamond product whose complexity is @ (JE(M(D) + D‘”/Z)). Plugging the best upper

bound known to this date ~ 2.376 byCoppersmith and Winograd 990, and using FFT for
the power series multiplication, we infer that the complexity of our algorithm 9 (®1-688) 1

1The eponent 1688 may be slightly improved t0.867 by using the faster algorithms for rectangular matrix
multiplication by Huang and Pa(l998.
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For thetime being, this complexity result has only a theoretical relevance, since the algorithm
corresponding ta ~ 2.376 is of no practical use. In contrast, usBigasseis (1969 algorithm

for matrix multiplication, with exponent lgg7) ~ 2.807, yields a practicaD(D*-°%%) algorithm

for the diamond product, whose expeental success is reported$ection 4 Even usng naive
matrix multiplication (w = 3), our algorithm is faster than previously known algorithms roughly
by a factor ofy/D.

We ercapsulate our complexity results in the following theorem. Our algorithms for
the composed sums and products and for the diamond product work under no additional
assumption if the base field has characteristic zero or large enough. Over fields of small positive
characteristic, they require some mild assumptions, which are satisfied, for instance, if the output
is gquarefree. If these assumptions are not satisfied, then only a divisor of the correct result is
returned.

Theorem 1. Let k be a field bcharacteristic p and let f and g be two monic polynomials in
k[T] of degrees m and n. Let B mn.

(2) If p=0or p > D, thenthe conposed operations §& g and f® g canbe performed using
O(M(D)) operations in k.

(2) If p < D is larger thanall themultiplicities of the roots of & g, then f® g canbe computed
in O (p M(%) log (%) + M(D)) operations in k.

(3) If p < D is larger thanall themultiplicities of the roots of &g, then f®g canbe computed

in O (p M(2)log(3) +M ('lgg((g)), p)) operations in k.

Let H € k[ X, Y] have degree less than m in X and degree lessthanninY.
(4) If pis zro or larger than all the multiplicities of the roots of <y g, then foy g canbe
computed in ((JE(M(D) + D‘“/Z)) operations in k.

TakingM(D) € O(D) andM(n, d) € O(n2d"1) justifies our claims on the near optimality
of our algorithms for the composed product and sum.

Outline of the article

In Section 2 we recall known fast algorithms for theanslation between classical and
Newton representation of univariate polynomials.Saction 3we use lhese rsults to compute
the composed product and sum, and we presentetberimental behavior of the resulting
algorithms. InSection 4ve study the fast computation of the diamond prodéict; g and provide
experimental resultsSection Spresents applications of composed operations and describes two
related questions: computation of resolvents and Graeffe polynomials.

Notation

— Ns(h) denotes theth power sunof the roots of a polynomidl € k[T], i.e., the sumZV yS,
taken over all the roots df in k, counted with multiplicities.

— TheNewton seriesf h is the power series Newtdm) = 3 .o Ns(h) TS.

— If P is a polynomial ink[T] of degree at most, we wite reun, P) for its nth reversal
namely for the polynomialP (£)T".

— Forh > | > 0, we use the operatiorig]", [.J; and []" onP = Y"1 o pi T':

h—I-1

h—1 ) n—| , :
PI"=>"pT.  Ph=)_puT, [PI'= D pnT"
i=0 i=0 i=0
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— Given a power seriesS = ZizosT‘ € k[[T]] and an integem > 1, wewrite S mod T™
for the truncated power serigs™ ' s T'.

— | x] and[x] respectively denote the largest integer less than or equaldad the malest
integer largertian or equal to. R

— For ak-vector space&/, we denote byV its dual, that is, thé&-vector space dk-linear maps
£:V — k.

2. Fast conversion betweepolynomials and power sums

As mentioned in the introduction, the speed-up that we obtain in computing composed and
diamond operations is based on the use of an alternative encoding for univariate polynomials,
the Newton representatiohy power sums of roots. The use of the Newton representation for
polynomials is classical. It is already present.iVerrier (1840, and dso in Lascoux(1986),
Dvornicich and Travers@1989, Valibouze (1989, Giusti et al.(1989, Thiong Ly (1989,
Schonhagg(1993, Gonzllez-Vega and Trujilld1995ab), Gonzllez-Lopez and Goralez-Vega
(1998, Rouillier (1999, van Hoeij (2002 and Briand amd Gonzilez-Vega(2002. Pushing
further an idea obvornicich and Travers(1 989, we show that Newton representation provides
the gpropriate data structure for the efficient computation of composed and diamond operations.

In characteristic zero or larger thdh, any polynomial of degree is uniquely determined
by the firstD power sums of its roots. Newton formulae provide a straightforward algorithm to
perform these conversions, bita complexity is quadratic ilD. Fortunatdy, faster conversion
methods exist. We thus recall algorithms due to@dfdge and Pan in this section; they will
be used as basic algorithmic bricks in the rest of our article. For the sake of completeness, we
collected them under the shape of ready-to-implement pseudo-code.

The structure of this section is as follows. We begin by recalling an algorithm for the
direct conversion (from a polynomial to its Newton representation), which works in arbitrary
characteristic. Next, we deal with the inverse conversion in characteristic zero or large enough.
We oonclude the section by predarg an algorithm for the inverse conversion in the positive
characteristic setting.

2.1. From monomial to Newton representation

Schonhage(1982 was the first to propose an efficient algorithm for the translation from
monomial to Newton representation. It is based on the following result.

Lemma 1. Let h be a ronic polynomial in KT], of degree D. The the ®ries Newtor(h) is
rational; moreover, the following formula holds:

rev(D — 1, h)
rev(D, h)
Proof. Letys, ..., yp be the roots oh in k. Sinceh = ]’[iDzl(T — %), we have

Newtonh) =

D D D 1

> ( 1Vis)Ts:Z<ZVisTs> Zél—mT

s>0 i= i=1 s>0

Newton(h)

rev(D — 1, h)
rev(D, h)

Proposition 1. If h € kK[ T] has degree D and if N> D, thenthe first Npower sums of the roots
of h can be computed in C%M(D)) operations in k.
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Input: apolynomialh of degreeD.
Output: Newton(h) at precisionN > D.

A <~ revD —-1,h)
B <« rev(D, h)

D
Bo <« ’7%
Co < [ABo1®
| < |5]
for j fromOtol do

Ci+1 < —[|BCjJ; Bo”
return Z!:O CTP +0o(TN)

Fig. 1. Computing the Newton series of a polynomial.

Proof. By Lemma 1 it is aufficient to prove that if a polynomiah has degree at mofd — 1

and if a polynomialB has degred, then he firstN > D coefficients of the rational series
A/B can be computed within the announced running time bound. The idea is to proceed by
slicesof size D. We first conpute the firstD coefficients of ¥B, using the Sieveking—Kung
algorithm Sieveking 1972 Kung, 1974, for a cost ofO(M(D)) operations irk. Denote byByg

the corresponding polynomial, of degré&— 1. We letCo = [ABy1P and recursively define the
polynomials

Cit1=—[|BCj|5Bo]°, for0<j<|N/DJ.
Then, it is easy to check thgt = Co + TPCy + T2PC, + ... and the result follows. O

The corresponding algorithm is summarizedrig. 1
2.2. From Newton representation to monomial representation

The converse direction is more difficult to handle: while in characteristic zero the Newton
formulae give a one-to-one correspondence between power sums and elementary symmetric
polynomials, in the positive characteristic case distinct monic polynomials of the same degree
may have equal power sums of roots (€I¢%.and T2 + 1 over[F,). Consequently, the treatment
of this question should take into account the elateristic of the base field. Many efforts have
been made to bypass this difficulty; section 2.2.Zor historical details. he content of the
next subsections is encapsulated in the following proposition.

Proposition 2 (Sclonhage1982 Pan, 2000. Let h be apolynomial of degree D in[K ].

(1) If k has characteristic zero or larger than D, then h can be computed from the first D power
sums of its roots within QM (D)) operations in k.

(2) Suppose that k has positive characteristic p &mak all the roots of h have multiplicities
less than p. Therthenumber of operations in k needed to compute the polynomial h from
the first2D power sums of its roots is

0 (M(D) +p M(%) log (%)) .
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In Section 2.2.1we treat the case of characteristic zero or large enough, since the ideas
involved in that case are important and help understand the extension to the arbitrary positive
characteristic case. The latter case is address&kdation 2.2.2where &chnical details are
intentionally omitted. Instead we preferred toit® down complete pseudo-code, to simplify
the task of reading Pan’s original articlegn 2000.

2.2.1. The case of characteristic zero or large enough
The exponential of a power seri€sof positive valugion over a fieldk is given by

Y s=0F%/s!, ifchark) =0,

F) = | &=
SE) { §=01 FS/sl, ifchark) = p > 0.

The next result is a converseloémma 1

Lemma 2. Let h be a mnic polynomial of degree D in[K], where k is dield of characteristic
zero or largerthan D. Then the follwing famula holds:

rev(D, h) = exp(/% . (D - Newtor(h))) .

Proof. Lety, ..., yp be the roots oh in k. By Lemma 1 it follows that:

rev(D, hy’ -
rev(D, h) 2. 1— yllT == 2 (ZViSH)TS (4)

i s>0 i

and, by definition, the right-hand side equflls — Newtorth))/T.

As one can easily verify, foP € K[T] with constant coeffient 1, the formulaP =
exp(/ P’/P) holds as soon a& has characteristic zero. The same equality remains valid
moduloT P if p = chark) is larger than the degree Bf By applying this fact toP = rev(D, h),
we oonclude the proof of the lemma.(J

Corollary 1. A monic polynomial h of degree D over a field of characteristic zero or larger
than D can be computed from the first D power sums of its roots withid (©@)) base field
operations.

Proof. The primitive of the power serig® — Newton(th))/ T can be computed at precisi@n
in linear time. ByLemma 2 exponentiating the latter series gives the polynomial Bewh).
This exponential can be computed witht(M(D)) field operations,Brent 1976). Findly, we
recover the polynomidi = rev(D, rev(D, h)). O

The first @rt of Proposition Zs now proved. The resulting algorithm is presenteérig. 2
For a polynomial P, we denote byCoeff(P, i) the coefficient ofT' in P. We u® a variat of
the algorithm inBrent(1976 for power series exponential based on Newton iteration, but whose
complexity has a better constant factor and which is similar to thBao{1997 Appendix A).

2.2.2. The small positive characteristic case — the @dimge—Pan algorithm
The conversion from Newton sums to coefficients in small characteristic is a more subtle
problem. Historically, two kinds of approach have been propbsed the one hand, the

2 A third approach, specific to finite fields, has been recently develop&b&ian et al(2009, but the input required
by that algorithm is different.



8 A.Bostan et al. / Journal of Symbolic Computation 41 (2006) 1-29

Input: the firstD terms of Newtoih).
Output: the polynomialh.

S < (Newtonth) — D)/ T
R <« 1—Coeff(S0)T
n<«2

whilen < D do

M < — (RR +s]
M < 14 Y Coeff(M’,i) T
R <« [RM]2"
n <« 2n

R «— |'R'|D+l

returnrev(D, R)

2n—-1

Fig. 2. Recovering a polynomial from its Newton series in characteristic zero.

techniques ofrecursive triangulationoriginated in Kaltofen and Par(1992 1994); and on
the otherhand, those usinfundamental sets of power sura§ Schonhage(1993 and Pan
(1996 2000. The best currently knen solution is that ofPan (2000, which inheits ideas
from Schonhageg(1993 andfrom the algorithmic improvements Ban(1996 1997). The first
approach was designed for parallel computations and its sequential complexity is not competitive
with that of the econd one; we thus focus on the latter.
Let h be a polynomial of degreB over a field of claracteristic O< p < D. To remverh
from its first 2D power sumsSchonhagg1993 proposed the following method:

(1) Compute a polynomia = T9 + g; T9-1 + ... 4 g4 of degread > 2D whose firsd power
sums gual those oh and such thagj, = 0 fori > 1.
(2) Starting fromg, recover the polynomidi.

Intuitively, the polynomialg is obtained by applying té those Newton formulae which do
not invdve division by p and setting the other coefficients to zero. This can be performed using
O(D?) operations ink. In Schonhage(1993 this staye was completed using a reduction to
a trriangular linear system of sizeD/p], for a @st of O(M(D) + (D/p)z) operations irk.
SubsequentlyPan (1996 gave an improve soution for the computation of, by adating
Newton’s iteration in the algorithm dCorollary 1 to the positive charaetistic case, leading
to a cost ofO (M(D)) operations irk for this first stage.

Concerning the second stags;honhagg1993 proposed a solution based on the resolution
of a linear system of equations of siz®/p]. This step was accelerated Ban (1997,
who showed that it amounts to solving — 1 Pad goproximation problems of sizes at most
(D/p. D/p).

For tednical details, we refer tthe original articles $chonhage 1993 Pan 1996 1997,
2000. We give inFig. 3 the algorithm we extracted froan(2000. This algorithm takes
as input the first B terms of the seées Newtorth) and returns the polynomi&l. We use the
notationlcm( f;) for the least common multiple of a family of polynomi&l) andPade(S, a, b)
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The Schbnhage—Pan algorithm

Input: the first 2D terms of Newtouh).
Output: the polynomialh.

S < (Newtonth) — D)/ T
R <« 1—Coeff(S,0)T
n<«2

whilen < 2D do

R 2n—-1

ML+, Coetf(M/,i) T
g« 55
if gp > nthen
—n+1
A < [RIFPHmIRP ,
M« M- Zig_[ﬂ] Coeff(A,ip—n—1TP
-'p
R « [RM]2
n<2n
fori fromlto p— 1do

<%

Qi « Z?:gi Coeff(R, jp +i)T!
(Aj, Bj) < Pade(Qj, d;,d)
Hp < 1cm(Bj)
Hi < [QjHol%*1
H < Ho(TP)+ SP L H (TP)T!
return rev(D, H)

Fig. 3. Recovering a monic polynomial from lewton series in small characteristic.

for the Pa@ gpproximant(A, B) of a power series (polynomialy, that is he (unique) pair
of polynomialsA and B of minimal degrees such th&(0) = 1 and suchhat the following
holds:

A—BS=0 modT?"*1  degA) <a,degB) < b.

A conceptually simpler algorithm was given iBostanet al. (2002 Lemma 3). It has
complexity O(M(D) log(D)), which, for fixed p, differs from that of the Satrihage—Pan
algorithm only by a constant factor.

3. Two useful resultants that can be computed fast

Designing nearly optimal algorithms for general bivariate resultants is still an open problem;
seevon zur Gatherand Gerhard1999 Research problem 11.10). The results of the preceding
section enable us to give such algorithms for the particular cases of the composed gradgct
and composed surf @ g. Our agorithms are based on formulae expressing the Newton series
of f ® gand of f @ gin terms of those of andg.
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3.1. Computing the composed product

Lemma 3. Let f and g be two polynomials in[K]. Then:
Newton f ® g) = Newton( f) © Newton(g),
where® denotes the Hadamard (term-wise) product of power series.

Proof. Fors > 0, thesth power sim of the roots off ® g is Za’ﬂ(aﬂ)s, the sum running

overall the rootse of f andg of g. This sum can be rewritten ag3", o) - (X4 %), which
is the product of thesth power sims of the roots off and ofg. This poves that he series
Newton( f ® g) is the Hadamard product of Newt@¢ifi) and Newtoiig). O

As a copllary, we obtain the following algorithm fof ® g. Given two monic polynomials
f andg of degreesn andn, we first conpute the power series Newtof) and Newtoiig) up
to precsion D = mn. UsingProposition 1this step equiresO (%M(m) + %M(n)) operations
in k. Thenwe peorm, at a cost linear ilD, the Hadamard product of Newtof) and Newtoiig).
By the preceding lemma, we thus obtain the Newton serids®fg at precisionD. We recover
the polynomial f ® g by applying the conversion algorithmsRroposition 2 Summing up the
costs of each stage proves thergmexity results concerning ® g in the first two assertions in
Theorem 1

3.2. Computing the composed sum in characteristic zero or large enough

Let k be a field and Ee K[[T]] be the power series egp), with exp as e@fined in
Section 2.2.1Thenour algorithm forf @ g is based on the following lemma:

Lemma 4. Let f and g be two polynomials iNK]. Then
(1) If the characteristic of k is zero, the following formula holds:
Newton(f & g) © E = (Newtonf) © E)-(Newtong) © E);
(2) If p > Ois the characteristic of k, #anfdlowing fornula holds:
Newton(f @ g) ©® E = (Newtor(f) ® E) - (Newtong) ©® E) modTP.

Proof. We only treat the characteristic zeicase; the arguments appiyuatis mutandis in
characteristig, since exgF + G) = exp(F) exp(G) mod TP.
The definition of Newton series shows that

Newton f @ g) = Z (Z (@ + ﬁ)s) TS,
s>0 \«,B
the cond sum running over the roots bfandg. The @nclusion now reads
Zzaﬂ«xﬂe)s (Zza ) (Zzﬁﬁs )
s! s! s!
s>0 s>0 s>0

and we are done, as the latter equality simply translates the fact that

Zexp (@+B)T) = (Zexp (aT) ) : (Zexp(ﬂT)). O
B
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As a copllary, we obtain an algorithm for computing the composed sum of two monic
polynomialsf andg: first, conpute Newtorif) and Newtorig) to precsion D, peform their
Hadamard product with E, then compute the producté@&mma 4to recover Newtoaf & Q)
at precisionD and finally convert the last Newton series to the polynonfiap g. Using
Propositions land2, this mmpletes the proof of the first assertionliheorem 1

3.3. Computing the composed sum in small characteristic

In this section we treat the computation of com@dsums in small characteristic. In the case
of large characteristic, our solution involved aentity related to the exponential series. Because
of non-invertible factorials, the definition of tlegponential series is problematic in the present
case. In what follows we overcome this difficulty by appealing to certain multivariate exponential
generatig series.

We begin by giving the intuition behind oumpgroach on a particular case. Suppose that
andg are polynomials over a field of characterisrjc> 0; our aim is to express the firgf
power sums of the roofs’ , 4 (o + p)* in terms ofy_, o* and) 4 B¢. The firstp of these sums
can be determined using the method in thevimas section, WhICh mounts to exploiting the
identity exg(e + 8)T) = expeT) - exp(8T). For £ betweenp and p? — 1, this method fails,
sinceone is not able to divide by in k. In contrast, if¢ is written asi + pj with i andj less
thanp, then theequality(a + 8)¢ = (¢ +8)' (P + BP)I suggests the use of the bivariate identity

exp((a + BT + (a+ B)PU) = explaT +aPU) - exp(BT + PU),

which translates into the following equality modL(rt')p uPy:

(11220(%205'“31) L )(Z (Zﬁl+p]> ! )
Z (Z(a+ﬁ)'+p‘) e

i,j=0

helping us to find the firstp? power sums off @ g by means of a multiplication of bivariate
power series. We now formalize this idea in the general case.

Letk be a field of characteristip > 0. Fori € N, we write ip = (io, ..., is) for its p-adic
expansion, thatis, the (unique) sequence of integers P < p suchthati = ig+i1p+---+isp®.
Let T be an infite set of indeterminated;);>o. We definethe p-exponentiaE, € K[[T]] as
the multivariate power series

Tl
Ep = Z e

where forip = (io, ..., is), wenoteip! = ig!---is! andTlr = TC;O.'.TSiS. For f € K[T], we
define thep-Newton series of fas the multivariate power series
Newtory(f) =)~ Ni(f)T".
i>0

By definition, in each variable, the degree of Newgof) is smaller tharp. With this notation,
our algorithm forf @ g in small characteristic is based on the following results, which generalize
Lemma 4
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Lemma 5. Let k be a field bcharacteristic p and let fe k[T]. Then:

S
Newtorn,(f) © Ep = Z Z (l_[ eXp(aplTe)> )
s>0 f(a)=0 \¢=0

where® denotes the term-wise product of multivariate power series.

Proof. By definition, the left-hand side equals

qloti1p+-+isp®

z : Ni ( f ) io is j : Z i i

— ol is! T Ts = . igl---ig! To - Ts
=0 s>0 f(a)=0 | O=ip<p

ip=(ig,--.is) Oii..s.<p

The lemma follows, since all the summation indicgsary independently and
iept
Z a.—T@'“ —expaP Ty, O

|
oi<p 'O

Lemma 6. Let k be a fiad of characteristic p> 0 and let f and g be two monic polynomials in
K[T]. Then thefollowing identity holds:

Newtory(f @ g) © Ep = (Newtory(f) © Ep) - (Newtory(g) ® Ep) mod (TP),
where(TP) denotes the ideal generated by the monomi@s.T. Tsp, ... InK[[T]].

Proof. By Lemma 5 we can rewrite the left-hand side as

Z Z exp((@ + B)To) - - - exp((a + )P Ts)
=0 gl

and the right-hand side as
> expaTo) expBTo) - - exple™ Ts) exp(BP Ts).

s>0 f(0)=0
9(p)=0

The conclusion of the lemma follows, using the fact that the series
exp((@ + p)P Te) = exp(a® Ty + pP'Ty)
is equal to expa P T;) exp(8P T¢) moduloT? for any¢ > 0. [

Via the fastconversion algorithms isection 2 the preceding lemma enables us to reduce
the conputation of the composed sum of characterigtic> 0 to a single multiplication of
multivariate series involving é&inite number of variablesand of degree less thap in each
variable. Precisely, to recover the polynomiafp g, only 2D terms of its Newton series suffice,
whereD = ded f & g), and ths meanshat in thep-Newton ®ries of f & g, all we need to
know are coefficients of the monomials containifig. .., Ts, wheres = [log(2D)/log(p)].

By Lemma 6 this can be done by multiplying two multivariate power series in at most
log(2D)/ log(p) variables ad of degree less thapin each variable. This completes the proof
of part(3) in Theorem 1
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Using the ajjorithm of Schost(2009), the last multivariate multiplication of power series can
be performed inO(pD). A simpler (bu slower) dternative algorithm relies on Kronecker’s
substitution, seeKronecker (1882 Sedion 4) and von zur Gathenand Gerhard(1999

~ 1
Section 8.4); its cost i© (DD,
3.4. Experimental results

We have implemented the algorithms for the composed sum and product, in their versions for
large or zero characteristic. We used the NTL C++ library as a b8smufy 1996—2005.

Since our complexity estimates are statedemts of the number of operations executed in
the base field, we havdéosen to experiment on finite fields of the fovinpZ, with p prime. For
sweh fields, NTL implements polynomial arithmetic using classical, Karatsuba and Fast Fourier
Transform multiplications.

For the test$ presented irFig. 4, the input polynomials have equal degrees= n and their
coefficients are chosen uniformly at random; the output has d&eean?. We letm vary from
1 to 500 by steps of 8, so th@ varies from 1 to 250 000; the base field is defined by a 32-bit
prime. We stress the fact that such output degrees are met in applicatioBectiean 5

In both cases (composed product and composed sum), the running times present an abrupt
jump when theoutput degreeD passes a power of 2. This feature is actually already present
in polynomial multiplication, and is inherent in NTL's use of the Fast Fourier Transform: see
Fig. 5, which displays the time for one polynomial itiplication, in the same degree range as
Fig. 4. We dso plot the ratios between the times of composed sum (resp. product) and polynomial
multiplication. For large degrees, the ratios do not exceed 5.

We also impémented in NTL an algorithm based on Formul2kg és well as th afgorithm
by Dvornicich and Travers(1989. The bivariate resultant computation relies on NTL's built-in
implementation of both quadratic and fast algorithms for univariate resultants. The latter is used
for m larger than 180, i.eD larger than 32400. The experimental timings are givefrim 6.
A first observation is that, in accordance wiitieoretical estimates, the algorithm@¥ornicich
and Traversq1989 is slower tha the resitant based algorithm. The main conclusion is that
these experimental results shovattor large degrees, the resultant computations take several
hours, whereas our algorithms require approximately one minute.

4. Computing the diamond product

We findly address he general case: computing tdeamond producof f andg. In this
section, we give an algorithm that computésy g usingO (JB(M(D) + Dw/2)> operations
in k. Anticipating the following sectionf oy g is the characteristic polynomial of the image
of H in the quotiet algebr&([ X, Y]/(f (X), g(Y)). This characterization of the diamond product
enables us to reduce its computation to that ofgbeer projection®f H under thetrace map,
followed by a linearly generated sequence recovery.

The origins of this approach can be traced back at lease tderrier (1840, who proposed
a method for computing characteristic polynoisiaf matrices by means of traces of matrix
powers and using Newton identities for the recovery step. The idea of using power projections for

3 All our tests were performed on the computers of the MEDICIS resource detggfiwww.medicis.polytechnique, fr
using a 2 GB, 2208 AMD Athlon processor.


http://www.medicis.polytechnique.fr

14 A.Bostan et al. / Journal of Symbolic Computation 41 (2006) 1-29

(a) 60 T T T
Product
50 |
40
30 |
20
10
0 1 1 1 1
0 50000 100000 150000 200000 250000
b) 70
() ' ' ' Sum ——
60 | B
50 | B
40 E
30 B
20 —
10 + T
0 1 1 1 1
0 50000 100000 150000 200000 250000

Fig. 4. Composed product and sum (time in seconds versus output degree).

computing minimal polynomials in quotient algebras appeaiigiong Ly (1989 andRifa and
Borrell (199)) in the one variable cask[X]/(f (X)). A breakthrough was achieved Bhoup
(1994, who was the first to notice that the power projection problemual to the modular
composition problem

Combining a complexity result oBrent and Kung (1978 for the later problem with an
algorithmic theorem calledédlegen’s principle Shoup proved the existence of an algorithm
solving the power projection problem within the same complexity as ours, even for the more
general algebr&[X, Y]/(f(X), g(X, Y)). Sll, Shoup gave no explicit algorithm. IShoup
(1995 Section 4.1 and 7.5) he partially filled in this gap and proposed a “baby step/giant step”
algorithm for the power projection in the univaté case, in the FFT paiomial multiplication
setting; in a absequent articleShoup 1999 Setion 2.2), he extended his algorithm to the
bivariate case, and independently of the polyradmmultiplication model.Yet, in the complexity
of algorithms inShoup(1995 1999, the termD®/? is replaced byD%/2. Findly, Kaltofen (2000
describes the bivariate power prdjen and its relation to modular composition.

In this section, we follow the steps of Kaltofen and Shoup and we solve the power projection
problem for the quotient algebi@ = k[X, Y]/(f (X), g(Y)) within the complexity predicted
by Tellegen’s principle. This is done by applg effective transposition techniques Bpstan
et al.(20033 to Brent and Kung’s algorithm for modular composition@ We refr toBostan
et al. (2003h for a desription of the general multivariate power projection problem, and its
applications to the context of polynomial system solving.
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(a) 14 T T T T
Polynomial multiplication

2 1 1 1 1
0 50000 100000 150000 200000 250000

Product ------- b

(b) 6.5 _ﬁ T T T Su&]

N
T
\
1

1 .5 - 1 1 1 1
0 50000 100000 150000 200000 250000

Fig. 5. (a) polynomial multiplication (time in secondsrsus output degree). (b) (composed product or sum
time)/(multiplication time) versus output degree.

4.1. Computations in the quotient algebra

Let Q be the quotient algebid X, Y]/(f (X), g(Y)). In the resbf this section, we repeatedly
use thetrace which is alinear form defined orQ: the trace of A € Q is defined as the trace of
the map of multiplication byA in Q.

Our agorithm for the diamond product is based on the following fundamental fact, which
is sometimes referred to as Stickelberger's TheoremCseeet al.(1998 Proposition 2.7): for
any Ain Q, the characteristic polynomial ok equals]_[a’ﬂ (T — Ao, ,3)), where the product
runs over all the roots off and g counted with multiplicities. As a corollary, we have the
following:

Lemma 7. Thepolynomial foy g is the haracteristic polynomial of H in Q. The sth power
sum of theoots of foy g is the tace of H in Q.

The second part dfemma 7together with the fast conversion algorithmsS#ction 2show
that the poof of the final part ofTheorem lamounts to giving a fast computation scheme for the
first traces ofH® in Q. This is the object of the following proposition.

Proposition 3. Given N> 1, the sguence
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(a) 35000 T T T T
Resultant computation
30000 - Dvornicich and Traverso’s algorithm ------- A
25000 - s
20000 - i
15000 - 4
10000 | g
5000 _
0 I/’ 1 1 1
0 50000 100000 150000 200000 250000
(b) 60000 T T T T
Resultant computation
Dvornicich and Traverso’s algorithm -------
50000 - A
40000 | A
30000 |- i
20000 .
10000 -

0 50000 100000 150000 200000 250000
Fig. 6. Composed product (a) and sum (b) bgultant computation, respectively Byornicich and Travers§1989
algorithm (time in seconds versus output degree).
tracel), tracH), tracgH?), ..., tracg HN 1)
can be computed within @/ﬁ M(D) + DN(“"l)/2> base field operations.

The proof of the complexity estimates Trheorem 1follows directly: from Proposition 2
the number of traces to be computed is at md3t andby Proposition 3this has complexity
O(v/D(M(D) + D®/?)). ThenProposition 2and the obvious inequalitp M(%) Iog(%) <
M(D) log(D) show that the cdsof recoveringf oy g from the power sums of its roots is
negligible. Thus, we now concentrate on provifrgposition 3

4.2. Power projection

Computing the traces of the firdt powers ofH is a particular instance of thEpwer projection
problem: given a linear form on thek-algebraQ, conpute the image of under the linear map

~

Q — KI[TT<N
N-1

€~ D UHHT + 0TV
i=0

It is useful to notice thak[[T]]-n naturdly identifies, as a&k-vector space, with the dual of
the spac&k[T].n formed by polynomials of degree at mdst— 1. Under this identification,
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the linear map defining thpower pojection is the transposed map of tm@dular composition
(polynomial evaluatiopby H:

I([T]<N - Q
p = p(H).

Now, an algorithmic theorem callettansposition principle or Tdlegen’s principle stdes,
roughly speaking, that for any algorithm computing a linear map there exists an algorithm
that computes the tnsposed map using almost the same number of arithmetic operations
(see the next proposition for a precise statemdntpur situation, this principle establishes
a computational equivalence laten the dual problems of modular composition and power
projection. This observation is due 8dhoup(1994); see alsd<altofen (2000.

Tellegen’s principle carbe phrased in terms dfhear straightline programs these are
“ordinary” straight-line programs, that use only linear operations; see ChapterBiBdgisser
et al.(1997) for precise definitions. The complexity of a linear straight-line program is measured
by its size, that is, the number of operations it uses.

Proposition 4 (Burgisser et al.1997 Th.13.20. Let M be a mx n matrix with z. zerorows
and z zero columns. For every linear straight-irprogram of size L that computes the matrix-
vector producMv there exists a linear strght-line program of size = n + m — z + z; that
computes the transposed matrix-vector prodvéi.

Paterson andt8ckmeyel(1973 proposed a “baby-step/giant-step” algorithm for the modular
composition byH, requiring the computation obnly v/N powers ofH. The key dea is to
seep(H) as a polynomial irH VN of degreey/N. Computing its coefficients amounts tdN
modular compositions of polynomials of degree at mg$t by the same element HBrent
and Kung(1978 Algorithm 2.1) remarked that thesemulaneousmodular compositions can
be performed usind/+/N products of pairs ok/N x +/N matrices. Adding theD(v/N)
multiplications in Q, the tdal cost d this algorithm is

O(VNM(D) + DN@=D/2),

Tellegen’s principle implies that the power projection problem can also be solved within
O(v'NM(D) + DN@~1/2) operations irk.
We now make gplicit and effectively transpose th@aps invdved in the algorithm for

modular composition described above. drder to simplify notations, set = L«/WJ and
G = H'. Forapolynomialp = po+---+pn-1TN "L, setpi = pi_1yr +-- -+ pir—1T' 1. After

precomputing the elements H, ..., H", Brent and Kung’s modular composition algorithm
decomposes intthree linear maps, as follows:
KITlen' — KTl x--- xK[T]ley — Qx---xQ — Q
P~ (M. B
@ &) = (@), e ()

(A, ..., A) > Y_ AG!

— Thefirst one is a splitting map, so that no arithmetic operation is required.

— The seond map isM — HM, whereH is ther x D matrix whose columns contain the
coordinates of the first — 1 powers ofH .

— The third map is computed using a Horner-like method.



18 A.Bostan et al. / Journal of Symbolic Computation 41 (2006) 1-29

Input: Hin Q, ¢in 6 N>1inN.
Output: the serie$ | " ¢(HHT' 4+ O(TN).

r < [v/NJ|,s < [N/r]
Ho < 1o
for pfromltor do
Hp <~ H-Hp_1
M1 < the D x r matix whosepth columnisHp_1
lo < ¢
forgfromltos—1do
Eq < HI’ (@) £q71
Mz < thes x D matix whoseqth row iséq_1
M <« MaMq
return Z MIi, j]T(ifl)Hj*1 +0o(mN

1<i<s
1<j=r

Fig. 7. Bivariate power projection.

We now proceed to inspect the transposed maps. Concerning the last one, we first note that,
by definition, the transpose of the usual product rBap> AB on Q is the mapQ — Q that
associates té € Q the linear form

Aocl:Q — Kk
B —~ ((AB).

We use he classical denominatidnansposed produdor the operationA o £. An important
property is that it endows the du@ with a Q-module structure. With this notation, transposing
Horner’s rule amounts to computing o ¢, thenG o (G o £) and so on. The transpose of the
second map is simply given byl — H"M and that of the first map can be computed for
free.

In summary, reversing the arrows in the previous diagram gives the following decomposition
of the power projection map; recall thatH, ..., H' "1 andG = H' are precomputed.

KITH<n < KTl x - xK[THer < Qx---xQ <« Q
Y STEDT (SL.... S)
(Z{;gzj(H')T')l<j<r “ (..l
o @,....Glop) <« ¢

The corresponding algorithm for the power projection works as describEid) iry; therein we
denoted byM[i, j]the(i, j)th entry of a matrixM and by I the unity of the algebr®.

Apart from the computation of a product of two rectangular matriggsand M, of sizes
VN x D andD x +/N, this agorithm requires/N muitiplications in Q and+/N transposed
products. Decomposing the matridds andM; into D/+/N square matrices of siz¢/N allows
us to compute their produt, M1 within O(D N(‘“‘l)/z) operations irk. In thenext sections, we
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give explicit algorithms for the product and the transposed produ@t iwhich have comfexity
O(M(D)). This mncludes the proof dProposition 3

In contrast toShoups (1999 algorithm for the power projection, our algorithm uses fast
matiix arithmetic. Interestingly, itkaltofen and Shouf1998 Algorithm AP), arelaedquestion,
theautomorphism evaluation problets solved n a sinilar fashion.

4.3. Representing the linear forms

The quotient algebr& has a canonical monomial basis: sintehas degreen and g has
degreen, then

/\/l:{xiyj, 0<i<m-10<j=<n-1}

forms a monomial basis @, wherex andy are the images aX andY in Q. Thelinear fams
will be given by their coefficients in the dual basis.ef, that is,by thelist of their values on the
elements inM. Then he cost of a single evaluationtisn = D operations in the base field. As
a preamble to our algorithm, it is necessary to compute the trace of all elements in thdpasis
Let us thus considarin O,...,m — 1 andj in0,...,n — 1. By Stickelberger’s theorem,
the trace ofx'y) equals)_, ;5 a'p!; thenLemma 3shows that this trace is the product of the

coefficients ofT' in Newton(f) and T in Newton(g). The serés Newtoiif) and Newtoiig)
can be computed at precision respectivelyandn in O(M(max(m, n))) base field operations.
Then by the above reasoning, the value of the trace form on the canonicallasen be
computed fomn = D additional multiplications.

4.4. Complexity of the productin Q

Due to the very specific form of thedéal defining our quotient algebr® =
K[X, Y1/(f(X),a(Y)), one can design the following algorithm for the productQn It takes
as input two element#, B in Q. To obtain AB in Q, we first compute their product as plain
polynomials ink[ X, Y], then reduce this product moduld (X), g(Y)).

We use Kronecker’s substitutiorX < T,Y <« T2™ ! to reduce the computation of the
product of A and B as polynomials irk[ X, Y] to a univariate multiplication of polynomials of
degree at mostAn— m — n < 2D. This can be done in complexi®(M(D)). Theresulting
productP = AB is a bivariate polynomial of degree at mosn2- 2 in X and at nost h — 2
in Y. We next reduce it modulo the idedlf (X), g(Y)); this is done in two steps.

We first onsiderP as a polynomial irkk[X][Y] and we reduce all its coefficien®; (X)
modulo f, using the variant of Sieveking—Kung's algorithr$iéveking 1972 Kung, 1974
described invon zur Gatherand Gerhard1999 Algorithm 9.5): givenPj, conpute §j =
[u-rev(2m — 2, Pj)]mfl, whereu denotes the power seriegrév(m, f) at precisiomm; then
P; mod f is given byP; —rev(im — 2, §j) - f. Besices the precomputation of whose cost is
3M(m) + O(m) base field operations, sgen zur Gathemnd Gerhard1999 Theorem 9.4), this
algorithm uses at mosn22M(m) + O(m)) = 4nM(m) + O(D) operations irk.

We have obtained a bivariate polynomial of degree at most 1 in X and at most g — 2
in Y, whichwe now view ink[Y][X]. The final step consists in reducing its coefficients modulo
g(Y). This is done using again Sieveking—Kung’s algorithm, within\2(n) + O (D) operations
in k, plus theprecomputation of Arev(n, g), of cost M(n) + O(n). As bothmM(n) andnM(m)
are at mosM(mn) = M(D), our algorithm for the product i usesO(M(D)) operations irk.
We give the corresponding pseudo-codéig. 8.
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Input: A, B € Q=K[X, Y]/(f(X),g(Y)).
Output: the productAB in Q.

C(T) « A(T, T2™-1). B(T, T2m-1)
u < [1/rev(m, f)1m-1
for j fromOto2n—2do
Pj < Y22 Coef£(C, 2m—1)j 4+ )X
Sj < [u-rev2m -2, Pj)1™-1
Pj < Pj—reviim—2,§j) - f
v < [1/rev(n, g)1" 1t
fori fromOtom—1do
Qi < Y27 Coeff(Pj,i)Y!
R < [v-rev2n—2, Qj)1"1
Q <~ Qi —revin—2,R)-g

m—1 .
return Z Qi ()X
i=0

Fig. 8. Bivariate modular multiplication.

4.5. Complexity of the transposed product

In this section we propose an algorithm for the transposed prod@@twhose complexity is
the same as that of the multiplication @. As ndiced byShoup(1994), Proposition 4already
implies that such an gbrithm exists; our contribution is to exhibit a simple, ready-to-implement
one. We derive it by applying the program transformation techniques introdudgaddignet al.
(20033 to the ayorithm of Section 4.4 Roughly, this works as follows. Given a program, we
decompose it into “elementary” blocks of instructions, then go through from the bottom to the
top andtransposesach block. In this process, the ascending loops are transformed into
descending ones, and input and output are swapped. We ré&estanet al.(20033 for detals.

In our case, two main procedures have to be transposed: the bivariate polynomial
multiplication using Kroneckés substitution on the one hand, and Sieveking—Kung’s algorithm
onthe other hand. The latter is explicitly transposedmgtanet al.(20033. Since Kronecker’s
substitution is the identity map in the canonical basemsposing it is immediate, so it remains
to transpose the univariate polynomial produntolved in the bivariate multiplication. The
transposed map of the multiplication by a fixed polynomfalof degreem is the middle
productdefined byHanot et al.(2004): it sendsQ of degree at mosh + n to the polynomial
[rev(im, P) - QIM*+"*+1 denotedmul®(n, P, Q). By Proposition 4it can be computed for the
cost of one multiplication of two polynomials of degreeandn, up to O(m) operations;
see Hanmwot et al. (2009 and Bostanet al. (20033 for explicit algorithms. Note that the
transposed Sieveking—Kung’s algorithmBostanet al. (20033 also uses middle products. The
corresponding algorithm goes ashig. 9.

This program has been constructed by operatorgestransformation on the instructions of
the pogram for the dual question iBection 4.4 Its corectness is guaranteed by the validity
of these transformations techniques. Howevercaeclude this section by interpreting what is
computed.
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Input: Ain Q = k[X, Y1/(f(X), g(Y)), ¢in Q.
Output: the ransposed produét o £.

v < [1/rev(n, g)1" 1t
fori fromm — 1 downto Odo
Qi < Y) gexdtyhy!
Ri < mult(n - 2a ga Ql)
Qi < Qi — X"[R -v]"t
u < [1/rev(m, f)jm-1
for j from2n — 2 downto Odo
P < Y5t Coef£(Qi, )X
S < mult(m—2, f, Pj)
P < P — X"[S; -u1mt
P(X.Y) « Y M2 Pi(X)Y!
C < mul'(2mn—m—n, A(T, T2™1), p(T, T2 1)
return Z Coeff(C,(2m—1)j +i )XiYj

O<i<m-1
0<j=n-1

Fig. 9. Bivariate transposed product.

The algorithm takes as input a linear fofrm (3 Sincef (x) = 0in Q, for any ntegerj > 0,
the sguence’(x' y));>o satisfies a linear recurrence with comgteoefficients, of characteristic
polynomial f. Theproblem of extending such a linear recurrent sequence is dual to the division
with remainder byf, seeBostanet al.(2003a Sedion 5), so in the firstor loop, the algorithm
computes the value&(x'yl), for0 < j < n—1andm < i < 2m — 2. Similarly, after
the pass through the secorfibr loop, all the values taken b§ on the monomials in the set
M? = {x'yl,0 <i <2m—20 < j < 2n — 2} are computed; these values are encoded
in the polynomial P(X, Y). By definition of the middle productne can finally check that the
algorithm outputs the part supported 3y in the product A(%, %) - P(X,Y), that is,in the
product

1 1 S
A(—,—>. exiyhHXivi,
o) 2 txyh
xiyle M2
Proposition 1 inBostanet al. (2003 shows thathis part gies the cefficients of Ao ¢ in the
dual basis ofM and this finishes an alternative proof of the correctness of our algorithm.

4.6. Experimental results

We implemented our diamond product algorithm in the NTL C++ libraBhdqup 1996—
2005; we implemented theversion forlarge or zero characteristic, for base fields of type
7./ pZ, with p prime. Our implementation uses Winograd'’s varianStriasseis (1969 matrix
multiplication algorithm; it alsaises the implementation of treposed polynomial multiplication
developed byBostanet al.(20033.
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35000 T T T
Using Strassen multiplication ——

30000 Using classical multlpllcatlog;- ----- i

25000

20000

15000

10000

5000

0

] 50000 100000 150000 200000

Fig. 10. Diamond product (time in seconds versus output degree).

25000 T T
Polynomial multiplications
Linear Algebra, Strassen multiplication -------
20000 - Linear Algebra, classical multiplication ----~--- i
15000 - B
10000 - B
5000 |- B
0
0 50000 100000 150000 200000

Fig. 11. Respective times for polynomial multiplications dinéar algebra by classical and Strassen’s algorithm (time
in seconds versus output degree).

The data used to test the diamond product are similar to thosedtion 3.4 the input
polynomials f (X) and g(Y) have equal degreem = n and their coefficients are chosen
uniformly at random; the output has degi@e= m?. The polynomialH is randomly chosen
of degree less tham in both X andY. We letm vary from 1 to 425; the base field is defined by
a 32-bit prime.

Fig. 10 shows the time for the diamond product computation, using both classical and
Strassen’s matrix multiplication. Again, the abrupt time jumps that occur at powers of 2
come from the Fourier transform. IRig. 11, we ®parate the times used in the polynomial
multiplication and transposed multiplication step, on the one hand, and the linear algebra step,
using respectively classical and Strasseritiplication, on the other hand. The polynomial
multiplication step is predominant, but the ratio between this step and the linear algebra one
actually reduces as the degree grows.

Recall that the diamond product algomttandles matrices whose sige= /D variesfrom
1 to 425. It appears that for such sizes, using & faatrix multiplication algorithm does have a
practical significance on the whole diamond product computation time. Indeed we save a factor
of up to 3 on the linear algebra phase, and more than 25% on the whole computation time.
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5. Applications ard related questions

To conclude this article, we present situations where composed operations, notably sums and
products, are useful.

Algebraic numbers. One may represent an algebraic number by its minimal polynomial. If
a and B are two algebraic numbers represented by their minimal polynonhigds andg(y),
the suma + B is representedybone of the irreducible factors of the composed stinp g.

The producig is represented by one of the irreducible factors of the composed prédgaj
(subtractionsx — B and divisionsx/8 can be handled similarly). Thus the resultant methods
described inLoos (1983 andCohen(1993 can be replaced by our faster solutions, even though
factoring the output remains necessary and is possibly costly.

We mertion thatKaltofen (2000 presents anlgernative solution for this question: it consists
in factoring f in the algebraic extensid@[y]/(g(y)) beforehand, and then computing a power
projection modulo a system of the formdy) = 0O, h(x, y) = 0. Thus, the factorization in degree
deq f)degg) overQ is replaced by a factorization in degree d€gin anumber field of degree

deqg).

Algebraic functions.Our algorithms also adapt to operats over Puiseux series as it suffices
to operate with a base field of the forkiz). As a matter of fact, idas similar to the ones
developed inSection 3prove useful in determining the generating function of walks over the
half-line determined by a fixed finite set of allowed jumps; see the “Platypus Algorithm” [sic]
and the discussion &anderier and FlajolgR002 pp. 56-58). (There the problem is to calculate
the minimal polynomial satisfied by a produet - - - ax of k distinct branches of an algebraic
function defined byP(z, «) = 0.)

Dispersion set of polynomialsin many algorithms for syfmolic summation (e.g Abramoy,
1971 Gosper Jr.1978 Abramoy, 1989 Petkowek 1992 Paule 1995 one has to compute
the dispersion setf two polynomials, that is, the set of the (integer) distances between their
roots. Classically, this is done by computing the polynomial whose roots are the elements of
the dspersion set. The latter polynomial is again a resultant of the particular form discussed
in Section 3and can be computed quickly using our algorithms. Alternative methods for
determining the dispersion set have been designetay and Wright(1994 and Gerhard
et al.(2003. It would be interesting to carefully compare the (bit) complexities and the practical
performances of these algorithms.

Irreducible polynomials. Constructing irreducible polynomials of prescribed degree over
finite fields is a useful but difficult task. It serves, for instance, to implement arithmetic in
extenson fields. The most efficient algorithm known is due$houp(199Q 1994: it congsts in
first constructing irreducible polynomials whose degree is a prime power, then combining them
by means of composed products. $houp (1994, the second step is achieved by a minimal
polynomial computation, which has complexi@(D@+/2), whereD is the ouput degree.
Thanks to our algorithm for the composed product, the cost of this step becomes libgarpn
to logarithmic factors.

Point counting. Designing genus 2 hyperelliptic crypystems requires etermining the
cardinality of the Jacobian of genus 2 curves defined over finite fields. When the base field is
a prime fieldof the formZ/pZ, a comnonly used solution is the extension Beudry and
Harley (2000 of Schoof's (1985 algorithm for elliptic curves, which requires to compute torsion
subgroups of the Jacobian.



24 A.Bostan et al. / Journal of Symbolic Computation 41 (2006) 1-29

Working out the details, one is led to solve systems of the form

fixp  fx) h(xy)  h(x2)

gx1)  g(x)’ g(x1)  g(x2)’
where f, g, h are univariate polynomials. Talg into account the symmetry ixy, X2, we wish
to compute an eliminating polynomial fa + X2. This can be done through a suitable resultant
computation, but the denominatagyéxi) andg(xz) create high-degree spurious factors in this
resultant, which should be found and removed. The parasites are powers of the composed sum
of g with itself; in their cryptographic-size recor@audry and Schog2004) encounter degrees
in the range of several hundreds of thousands. To treat problems of such sizes, the use of our fast
algorithms for composed sums becomes necessary.

Linear recurrent sequences with infinitely many zeros.A classical result Berstel and
Mignotte, 1976 asserts that a linear recurrent sequence has infinitely many zero terms if its
minimal polynomialf has a unitary pair, that is, if it has two roots whose ratio is a root of unity.
Yokoyama et al(1995 give algorithms to test this condition, and if so, to find the order of the
multiplicative group generated by the correspagdioots of unity. The most time-consuming
part of their algorithm is the computation of a polynomial whose roots are the ratios of all pairs
of roots of f. This directly reduces to the computation of a composed product, for which our
algorithms apply.

Shift of polynomials. In von zur Gatherand Gerharq1997), six algorithms for computing
shifts of polynomials are proposed and their complexity is analyzed. A seventh algorithm can
be deduced as a straightforward application of our algorithm for the composed sums, since
f & (T + a) is the dift polynomial of f by a. In characteristic zero, the complexity of
this algorithm is linear (up to logarithmic factors) in the degreefofin terms ofbase field
operations. Yet, the convolution method Alfio et al. (1975 is bdter by a constat factor. In
small characteristic, the analysis has yet to be done.

Construction of polynomials that are hard to factor. Our algorithms fo composed sums
can be used to compute the Swinnerton—Dyer polynomiéiispél, 1993 p. 305), defined
as[[(T £ /p1%--- £ /Pn), Where the product runs over all' possible combinations of
4 signs andpy, ..., pn are distinct primes. They also apply to the computation of their
bivariate analogue<Z{ppel, 1993 p. 340), which are the bivariate polynomials of total degree
D = 2" defined byS(X,Y) = [](Y£V/X+1£..-+£/X+n). (These families of
polynomials are known to exhibit the worst possible case for factorization algorithms, over
Z[T] andKk[X, Y], based on the “lift and recombine” stegy.) Without getting into details,
an evaluation/interpolation scheme together with our algorithms for composed sums allow the
computation of5,(X, Y) in O(D M(D)) operations irk, which isagain nearly optimal in the size
of the output. Similarly, one can compute all the “hard to factor” polynomial&aitofen et al.
(1983. Moreover, performing composed sums of polynomials of Swinnerton—Dyer type allows
one to build polynomials of prescribed degrees which are irreducibf T, but reducide
modulo any primep. This yidds a constuctive proof of the result iBrandl (1986, in the case
of nonsquarefree degrees.

ResolventsResolvents are an important tool in Galois theory, notably fodtrect problem
of determining the Galois group of an irreducible polynonfiadf degreem. Their factorization
patterns help determine the Galois groupfofForh < m, an exampleof such a resolvent
is the polynomial f " of degreeN = (’g‘) whose roots are the sumag, + --- + «j,, with
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1 <i1 < -+ < in < m, where(ei)i<i<m are the roots off . This differs from thehth
iterated composed sum, since repetitions of roots are not allowed here. Yet, the methods we
have presented help answer some simple cases, as illustrated in the next example.

Let f(T) = T’ — 7T + 3 be the Cartier polynomial introduced Wiusti et al.(1989, and
F = 13 the polynomial whose roots are all sumstot= 3 digtinct roots of f . To prove thatthe
Galoisgroup of f is not the synmetric groupSy, it is enough to check thak is not irreducible.
The polynomialF has degree 35, so knowing its Newton series to order 35 suffices to recover it.
To do this, we first decomposé®3 = f @ f & f as

1R =[[T-30 [[(T-@+20)° [] (T-@+p+n)"
o a#p a#fy#a

Then, using the definitiof = [],.5.,, (T — (¢ + B + y)) and the equalities

fa(fed-2)
f®((T-23

[[T-80=f&@T-3 and [[(T-(@+28)=
a atf

enables us to express Newtéh) as
%(Newtor(f%) +2 Newtor(f ® (T - 3)) — 3 Newton(f & (f & (T - 2))) ).

Using Lemmas 3and4, this seriecan be computed from the series Newtbnand exgT) to
order 35. The polynomidF is then recovered using the algorithms3action 2 The CRJ time
used in a direct resultant computation is about 300 times the whole computation time using our
approach.

A straightforward generalization ohts approach for an arbitratyis not satisfctory, due to
the conbinatorial explosion of the number of terms involved. A faster method is presented by
Casperson and McKail 994 andhas complexityO (hZN + N2). It is bagd on the following
recurrence relation, expressirig" in terms of f 1, for j < h:

h h . (71)i+l
<f+h> zl_[((f®(-r_i))®f+(h—l)) .
i=1
Using this brmula and the fast conversion algorithms presente@ention 2reduces the
complexity to O (hN). Nevertteless, the degree of the outputNs so an optimal aforithm
for this question has yet to be found.

Characteristic polynomials in univariate quotient algebras.By definition, the diamond
productincludes as a very particular case the characteristic polynomial of a univariate polynomial
H (X) in an univariatequotient algebr&[X]/(b(X)). The later can thuse computed using
O(/N(M(n) + n®/2)) operations irk, wheren = degb) > degH). Theresulting algorithm is
similar to that for minimal polynomials ishoup(1999.

Rothstein—Trager resultants.A special type of bivariate resiant occurs in algorithms for
symbolic integration; se@&rager (1976 and Rothstein(1977). Givena(X) andb(X) in K[ X]
of degree at most, with b squarefree, these algorithms require the computation(6) =
Resc (Y B (X)—a(X), b(X)), whichhas degree at most A direct evaluation—interpolation based
algorithm has complexit (n M(n) log(n)). A different approach is based on the fact th@{)
equals, up to the factor R@s b’), the characteristic polynomial dfi (X) = a/b’ modb in
k[X]/(b), thus can be computed as explained in the preceding paragraph.
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Graeffe polynomials.Let f be a monic polynomial of degrem andN be a positiveénteger.
We call the Nth Graeffe polynomialof f the polynomial of degreen whose roots are thBlth
powers of the roots of .

This polynomial can be obtained usif@(M(mN)) operations ink, by computing the
composed product of andXN —1. Note that the same complexity result is announcétsnrici
(1986 Setion 13.8). This is nearly optimal with respectrig butnot to N. On theother hand,
the Nth Graeffe polynomial off is the dharacteristic polynomial oXN modulo f. Conrputing
XN mod f has complexityO(M(m) log(N)), which isoptimal in N, but therthe characteristic
polynomial computation has complexity more than lineamin

For comparison, Graeffe polynomials are computedrby Haeseler anduigenserf2001) by
means of so-calledecimation matriceswvhich are structured (Toeplitz, quasi-circulaht)x N
matrices with polynomial entries of degree at mé‘ﬁﬂ. Using an evaluation—interpolation
scheme, the cost of this method is dominated by the evaluatiordeterninants ofN x N scalar
Toeplitz matrices. Ovet, Toeplitz determinants can be evaluatedd{M(N) log N) operations,
using the algorithm ifKravanja and Van BargR000.

Is there a way of rducing the cost td(M(m)log(N))? If N is a power of 2, this can be
achieved using binary powering, but the general case remains open.
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