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This work establishes exact formulae for the persistence
probabilities px(0) = P[Y1 > 0,...,Y, > 0] of an AR(1)
sequence Y, = 0Y,_1 + X,, n = 1,2,... with parameter
0 € R\(%,Z) and symmetric uniform innovations X,. The
formulae are in terms of certain polynomials, most notably a
family that arises in the case —1 < 0 < % and was introduced
by Mallows and Riordan in the very different context of
counting finite labeled trees when ordered by inversions. The
connection of these polynomials with the volumes of certain
polytopes is also discussed. Two further results establish
convolution-type factorizations in terms of the py () and their
involutive conjugates pi(1/6) for k = 1,...,n and n > 1.
Regarding exact formulae for the p, (), these results are used
for the cases § < —1 and 6 > 2, but they are actually derived
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Persistence probability under more general conditions and therefore of independent
Mallows-Riordan polynomial interest, namely, one for AR(1) models with negative 6 and
Tutte polytope continuous innovations, and a second one for AR(1) models
Zigzag number with positive § and continuous and symmetric innovations,
the latter extending a classical universal formula of Sparre
Andersen for symmetric random walks. We further explain
why the case % < 0 < 2 does not allow exact formulae for the
pn(0) as in the other cases and show that our results also lead

to explicit asymptotic estimates for these probabilities.
© 2023 Elsevier Inc. All rights reserved.

1. Introduction and main results

Let (Y5,)n>0 be an autoregressive process of order one (AR(1) process), defined by

Yo=0 and Y, = 0Y,_1 + X,, forn>1, (1)

where 6 € R is a regression parameter and X, Xs,... are i.i.d. innovations with a
nondegenerate law. The ergodic properties of this Markov chain with continuous state
space, which can be viewed as a discrete version of the Ornstein-Uhlenbeck process,
are well known. It follows from [17, Cor. 4.3], see also [16, Prop. 1], that it is positive
recurrent if, and only if, § € (—1,1) and Elog(1 + |X1]) < oco. In this case, the chain
converges in distribution towards its unique stationary regime, given by the law of the
so-called perpetuity

Yoo = Z 0" 1X,,.

n>1

Let Ty = inf{n > 1 : Y, < 0} be the time where the process becomes negative and
consider the corresponding persistence probabilities

pa0) = P[Ty>n] = P[V;>0,...,%, >0, n>1

In the case of particular interest here when the innovation law is uniform on [—1, 1], we
use pY () and T,V hereafter for p,(0) and Ty, respectively.

The asymptotic behavior of p,(8) as n — oo has been recently investigated in [1,5,3,
10,18,11] within a broader class of autoregressive models; see also at the end of Section 3
in [4] and the references there for a heuristic discussion. In the positive recurrent case,
and for two-sided innovation law, the results in [3] provide conditions for the rough
estimate

pn(9> — )\n—i-o(n)’ (2)

where A € (0,1) denotes the largest eigenvalue of some associated compact operator
whose explicit form is typically unknown; see also [1,2] for an asymptotic study in the
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case of Gaussian innovations. In the case 6 € (0,1) and for a two-sided innovation law
with bounded support and positive absolutely continuous component, the results in [18]
show that the rough estimate (2) can be refined to p,(0) ~ cA™ for some positive
constant ¢. The case of innovations with logarithmic tails is studied in [11], with results
of quite different nature regarding the asymptotic behavior of p,, ().

The main purpose of this paper is to establish some exact formulae for the persistence
probabilities pU () of AR(1) processes with uniform innovations on [—1,1] and for 6 €
R\(%, 2). These formulae, which then also lead to more explicit asymptotics, are in terms
of certain families of polynomials, and the first result, to be stated next, establishes an
unexpected relationship with Mallows-Riordan polynomials, denoted .J,,(0) hereafter,
which have appeared first and are thus known in a quite different context as will be
explained after the statement of the theorem along with their definition. We will also
explain at the end of this section why such exact formulae cannot be expected for the
omitted range % <6 <2

Theorem 1.1. For any 6 € [—1,3] and n > 1, one has

Jn+1 (0)
2m

P (0) = ; (3)

where J,(0) denotes the Mallows-Riordan polynomial of order n.
In order to define the J,(0), let X be a real Gaussian random variable with mean p

and variance o2. Then Y = eX has a log-normal distribution with integer moments
E[Y"] = e +n*7%/2 for all n > 1 and cumulant generating function

—1y/2 2"
log <Z en(n 1)/2 n'>’ (4)

n=0

tY] — nptno?/2 U
logEle™ ] = log<Ze " n!)

n>0

where § = ¢ and z = tetto /2, However, being divergent except for the degenerate
case 02 = 0, the above series are considered as formal power series only, and the notation
= is used here and throughout to express identity between two such series.

It was observed by Mallows and Riordan in [24] that the right-hand side of (4) is
the exponential generating function of a family of polynomials with integer coefficients.
More precisely, Eq. (2) in [24] asserts that

12 2" e 2"
log [ Y omt" 1)/25 =) (0-1)"""1,.(0) (5)

! nl’
n>=0 nz=1

where J,(0) € Z[0] is a polynomial of degree (n — 1)(n — 2)/2 with positive coefficients
and leading coefficient 1, and Z[f] denotes the ring of polynomials in § with integer-
valued coefficients. Being a priori only an identity of two formal expressions, we point
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out that Formula (5) is indeed an identity of two convergent series for all 6 € [0, 1] and
z 2 0. For 6 € (0,1) and z < 0, Formula (5) implies that the series on the right-hand
side converges (and is negative) if, and only if, z > —zp, where —zy denotes the first
negative root of the deformed exponential function

i on

n=0

which in turn is known to be finite for all 6 € (0, 1), see [28,33] and the references therein.
For n=1,...,6, one finds that

J1(0) = 1,

Jo(0) = 1,

J3(0) = 2 + 6,

Ju(0) = 6 + 60 + 30% + 63,

J5(0) = 24 + 360 + 300% + 200° + 100* +46° + 6°,

Js(0) = 120 + 2400 + 27007 + 2400° + 1806* + 1200° + 706°

+ 3507 4+ 150% + 567 + 0.

The main result of [24] is that, for each n > 1, J,,(€) counts the number of trees with n
labeled points by number of inversions, when inversions are counted on each branch and
ordered away from the root, which receives label 1. In particular, one has J,, (1) = n" =2
for all n > 1 by Cayley’s formula. This combinatorial significance leads to a recursive

formula for these polynomials, namely

n

Iusal®) = 3 (1) U044 0) T (0)T-i0) @

=0

for every m > 0, see Formula (1) in [22]. Equivalently, one has

ZJnH((‘))Z_T; = exp Zjn(e)(1+9+"'+0n_l)jz_7; ®)

n>=0 n>1

by Cauchy’s product, integration and identifying coefficients, see Formula (5) in [24].
Mallows-Riordan polynomials, sometimes also called inversion polynomials in the liter-
ature, appear in many other counting problems, see [12] and the references therein. For
example, it was shown in [15] that "~1J, (6 + 1) counts the number of connected la-
beled n-vertex graphs by number of edges, thus J,,(2) is the total number of these graphs.
Mallows-Riordan polynomials are also an instance of Tutte’s bivariate dichromatic poly-
nomials in [32] with one variable fixed, a topic we will discuss in some more detail in
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Subsection 5.1. Let us finally mention that several conjectures on further combinatorial
aspects of Mallows-Riordan polynomials are stated by Sokal in [27,28].

If § = 0, it follows directly that p¥(0) = 27", thus giving J,,11(0) = n! for any n,
an immediate consequence also of Eq. (5). It can be interpreted combinatorially by the
well-known bijection between permutations and ordered labeled trees obtained via the
contour function. If § = —1, a formal differentiation of (5) and some trigonometry shows
that

2" 1+sinz
S (2 o L

COS 2z
n=0

and then by comparison of coefficients that J,,11(—1) = A,,, where A,, denotes Euler’s n-
th zigzag number, see also Propriété 2 in [22] for a derivation based on the recursion (7).
In the upper boundary case § = 1, it has been observed in [14,26] that 2"("=1/2J, ., (1)
equals the number of initially connected acyclic digraphs with n + 1 vertices, where
“initially connected” means that there is a directed path from the vertex labeled 1 to
any other vertex of the digraph. The relationship between this quantity and pY (%) may
appear even more surprising.

We present two proofs of Theorem 1.1, both to be found in Subsection 2.1. The
first one relies on a linear recurrence relation between the p, () that leads to a closed-
form expression of their generating function as a ratio, see Proposition 2.1, which in
turn is of the same kind as a combinatorial formula for Mallows-Riordan polynomials
stated in [13, Eq. (14.6)]. The second proof uses the fact, stated as Proposition 2.3, that
(6 — 1)"Jp11(0)/n! can be viewed as the algebraic volume of a certain polytope. This
volume interpretation is further discussed in Subsection 5.1 in the framework of Tutte
polytopes. Thanks to the exact character of Theorem 1.1, we are able in Subsection 2.2
to derive some precise asymptotics for pJ () and even a complete asymptotic expansion
if 6 € [0, 3]. In particular, the exponential rate A in (2) is identified via the aforemen-
tioned first negative root —zg of the deformed exponential function (6). Equivalently,
this identification provides the spectral gap associated with a class of truncated Volterra
operators, see Remark 5.9(c). Finally, some further infinite divisibility properties related
to TGU are discussed in Subsection 5.2.

Eq. (3) established by Theorem 1.1 works only for 6 € [—1, 1]. Namely, for 6 outside
this interval the situation changes because the domain of integration of the integral
defining p¥ () undergoes truncations that make it behave differently as a function of 6.
However, we will show by two further theorems, assuming § < 0 and 6 > 0, respectively,
that a relation between the family {py(f) : £k = 0,...,n} and its involutive conjugate
{pr(1/0) : k = 0,...,n} can be established for each n > 1. For § < —1 and 6§ > 2,
these relations will then be utilized in combination with Theorem 1.1 to derive identities
for p, () in terms of two new families of polynomials with integer coefficients, denoted
Jn(6) and fn(ﬂ), respectively, and still related to the Mallows-Riordan polynomials .J,,(6)
through identities in terms of their generating functions, see Corollaries 1.3 and 1.5.
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Here is the first of the two announced results, for which we go back to the initial
model (1) with regression parameter § < 0 and an innovation law whose non-negative
part does not have atoms.

Theorem 1.2. Assuming 0 < 0 and that the innovation law in (1) has no atoms on [0, 00),
the relation

n

> (=1F pr(0) po-r(1/6) = 0 (9)

k=0

holds for alln > 1.

At 6 = —1, the unique fixed point of the involution 6 — 1/6 on the negative halfline,
Theorems 1.1 and 1.2 yield a remarkable order-2 phase transition for the mapping
0 — pY(#) for each n > 2. Namely, its first derivative is continuous at —1, but its
second derivative is not, see Propositions 3.2 and 3.4. As in the case 6 € [—1, 3], the
exact formula (10) gives precise exponential asymptotics for pY (8) if § < —1, expressed
in terms of the first negative root of the deformed exponential function E(1/6, z), see
Proposition 3.11. We further note that, if # = —1 and the innovation law is uniform
on [—1,1], then the result yields the well-known alternation property of Euler’s zigzag
numbers:

Z <Z> (—1)kAk An—k = 0, n = 1,
k=0

which corresponds to the trivial identity

1 —sinz 1+sinz _
CcoS z CcoS z o

between generating functions.

The proof of Theorem 1.2, to be found in Subsection 3.1, relies on a linear recurrence
similar to the one derived in our first proof of Theorem 1.1. It further hinges on the fact
that the p, () can be expressed in terms of the finite dual perpetuities > ,_, 9*71 X},
where ¢ := —1/6. This is where the involution comes into play and our argument only
requires the absence of non-negative atoms, a condition which also seems to be necessary
by Remark 3.1 below.

Corollary 1.3. If § < —1 and the innovations law is uniform on [—1,1], then

jn+1(1/9)

U
0) —
Py, (0) ol

n

for all n > 0, where the jn_H(B) are defined by the identity
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S hn @) = (Z(l)”JnHw) n,) (11)

n>=0 n>0

and are again polynomials in Z[6). Moreover, Jy(0) := 1 and Jy,41(0) has degree n(n —
1)/2, valuation n — 1 and coefficients of constant sign which alternates with n.

Corollary 1.3 is proved in Subsection 3.3. The jn(H) for n = 2,...,6 are easily found
explicitly with the help of (11), viz.:

J2(9) =1,

J3(0) = -0,

Ji(0) = 36 + 6°,

Js(0) = — (120° + 100" +46° + ¢°),

Js(0) = 600* + 8060° + 600° + 3507 + 1560% + 56° + 6.

For 6 > 0, another relation between the p,,(#) and their involutive duals p,,(1/60) holds
as shown by our next theorem, under the further assumption that the innovation law
is symmetric and continuous. In combination with Eq. | (3) for 6 € (-1, %], this further
implies an identity for p,(6) in terms of a polynomial J,,41(¢) for all n > 0 and 0 > 2.

Theorem 1.4. Assuming 0 > 0 and the innovation law in (1) to be continuous and sym-
metric, the relation

S pk(0) pai(1/6) = 1 (12)
k=0

holds for all n = 0 or, equivalently,

S @2 ) [ 3 pe1/0) ) = — (13)
1—=z2

n>=0

for all z € (—1,1).

The proof of this result, given in Subsection 4.1, is similar to the one of Theorem 1.2
by relying on a linear recurrence relation that is combined with a telescoping argument.
Theorem 1.4 can also be viewed as an extension of the formula

S pe() et = —= (14)

1—
n=0 z

for every z € (—1,1) which is (13) for 8 = 1, i.e., for ordinary random walks, and goes
back to Sparre Andersen, see e.g. [4, Eq. (2.3)] and the references therein. Observe that
the symmetry and the continuity of the increments are necessary for (14).
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Corollary 1.5. If 0 > 2 and innovations are uniform on [—1,1], then

Tn1(1/9)

27 ! (15)

pa(0) =

for alln > 0, where the jn+1('9) are defined by the identity

S hal0) 2 = (ZJnH(e) m) (16)

n>=0 n>0

and are again polynomials in Z[0]. Moreover, J1(0) :=1 and J,41(0) is of degree n(n —
1)/2 with constant coefficient 2"~1n! and all other coefficients being negative.

For n=2,...,6, the jn(H) are as follows:

)

=1,
=4-09,

= 24 — (60 + 36> + 6°),

192 — (480 + 246% + 200° + 100" +46° + ¢°),

= 1920 — (4800 + 2406 + 2006° + 1606 + 1206° + 706°

+3507 + 156° + 56° + 6'7).

5s)

)

NS SN S
=E====

Corollary 1.5 is proved in Subsection 4.2 along with a further result on the first &
coefficients of the polynomial expansion of pU(f) for n > k + 1 as a function of 1/6,
for arbitrary £ > 0. Namely, if 6 > 2, then these coeflicients are independent of n as
asserted by Proposition 4.3. This in turn will lead to an explicit formula, see (46) in
Subsection 4.3, for the all-time persistence probability

(0) = lim pY(H) > 0,
n—oo

and to a precise evaluation of the exponential rate of this convergence in terms of the
first root of a certain meromorphic function, see Proposition 4.8. In the more general
case of continuous, symmetric innovations and for any 6 > 1, we show in Proposition 4.5
that the all-time persistence probability is also positive in the positive recurrent case.

For the case 6 € (3,1) U (1,2) not covered by the previous results, the quantities
pY(0) appear as truncated Laurent series defined piecewise on a growing number of
subintervals whose boundaries are generalized Fibonacci numbers and their inverses.
The increasingly complicated formulae, which do not seem to have any combinatorial
interpretation, are different on each Fibonacci subinterval of (3,1) or (1,2); for two
examples see Remarks 2.2(a) and 4.1(b). On the other hand, Fig. 1 shows the intriguing
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0.4+

0.3

0.2

0.1

Fig. 1. The persistence probability p,(8) and its first derivative for n = 4,5 and 6 € [—5, 5]. The blue points
with positive abscissa indicate where the formula for p, (0) changes and correspond to the unique positive
solutions to 4 ---+6*=1and to1/60+---4+1/0" =1fori=1,...,n—1. At the blue point with negative
abscissa —1, the first derivative of p,, () is continuous, but the second derivative is not. (For interpretation
of the colors in the figure(s), the reader is referred to the web version of this article.)

fact that the mapping 6 — pU (#) exhibits a smoother behavior at these boundaries than
at the particular value 6 = —1 on the negative halfline.

In view of this discussion, we see that, owing to Theorem 1.1 and Corollary 1.5, the
general and very simple factorization stated in Theorem 1.4 for § > 0 leads to explicit
expressions for the appearing coefficients if 8 € (0, %] and the innovation law is uniform
and symmetric, whereas it does not if 6 € (%, 1). In the case of biexponential symmetric
innovations, which have been studied in [23] for § € (0,1), such a strong difference of
complexity occurs as well, namely between the cases § < 0 and 6 > 0, see Remarks 3.5
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and 4.1(a). As for the Wiener-Hopf factorization for random walks, it would be interesting
to know if there are other AR(1) models with continuous symmetric innovation law that
have explicit factors in Theorems 1.2 and 1.4 given in terms of combinatorial objects as
remarkable as the Mallows-Riordan polynomials.

2. The case 8 € [—1, %
2.1. Proof of Theorem 1.1
By definition,
pY(0) = P[U, > 0,Uy +0U; >0,...,U, +0U, 1 +...+6"1U; > 0]

for any € R and n > 1. For 6 > 0, this leads to the truncated integral formula

1

1 1
1

0—(1/\9u1) —(AIN(Oup—1+--+0""1uy))

which remains valid for € [—1,0) because Qu;—; + --- + 6" "tu; € [—1,0] for each
i =2,...,n in the domain of integration of the u;. For § € [—1, 1], the crucial point is
now, technically speaking, that Ou; 1 + --- + 6" "1u; € [-1,1] for every i = 2,...,n and
thus all truncations in the domain of integration can be removed in (17), giving

1

1 1
1
_ 2_/ / / duy, .. .dug duy, (18)
0

—O0ur —(Bup—1+--+0""1uq)

which will be our starting point. We mention that, if 6, > % is the positive solution
to @+ ---+6"1 =1, thus 6, | % as n — oo, then (18) actually remains true for
0 ¢ [—1,0,], but fails to be so for § > 6,,, see Remark 2.2(a)

put b (6) = 2"p;/(0).

below. In the following, we

2.1.1. Proof via linear recurrence
The following expression of the generating function of the pY(6), as a ratio of two
formal power series, forms the basis of the proof and is also of independent interest.

Proposition 2.1. For every 6 € [-1, 3], one has

1+Z +9n71)n i

= en(n 1)/2 n!
Zp" - 9n—2>n on : (19)
"0 1-z+ Z gn(n D2z ol
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Proof. We put H,,(u) = u"/n! = H,,__,(u) for any n > 0 and rewrite (18) as

1 1 1
Y () = /dul/dug--- / i,
0 —v1

—Un—1

where vg = 0 and v; = 0(u; +v;_1) fori = 1,...,n—1. Setting g7 (0) = pY () — p_1(6)
for any n > 2 and ¢1(0) = 0, we then see that

1

a0, (0) = /1/1 / Hy(vn-1) duy -+ dup—y

—vo —U1 —Un—2
1 1 1
1
= 5 / / / H2(0+0’Un_2) dul dun_g
—vVg —V1 —Un—-3

for each n > 3, and @y’ (§) = 6/2. Further partial integration provides

1 1 1
~ 1
qr[L](e) = 5 / / c / HQ(Q + 92(’114”,2 + ’Unfg)) d’LL1 L dun,Q

0_13/1/1 /1(H3(9+92(1+vn_3))—H3(9))dul"'dun—s

—vVp —V1 —Un—4

Hs(0) p_5(0)

93
1
1 2 3
73 9+9 +9(un 3+ Up— 4))du1~~dun_3
—Vo —V1 —Un—4

|
—

n

Hy(0+ -+ 0°2) b, ()

k(k—=1)/2
— Pr(k=1)/
1
+ (n— 1)(n 2)/2 /Hn 1 +9n—2 +9"_1u1) du1
0

S Hy (04 +0")P L (0)  Ha(0+--+ 0"

= - £ gk(k—1)/2 + gn(n—1)/2

Consequently, p (6) = Y (6) = L, Y (6) = 57 (6) + 6/2, and
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R R H,(0+---+6"1) " Hy(0+ -+ 052 pU 1 (0)
U _ U n n
PEO) = PiL @)+ = X R

for any n > 3. Multiplication by z™ and subsequent summation over n finally leads to
the following identity between formal power series:

(1-2) Y pY

n=0

H.(0+--- enfln
=gy O A )

n(n—1)/2
= gn(n—-1)/

_ ZZ <Hk 6+ +9k_2) Zk)]’g\U Z"_k
gk(k 1)/2 n—k

n>3 k=3

B H,(0+---+06" )"
=1+ Z gn(n—1)/2

n>2

H,(0+ -+ 072z
~U n n
- an (0) 2 Z gnin—1)/2 ;

n=>0 n=3

and this is easily seen to be equivalent to (19). O

Proof of Theorem 1.1. Differentiation with respect to z of Egs. (5) and (19) provides

Z an(n+1)/2 ﬁ
n!

n

2(9— 1)"Jn+1(9)2—, = % (20)
n> . gn(n— ~
>0 ;0 p

and

0" — gy 2n
;) gn(n—1)/2 ﬁ
0—1)"pY )" = =2 21
ng%( ) ( )Z (en—l _ e)n o ’ ( )
~ gn(n—1)/2 I

n=0

respectively, whence it is enough to show identity of the two ratios of formal power series
on the right-hand sides. Equivalently,

(en 0 " n(n—1) /2 2" — n(n+1)/2 z" (enfl — e)n 2"
(e ) (o) = (Zoes) (S e
n=>0 n>0 n=0 n=0

must be verified, that is, upon comparison of coefficients,
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" n - n
k=1 _ p\kp—n(k—1) _ k_ p\kp—k(n—1)
Z(k)(a 0)*0 = Z<k>(e 0)6
k=0 k=0

for each n > 0. To this end, we finally note that

n

n _ Cn(k—
Z<k>(9k l_e)ka (k—1)
k=0
(Z) —n(k— 1)2( > k thk—t+e(k—1)
i( )( ) 1)+ ¢pk—t+(0—n)(k—1)
k=¢

’

4
5 (0) (&) -vorwcasin
0 k'=0

g gore
(-

(n—1)
where we have set ¥ = n — k, ¢/ = n — £ in the fourth line and made the change of
variable (¢, k") ~ (k,1) in the fifth line. O

Il
M- 1M I

VA

e

3

s 1D-

k

B
Il
=3

Remark 2.2. (a) It follows from the point made after (18) at the beginning of this section
that, for any fixed n > 2, the statement of Theorem 1.1 extends to all 6 € (3,6, if 6,, > &
denotes the positive solution to 6 + --- 4+ §*~! = 1, which has been coined generalized
Fibonacci number in the literature, see [34] and the references therein. On the other
hand, the formula becomes different for > 6,,. For example, for n = 3 and 6 € (65, 1),
it can be shown that

11 1 1

~U _ - = .
py(0) =0+ = — 5+ 5

Except for the Sparre Andersen formula at 6 = 1, expressing p,’ (f) as a function of 6 for
0 € (0,,1/6,,) becomes very complicated with growing n and does not seem to permit a
nice combinatorial formulation. An intriguing fact is that, despite these complications,
the mapping 6 — pU () seems to maintain a certain degree of smoothness for 6 € [%, 2]
and any n > 1, see Fig. 1.

(b) As a by-product of (19), we obtain the following apparently new formula for
the generating function of Mallows-Riordan polynomials as a ratio of two (for any 6 ¢
{—1,0,+1} divergent) formal power series:
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1+Z an 1)n£

n = gn(n 1)/2 nl
Y (0= = .
= n! 1 SO 2
- -zt Z:g gn(n 1)/2 E

The formula corresponds to the linear recurrence

O+...+0mHn"
Tual®) = Pt w0
+9k72)k
N Z( ) gk(k 1)/2 Tn—r+1(0),

valid for any n > 2, of J,41(0) in terms of Ji(6) for k < n, with the notable curiosity

that J,_1(6) does not appear. These formulae should be compared with the following
identity due to Gessel, see Formula (14.6) in [13]:

S (L84 47" 2"
gn(n+1)/2 n!

Zz" a0
T;OJTH-l(e)ﬁ = (1+9++9n—1)77 o
~ Z gn(n+1)/2 ol

n>=0

and the corresponding linear recurrence

= () (0 — 1P Ty (0) (nF —1nk )
Z k) @k(k=1)/2=kn  (gn+l _1)n o

k=0

2.1.2. Proof via polytope volumes
This proof relies on the following expression of Mallows-Riordan polynomials as alge-
braic volumes, which is also of independent interest, see Section 5.1 below.

Proposition 2.3. For every n > 1, one has the polynomial identity

/9/ / day ... dz, = w 22

x4 0T, 1

0
// / 1oede, = gn(n+1)/2qn(9)7
11

where



G. Alsmeyer et al. / Advances in Applied Mathematics 150 (2023) 102555 15

Un—1

=] [

1/61/62 1/6m
for n > 1. Next observe that

1 Ul Un —2

0 (0) + q”’ai(a) = / / / Un—1 dus . .. iy

1/61/02  1/6n—1

and then, upon repeated summation,

1
Y — 1 n—1 _ 1 1
2 '9“”“” 5 - <n—1>!/ dun = m(l‘e—n)
/6

k=1
Setting go(f) = 1 and

k! 9k(k+1)/2qk (9)

(/]\k('g) = (9_ ]_)k

for k > 1, we obtain

—_

n _ k-~
par k) 0+ (n—k/2)

for any n > 0. On the other hand, it follows from (20) that

Y 2" n(n-1)/2 2" | _ n(n+1)/2 2
> (0-1) ns1(0) > o S => 0 —

n>0 ’ n>=0 n>0

and therefore, by using Cauchy’s product and comparing coeflicients,

i Tk (0) 1
9(k+1)(n k/2)

k=0

for any n > 0. As go(0) = J1(0) = 1, we finally infer ¢,(0) = J,41(0) for each n > 0
from (23), which completes the argument. O

Proof of Theorem 1.1. Embarking on (18) and putting ¢ = —1/60, make a change of
variables y;11 = x;11 — 0x; (second line) and z; 11 = ¥'y;,1 (third line), both for i =
1,...,n—1, to obtain
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1

() :/1/1 / dxy ... dzx,
0

—0z, —(0zp 14407 1ay)

1 146y 14+60yn—1

// /dyl...dyn

0 0 0

n—1
V—2z1 [ —Zn-—1

1
_ 9—n(n— 1)/2/ / / dzy...dz,.
0 0 0

By yet another change of variables, namely

9+ 1)z
ti=1-— ﬂ
191
fori=1,...,n, we arrive at
/9 —t1 )0 —tn_1/9

ZA’nU(Q):<19+1) / / /dtl...dtn:‘]"“LTl!(o)

as required, where Proposition 2.3 has been used for the last equality. O

Remark 2.4. It follows from the formula

1 140y 1+0yn—1
Py (0) = / / / dyy ... dyn
0 0 0
that 6 — p¥(0) is increasing on [—1, 1]. Therefore, by Theorem 1.1 and since .J, has
positive coefficients, the mapping
0 — J.(0)

is positive and increasing on [—1,00) for all n > 1. The monotonicity of p¥(#) in 6
actually extends to the whole real line as will be seen by the proof of Proposition 3.9,
see also Remark 3.10. For general innovation sequence {X;, ¢ > 1}, we further note that
the mapping 6 — p,, () is nondecreasing on R™ = [0, 00), because p,(0) = P[Q2,,(0)] and

J
Qn(e) = {Zej_kxk > 07 ]: 17"'7”}?

k=1

is always nondecreasing in 8 > 0. However, this simple argument breaks down for 6 <
0. For Mallows-Riordan polynomials, a comparison of coefficients in the exponential
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formula (8) plus an induction argument easily shows that J,1(6) is positive on [—1,0].
On the other hand, it seems impossible to show directly that J/(6) > 0 on [—1,0) for
all n > 1. For § < —1, we believe (but were not able to prove) that there exist some
n1,ng = 1 such that J, (6) < 0 and J}, (f) < 0. Finally, we mention that it has been
conjectured in [28] that all complex roots of J,, lie outside the closed unit disk.

2.2. Asymptotic behavior

If # = —1, a combination of Theorem 1.1 with a well-known asymptotic result for
Euler’s zigzag numbers (see e.g. (1.10) in [29]) yields
Jnr1(—1) A, 4

U _ _ N .
p,(—1) = ol = o] T as n — 0o. (24)

An extension to all § € [—1, 3], in terms of the first root
zg = inf{z >0:E(0,—2z) =0}

of the deformed exponential function E(, z) defined in (6) in the introduction, is pro-
vided by the next proposition. We refer to [28] for several intriguing open problems
about this first root, in particular the conjectured absolute monotonicity of the mapping
0 — zp on (0,1).

Proposition 2.5. For every 6 € [—1, 3], one has

1

U
9 ~Y
P (0) oA

asn — oo, (25)

where \g = 2(1 — 0)zg > 1.

Proof. If 6 = —1, then F(—1,2) = cos z+sin z and z_; = 7/4, so that (25) matches (24)
above. If § = 0, then F(0,2) = 14 2, zo = 1 and thus Ay = 2. Hence (25) is again
true. Finally, if # € (—1,0) U (0,1), then [§] < 1, and it is easy to see that the entire
function E(0,-) has order zero for these 6. By the Hadamard factorization theorem, see
e.g. Theorem XI.3.4 in [9], this implies

p0.9 = 11 (14 )

k>1

where {a(0),k > 1} denotes the sequence of complex roots of z — E(6,—z) such that
k — |ax(0)] is positive, nondecreasing and satisfying

1
2 a@F <

k>1
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for each s > 0. Consequently, by (5), we obtain

= —logE(0 Zlog( ))

’I’L
n!

S -0 0)

n>1 k>1
=D am@F = 2 @
k>21ln>1 n>=1 k>1

for any z such that |z| < |a1(0)]. Here the last equality follows by Fubini’s theorem and

w(0) ki
ar(0) ) (Z |a1<o>n>'

A comparison of coefficients leads to a convergent series representation of Mallows-

the easily established inequality

Bk
2 Ta@F <Z

nk>1 k>1

Riordan polynomials which is valid for any n > 0 and 6 € (—1, 1), namely

Joir(0) 1 .
W A0 Sy an (@) (26)

The last step is to show that a;(6) is simple and positive, and that |a2(6)| > a1(0).
Putting everything together, we indeed obtain

1
z0 )\g

pY(0) ~ as n — oo,
with g = 2(1 — )z > 1 since p¥ (6) — 0.

In the case § € (0,1), the fact that x — 0%(=1/2 is a real entire function of order 2
combined with Laguerre’s criterion (see e.g. [25] p. 186 and the references therein) entails
that all roots ay(#) are simple and positive, which is already mentioned in [28].

In the case 6 € (—1,0), the situation is less simple and we will use the following
argument based on subadditivity. By the Markov property and with P, = P[-|Yy = z],
one has

Pam(0) = E [1izpsm Py, [T5 > n]]

for all m,n > 0, and it is clear that Y,, > 0 a.s. on {TY > m}. On the other hand,
by (18) and since 0 < 0,

(1+9w)+ 1
IP’Z[T9U>n] = - / / / AUy, . . . dus duq

0 —fur  —(Oup—1+--+6""1uy)

-



G. Alsmeyer et al. / Advances in Applied Mathematics 150 (2023) 102555 19

holds for each z > 0, which implies subadditivity, viz.

P (0) < pY(0)pY (0).

Let now {a;(#) : j =1,...,q} be the set of roots of E(#, —z) having the same modulus as
a1(0), so |a;(0)] = |a1(8)] =:p > 0foreach j =1,...,q. Since 0,E(0, —z) = —E(0, —0z)
with |8] < 1, the minimality of p entails 0,E(#, —a;(#)) # 0 for each j = 1,...,¢
Therefore all these first roots must be simple and we infer from (26) that

Juia(0) _ P(n) +o(1)
nl 1— g+l

with

q
2 e27r10¢7 n+1

Jj=1

for some ¢ > 0 and distinct frequencies a; € [0,1) for j = 1,...,¢. Set A = {o; :
j=1,...,q} and suppose 0 ¢ A. By Lemma 4 in [7], there exists a constant ¢ < 0
independent of n such that P(n) < c for infinitely many n. Using Theorem 1.1, this
implies that

2" (1 —0)"p"MpY(0) = P(n)+o(1) < ¢/2 < 0

infinitely often, which is impossible. Hence, we have 0 € A and can choose a3 = 0.
Assuming A # {0}, thus ¢ > 2, we next observe that

(2(1 = 0)" ™" (i (0)pin (0) = P4 (0)) = P(n)P(m) — P(n+m) + o(1)

with a decomposition of the real quantity P(n)P(m) — P(n + m) as a sum of two real

sums
Z 2mic; (m+1) + Z ZeQﬂlak(m+l e27'riocj(n+1).
j=2 Jj=2 \k#j

Since a; € (0,1) for j = 2,..., ¢, we invoke again Lemma 4 in [7] to infer the existence

of mg > 0 and ¢ < 0 such that

q
ZeQTriaj(m0+1) <ec
J=2

From this, we deduce
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q
P(n)P(mg) — P(n+mpy) < c+ Z Z emian(motl) | p2miay(ntl)
=2 \k#j

for infinitely many n, again by Lemma 4 in [7]. This leads to
(2(1 = )" p o (Pl (0)pin, (0) = Py (B) < ¢/2 < 0

for infinitely many n, contradicting the above subadditivity property. Hence A = {0}
must hold, which means that a;(6) is simple and positive and that |az(0)] > a1(0), as
required. 0O

Remark 2.6. (a) The following formula is a consequence of (26) and provides a full
asymptotic expansion of p! (6) as n — oco:

1 1
U
n(0) = + .
pn (0) 20 AD ];2 27(1 — 0)"ay(0)"+1
It remains valid at 8 = 0 with ax(0) := oo for all & > 2, and also at § = —1 with
ar(0) := (=1)¥=1(2k — 1)7/4 for all k > 2, then boiling down to the well-known formula

A, 2\""! —1)k(n+1)
w23 ot
: k>0
for Euler’s zigzag numbers, see e.g. the end of Section 1 in [29]. For odd n, the lat-
ter amounts to the classical formula for {(n + 1) in terms of Bernoulli numbers. The

roots ax(f) are generally non-explicit, but in the case 6 € (0, 1), the above proof and
Theorem 1.1 imply the asymptotic result

Jn+1(0) 1/ 2\"
" ~ o\ as n — 0o, (27)

which is valid for every 6 € [—1,1) and has apparently remained unnoticed in the liter-
ature. Finally, we mention that \g = 2, and we will show in Remark 5.3 that Ay > 2 for
6 € [-1,0) and \g < 2 for 6 € (0,1).

(b) As a consequence of Remark 2.4 and (26), the function 6 — (1 — )z is nonin-
creasing on [—1, %] and taking values 7, 1 and %)\% at —1, 0 and %, respectively. Since
Jn(6) has positive coefficients, it remains nonincreasing on [3,1), with limit 1 at 1 by
Stirling’s formula and the fact that J,, (1) = n"~2. Stirling’s formula may also be used
to provide a polynomial correction in (27) for § = 1. It would be interesting to know if
this monotonicity property of the first negative zero of the deformed exponential func-
tion can be obtained directly without connection to Mallows-Riordan polynomials and
persistence probabilities. In Remark 5.9(c) below we will also observe that the function

0 — zy is decreasing on [0, 1).
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(c) For 6 € (0,1), complete asymptotic expansions of the roots of the deformed expo-

nential function were recently obtained in [33], showing in particular a(0) ~ k6~ (1)

as k — oo. For 6 € (—1,0), we believe that the roots are simple and alternate in sign as
for # = —1, but we have no proof. See again [28] for several conjectures on the sequence
of zeroes of the deformed exponential function with a parameter 6 in the unit disk.

(d) For 6 > 0, it is easily shown with the above argument that the sequence {p¥ (6) },,>0
is superadditive, in other words that

P (0) = pY(0)pY(0)

for all m,n > 0. In the case § € (0,1/2], this is also the consequence of the stronger
property that the sequence is log-convex, see Proposition 5.6 below.

3. The case 8 < 0
3.1. Proof of Theorem 1.2

Here we embark on the general integral formula

pn(0) = / / dF(u1) ... dF(uy), (28)
0—0ur  —(Qup—1+-+0"1uy)

valid for all # € R, where F denotes the common distribution function of the i.i.d.
innovations X1, Xs,... In the case § < 0, the domain of integration is a subset of the
positive orthant {u; > 0,...,u, > 0}. As a consequence, the persistence probabilities
pn(0) and p,,(1/6) only depend on F restricted to the nonnegative halfline for all n > 1.
We can also assume F'(0—) = F(0) < 1 because otherwise all probabilities are zero.
Setting ¢ =1 — F(0) > 0 and

_ _ 1 F(x)-F(0)
G(x) =1-G(-x2) = 5 T 5
for all x > 0, we now see that
pn(f) = (20)" / / dG(uy) ... dG(uy)
0—0u, — (Ot 14407 1uy)

for every n > 0 and 6 < 0, and since G is symmetric and continuous (here the proviso
that F' has no atoms on [0,00) is used), we can assume without loss of generality that
F itself has these properties. Setting again ¥ = —1/6 > 0, we have
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[ &
pa(0) = P> 0" IX; 20, k=1,...,n
j=1

k
=P > (D)X 20, k=1,...,n
_j:1
- -
=P [(-D)F!'> 90X 20, k=1,...,n
j=1

where X 4 x ;j for even j and the mutual independence of the X; has been used in
the last line. Defining S, = X; + -+ - + 9* 71 X, AZ‘ = {S, > 0} and A, = {S; <0} for
k=1,...,n, we see that, when writing AB as shorthand for AN B,

0) = P [Af A ---A;] if n even,
P T P [Ar Ay - AF] if nodd.

n

On the other hand, we deduce from (28) upon the successive change of variables uy =
(—=1)Fly, for k=1,...,n that

co—dvy  —(OF o4 H9ug_y)

// / dG(v1)...dG(vy) if k is even,

pk(l/e) = co—1vy _Zoo
/ / dG(vy)...dG(vg) if k is odd.
0 =00 —(9h—luyttdup_1)

Suppose that n is odd. Then we obtain

pa(f) = P[ATA; - A
= P[ATA; - At ,n{—0"""X, < Spo1 <0}

_ /]P’ [AFAy - AF 51 {Suiy € [~0" 0y, 0]}] dG(u1)
0
()T ) .
= pTl() — /]P [ATAQ --'A:_zﬁ{Sn_l < =9 1111}] dG(’Ul)
0
= pn-1(0)p1(1/0) —/P [ATAS - A, 0 {S,—1 < —9" " "u1}] dG(vy),
0

where the continuity of G is needed for the last line. As for the integrand in this line, we
further compute



G. Alsmeyer et al. / Advances in Applied Mathematics 150 (2023) 102555 23

P I:ATA; R Ai*? N {Snfl < _19”_1”1}]
=P [ATAQ_ cee A:L_3 N {O <85,_2 < —19n_1’l}1 — ’lgn_QXn_l}]

—ruy

_ / PAf Ay - Ay {0 < Syos < —s5}] dG(va)

7191}1
= pn_g(G)F(—’/”Ul) — /P [ATA; . 'AT_L—S N {Sn_g 2 —Sg}] dG(’UQ),
with the notation s, = 9" vy 4+ ... + 9" %y, for k = 1,...,n. Therefore, integrating

with respect to v1 and using the previous formula for ps(1/6), we obtain

Pn(0) = pn-1(0)p1(1/0) — pn—2(0)p2(1/6)
oco—vy

+ 0/_4 P [AfA; A N {Sp—2 > _32}] dG(v1) dG(vs).

Computing in the same manner the integrand in the previous line, we get

P [A;FAE cee A;73 n {Sn,Q > —82}}
=P [ATAQ_ cee A;t_4 N {O > S,_3 > —89 — 19n_3Xn_2}]
- / PAF Ay - A, N {0 > Sus > —s3}] dG(vs)
71921)17’19’02

pn,g(G)F(ﬁQm + 19’1)2)

— / P [ATA; ce Aj;_4 N {Sn_g < *33}] dG(’Ug),
—92v] —Jvy

where the symmetry of F' has been utilized for the final equality. Using the previous
formula for p3(1/6), we thus arrive at

Pn(0) = pn_1(0)p1(1/0) — pn_2(0)p2(1/0) + pn_3(0)p3(1/0)

oc—1Yvq

/ / / P AT Ay - ALy 0 {Sn-s < —s3}] ﬁda(vi).

— 00— ’1921)1 Yvo i=1

Continuing this way, or by an induction, we arrive at the identity

= S )k (O)p(1/6),

k=1
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which is the desired result for odd n because py(1/6) = 1. The argument for even n
follows analogously and is therefore omitted. O

Remark 3.1. When the innovation law has atoms on [0, c0), the statement of Theorem 1.2
is not true in general: if dF(z) = cu(dx) + (1 — ¢)dp(dz) with ¢ € (0,1) and p some
probability on (—o0,0), then the right-hand side of (9) equals (1 —¢)"(1 + (—1)")/2.

3.2. Behavior at 0 = —1

It is clear from the polynomial identities (3) and (10) stated in Theorem 1.1 and
Corollary 1.3, respectively, that the mapping 6 + p¥ () is smooth on (—oo, —1)U(—1, %)
for any n > 0. Regarding the natural question of its behavior at § = —1, we prove the
following result.

Proposition 3.2. For each n > 1, the mapping 0 — pY (6) is C* at § = —1.

Proof. Continuity follows directly from 2"n!pl(6) — Jn41(—1) as 6 + —1 and

Jnt1(—1) = Jpy1(—1), which in turn is a consequence of

-1

~ Z” Zn
> Jnia(=1) o > (=) Tnga(=1) o
n>0 n>=0
Ccos z 1+sinz 2"
1—sinz COoS z Z 1 )n!

n=0

To prove continuity of the derivative, we introduce the generating functions

J(0,2) = Z Jns1(0) %T and J(0,z) = Z Tn41(0) 2—7:

n=0 n>=0

Since J(0,2)J(0,—z) = 1 by (11) and therefore

J(0,—2)0pJ(0,2) + J(0,2) DgJ(0,—2) = 0,
we infer

d(—1,2) = —(J(=1,2))20pJ(-1,—2) = _cosQ(zlaggiil—zl);—Z)_

Next, we want to find dpJ(—1, z) with the help of the formula

F(0,z)

J0,2) = G0, 2)
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where

9n(n+1)/2 pes en(nfl)/Q pes
T o and G(0,z) = 27(9—1)71 E

n=0

F(0,z) = Z
n=0

A direct computation provides F(—1,2) =c+ s, G(—1,2) = c— s,

z(s —c¢) n 22(c+s)

dnF(-1,2) = =2 -

and

9pG(—1,2) = _Z(1+ c) N 22(08— s) (30)

with ¢ := cos(z/2) and s := sin(z/2). After some trigonometric simplifications, this yields

B _ G(=1,2)0gF(—1,2) — F(—1,2)09G(—1,2)  =zsinz
%J(=1,2) = G?(-1,z) ~ 2(1 —sinz)

and, by using this in (29), we finally obtain

~ 2z sin z
9pJ(—1,2) = T30 —sina) —0pJ(—1,2).

Therefore j;H_l(fl) = —Jp41(—1) for all n > 0 by comparing coefficients. Since
PY) () = —J,1(-1) as § + —1 and (p%)'(§) — J, 1(—1) as 6 | —1, the proof is
complete. O

Remark 3.3. The formula

n z sin z z tan z

ZJ,’LH(—l)% = 9pJ(—1,2) = = 2 I(-1,2)

= 2(1 —sinz)

reveals, after some additional computations, the curious fact that J) ,(—1) = 0 for
n €1{0,1} and J} 1 (—1) = (n/2) Jut11(—1) for all n > 2, for which we could not find a
reference.

Our next proposition exhibits the remarkable property that, for any n > 2, the map-
ping 6 — p¥(#) is not C? at § = —1, which means that a phase transition of order 2
occurs for these persistence probabilities at the common boundary of the two regimes
0 € (—o00,—1) and § € (-1, 3).

Proposition 3.4. For any n > 2, the mapping 6 — (pY)" () is not continuous at @ = —1.
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Proof. We know that 2"n! (p¥)"(0) — J}/,;(—1) as @ | —1 and, by recalling 2"n!pY (9) =

Jnt1(1/6) for < —1, we also have
20l (U)'(0) = Tl ya(<1) + 201 (<1)  as 07 L.

We will now prove that j,’L’H(—l) +2J;, 1 (=1) > JJ 1 (=1) for all n > 2 by first
computing the corresponding exponential generating function

30T (—1,2) — 93T (—1,2) + 28pJ(—1, 2)

and then showing that its coefficients of order greater than 2 are positive. First, by
differentiating twice the relation

with respect to 6 and, recalling

J(=1,2) = J(-1,2) and 0pJ(—1,2) = =0y J (-1, 2),
we obtain

- —1.2))2
02 T(~1,2) — GBpd(~1,2) = 4(5’;(](11)”
— J(=1,2) (J(=1,2)05yJ (-1, —z) + J(—1, —2)05J (-1, 2))

— 2J(=1,2) 0pJ(=1,2) OgJ (=1, —2).
It is easy to deduce from the proof of Proposition 3.2 that

4(9pJ(—1,2))? B B B I 2% sin z tan z
—j(—l,z) 2J(—1,2)0pJ(—1,2) OgJ(—1,—2) = S0 —sing)

On the other hand, we have
J(=1,2)03, (=1, —2) + J(—=1,-2)03,J(—1,2) = A(2) + A(—2),

where

2 J(—1,z
A(z) = 769;{_(1 12’))

Using the notation of Proposition 3.2, this function can be decomposed as

G(—1,2)03,F(—1,2) — F(—1,2)03,G(—1, 2) _ 20pG(—1,2)09J (-1, 2)
F(-1,2)G(—1,2) F(—1,z2)
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and we find with the help of (30) that

09G(—1,2)09J(—1,2)  0gG(—1,—2)0pJ(—1,—2) 2tanz 22 tan?z

F(—1,2) F(—1,-2) T8 4

A combination of the previous facts leads to the simplified formula

23 sin 2 B(z) + B(—=2)
4(1 —sin 2) 1—sinz

039 (—1,2) — 03y J(—1,2) =

where B(z) = F(—1,2) (02,G(—1,2) — 82,F(—1,—2)). After some further elementary
but tedious calculations, one finally arrives that

22(c—s)  2(14+2%2/4)(c+s)

829G(—1,Z) — 839F(—1,—z) = B — B 5

with ¢ and s as in (30). By finally putting everything together, we obtain the simple
expression

2%(1 + sin 2)

02,J(—1,2) — 92,J(—1 20pJ(—1,2) =
o (—1,2) o (—1,2) + 209J (-1, 2) o5 2

for the generating function of (p¥)”(—1_) — (p¥)"(—1) whose coefficients of order > 2
are positive as required. More precisely, we have

(p)"(=12) = (@))"(~14) =

for each n > 2. Of course, (pY)”(—1+) denote right-hand/left-hand limits of (p¥)” at
—-1. O

Remark 3.5. The nonsmoothness of p¥(#) at § = —1 is related to the choice of the
uniform distribution as the innovation law, more precisely to the nonsmoothness of its
density at the boundaries of its support. Choosing instead the biexponential law with
density e~!*!/2 for the innovations, it can be easily derived from (28) that

1
500) = — &
pn( ) (1 _ 9)7171
for any n > 1 and 6 < 0, which is obviously smooth. Let us further note in passing that
one can easily check the assertion of Theorem 1.2 for the persistence probabilities in this
case. We will return to biexponential innovations in the more complicated case # > 0 in
Remark 4.1(a).
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3.8. Proof of Corollary 1.3 and properties of the fn(e)

The proof of Corollary 1.3 essentially amounts to a derivation of the stated properties
of the J,,(f) defined by (11), which is done by Proposition 3.6 below. We also collect a
number of further relevant aspects of the jn(H) in this subsection, though without claim-
ing to be exhaustive. Eq. (10), where these polynomials appear, can easily be deduced
from Theorems 1.1 and 1.2 via an induction, and we omit giving details.

Proposition 3.6. For each n > 1, Ju41(0) is a polynomial in Z[0] of degree n(n —1)/2
and with valuation n — 1. Moreover, (=0)~"=DJ,11(0) € Z[0] has positive coefficients.

Proof. By definition (11) and Cauchy’s product, the J,(f) are given in terms of the
Mallows-Riordan polynomials by the recursive formula

n

RUEDYE P () s as00) (31)

=1

for all n > 1, with initial condition J;(#) = 1. Via induction, (31) readily implies that
Jps1(0) is indeed a polynomial in Z[6] of degree n(n — 1)/2 for any n > 0. Regarding
the exponential generating function of the family {J,11(), n = 0}, it follows from (11)
and (8) that

= exp Z(—l)”_l(l + 0+ 0" T,(0)

n=0 n>1

Differentiating with respect to z and applying again Cauchy’s product, the following
alternative recursion similar to (7) is obtained:

n

Tueal®) = 30 (1) 004 ) RO i) )

k
k=0

for any n > 0. Let us define Ax(0) = (1460 + -+ + 0F)Jp1(0)/k! for k > 0 and
By(0) = (=1)*"1J41(0)/k! for k > 1. Then we infer

B (0) = nil ( ZAk ))

which, by making use of the above recursion (31), easily leads to

*(OFH1 + -+0")

gl

Bui® = 7 3 Jisr(0) B (0) (34)
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for any n > 1. Finally recalling that all coefficients of the J,11(f) are positive, all the
other asserted properties of the J,,11(#) follow by an induction. 0O

Remark 3.7. As A (0) = 1 and J5(0) = 1, it follows from (34) by an induction that

Jn+1(—1/6) 1

U — = ~
Pp (—0) nl 2gn—1

as  — oo (35)

for any n > 2, which could also be inferred from (28), but only after tedious calculations.
Considering

Cu(0) = (=0)" "V Jsa(0)

for n > 1, which is a polynomial of degree (n—1)(n—2)/2 with only positive coefficients,
(35) provides that C,(0) = n!/2 for all n > 2, whereas C1(0) = 1. Moreover, it has
leading coefficient 1 as one can deduce from (31) by a straightforward argument. For
their coefficients of higher degree, the polynomials C,, exhibit some similarities with
Touchard’s polynomials, see [31, p. 24], but their full combinatorics have apparently not
yet been discussed in the literature.

An alternative expression for the exponential generating function of the family
{Jn+1(0)7 n = O} is

an(nfl)/2 P

~ 2" n=0 (1 - 0)” F
Z Int1(0) P gn(nt1)/2 n (36)
n=0 -
1-6)» n!
n>=0

but it does not even seem to provide directly that jnH(G) is a polynomial. Choosing

0 = —1, we obtain
~ 2" Ccos z 1+sinz zZ"
Z nt1(=1) n! 1—sinz cos z Z n1(=1) nl’
n>=0 n=0

which has been observed already in the proof of Proposition 3.2 and implies

Jn1(=1) = Jop1(=1) = Ay

for all n > 0. The following result shows another striking similarity of the J, with
Mallows-Riordan polynomials. Recall that J,41(1) = (n + 1)"~! for any n > 0, see
e.g. [22] after Eq. (3).

Proposition 3.8. For any n >0, (—1)"1J,11(1) = (n — 1)"~* holds.
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Proof. Tt follows from (32) for # = 1 that

- N . N
> Tnaa(1) o = P D (=D (1) )
n>0 ’ | n>1 ’

—exp | S 2| = exp (2]

n>1

for any z € (—1/e,1/e). Here W (z) denotes the Lambert function W (z) which is known
to satisfy

eWE) = 271w (2)

on (—1/e,1/e). A comparison of coefficients on both sides of this equation yields the
desired result. O

We conclude this paragraph with a monotonicity property on [—1, 0] that is similar to
the one stated in Remark 2.4 for Mallows-Riordan polynomials. It is clear from Proposi-
tion 3.6 that 6 — (—1)™.J,(0) increases on R* for any n > 3, and we have also observed
in the proof of Proposition 3.2 that

~7Il+1(_1) = - ’I/’L-'rl(_l) = _nAn/2 <0

for any n > 2. The following property, obtained through the connection with persistence
probabilities, completes the picture.

Proposition 3.9. The function 0 — J,(0) decreases on [—1,0] for any n > 3.
Proof. By (10), it is enough to prove that 6 + pY(6) is increasing on (—oo,1] for all
n > 2. It follows from the definition that p (@), for each n > 2, equals the volume of
the polytope in [0, 1]™ defined by the inequalities

0 g iz + 91’2‘_1 + -+ 9i71171 < U
fori=1,....n—1,and ¢, = 1 + 012 + --+ + 6" L2y, where 9 = —1/0 € (0, 1]
as usual. By the change of variables y1 =z and y; = x; + - + 0l  fori=2,...,n,
we see that this volume equals the volume of the intersection of [0,9]" "1 x [0, 1] and the
polytope in [0, 1], which is defined by the inequalities

Yir1r < 14 0z

for i = 1,...,n — 1. This implies that § — pV (#) increases on (—oo0,1]. O
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Remark 3.10. When combined with Remark 2.4, the above proof shows that the mapping
0 ~ pY(0) is nondecreasing on the whole real line for all n > 0. Since this is actually
true on R for arbitrary innovation law, see again Remark 2.4, it would be interesting
to know if there are innovation laws where monotonicity fails to hold on the negative
halfline.

3.4. Asymptotic behavior

The following result gives exact exponential behavior of the pV () for § < —1, with
a rate expressed in terms of the first root z; /9 of the generalized exponential function
E(1/0, z), similar to Proposition 2.5. The analytical properties of the mapping 6 — 2 ¢
on (—o0,0) seem to be even less understood than those of the mapping 6 — zp mentioned
in Subsection 2.2 — see again [28].

Proposition 3.11. For every 0 < —1, there exists cy € (0,00) such that

1

U
Py, (0) ~ =
" Co Mo

as n — 0o,

where prg = 2(1 — 0) 21,9 > —26.

Proof. Putting again ¢ = 1/6 € (—1,0) and adopting the notation of Proposition 2.5,
Eq. (36) provides us with

G, z) = Lo T S~ B2 kl;[l(lJrakw))
(0,2) = go( )T = By T H(1+ 92 )

k>1

for any z € B(0,b1(9)), where by () = —f0a;1(9¥) > 0 equals the smallest root in mod-
ulus of z — E(U,9z). We claim that E(9,b1(9)) # 0, for otherwise we would infer
E(0, —a1(¥)) = E(¥,b1(9) = 0 and hence, by Rolle’s theorem, E'(¢,z1) = E(9,921) =0
for some z1 € (—ay(¥),b1(9)), which contradicts the minimality of by (). Recalling from
the proof of Proposition 2.5 that be(¥) = —0|az(¥)| > b1(¥), we see that z — G(9, 2)
is meromorphic on B(0,b2(¢¥)) with a single pole of order one at by (). It follows upon
setting

that the function
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b (9)

z = G,z) — 769(171?19)_2)

is holomorphic on B(0, b2(¥)) and, by evaluating its coefficients, we finally obtain

POy = (1 —9)" Jpgr (V) (blgzﬁ — é as n — oo.

Finally, the bound pp = —0Xy > —20 follows by a look at the dual case § € (—1,0] in

Proposition 2.5, see Remark 2.6(b). O

Remark 3.12. As expected, one has pg = —0X; /9 > A9 and pg — o0 as § — —oo. And

since 6 — pY (0) is nondecreasing on (—oo, —1), the same must hold for 6 — p, ' on this

interval.

4. The case 6 > 0

4.1. Proof of Theorem 1.}

Again, the argument relies on a linear recurrence relation obtained from the general

formula (28). The first step is to show that

pa(0) = > puk(0) (pk-1(1/60) — pr(1/6))
k=1

for all # > 0 and n > 1. With ¢ = 1/6 > 0, we embark on the fact that
k .
pu(0) = PlZw—lxj >0, k= 1n]
j=1
For n > 1 and u € R, we define
k ) n )
Ap(u) = { DX 20, k=1,...,n—1; > ¥X; > u}
j=1 =1
and A4, = A,(0). Since
n—1 .
Ap(u) = Ay N {Zﬁﬂ—lxj >u - 19”‘1Xn}
j=1

and the innovation law F' is symmetric and continuous, the decomposition
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0
pal®) = Pla = 220 [ [ o) dF ()

— 00

o0

=~ i@ a®) + [P A" )] dF ()
0

holds, where qi(¥) = pr—1(¥) — pr(¥) for all k& > 1. The next step is to evaluate the
integrand, say I,,_1, in the previous line:

Ly = / Pas(6) dF (uy)

L
Juy
—+ / ]P [An_g(ﬂn711t1 — 19”72’&2)} dF(’Z,LQ)
) Juy
= pn-2(0) (1 - / dF(u2))
+ / P [An_g(ﬁn_lul + 19n_2UQ)] dF(UQ)
—duq
= pn—2(0) (1 - dF(U2))
!
+ / P [An_2(§n71U1 + 19”7211,2)] dF(UQ)
—duq

Putting things together, we arrive at

a(0) = Pur(0)q1(9) + pu_sl6) (pm) - / / dF(undF(uQ))
0—19

U1

n—1 n—2
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and calls for a computation of I,,_1 := P[A,_ (9" 1u; + 9" 2uy)] as the next step.
Introducing the notation s, = 9" *uy + ...+ 9"ty for k=1,...,n, we find
In,Q = / pn,g(ﬂ) dF(Ug) + / P[An,3(33)] dF(Ug)
Yus+192uy —(Yuz2+92%uq)
— pus® |1 - ) |+ [ Pl dF ()
—(19u2+192u1) —(19u2+192u1)

and thereupon
3 oo o0
=S s @a@+ [ [ [ Plalse) dF ()P (ua)d ().
k=1 0— 1 — (Yuz+92uy)

Therefore, by continuing in the now obvious manner and repeatedly using (38), we finally
arrive at

= por(0) ax(9)
k=1

as required for (37). But this identity in combination with po(1/6) = 1 implies

an k(0) pr(1/6) an k(0) pr—1(1/0) an 1-1(0) pi(1/6)

for each n > 1 and 6 > 0, that is, the quantity on the very left does not depend on n
and must therefore equal 1 as claimed. 0O

Remark 4.1. (a) In the case when X; has a biexponential law and 6 € (0,1), the gen-
erating function of the persistence probabilities, say pZ(f), can be computed from the
results of [23] in terms of g-series. More precisely, it follows from Formula (31) in [23]
that

S pe) e = U e 210 e (39)

= (2;0%) 0 + (02;02) o

with the standard g-notation (z;¢)ec = [[,5¢(1 — 2¢") for all z,¢q € (0,1). Thanks to
Theorem 1.4, we can now also compute this generating function if # > 1, namely

E n o _ (Z§ 9_2)00 + (6_1Z§ 9_2>oo
N N N (=T s ) o
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These formulae for p,(f) if 6 > 0 are significantly more complicated than for § < 0,
see Remark 3.5. On the other hand, they exhibit some interesting similarities with those
in the case of uniform innovations, due to the g-binomial theorem. Skipping details,
Formula (39) can indeed be rewritten

Z qn (n+1)/2 n(l +97n)

(q — [n]q!
E P - n20
n%:opn(@) Zq D T
P = ]

with ¢ = 62 € (0,1), and resembles, at least formally, the formula

9n(n+l)/2 L

> G T

U n o n=0
an(ﬁ)z - en(nfl)/Q n

n>0 o

(6 —1)™ 2nnl

n=0

which in turn follows from the fact that expressions in (20) and (21) are identical for
0 e [-1, %] This raises the question whether other symmetric innovation laws exist,
intermediate between uniform and biexponential, that allow one to give the explicit
persistence probabilities in Theorems 1.2 and 1.4.

(b) Recall from Remark 2.2(a) that in the case when the innovation law is uniform

n [—1,1], Formula (15) for the persistence probabilities p!(#) is valid for each n > 1

and 0 > 1/0,,, where 0,, denotes the positive solution to 6 + - -+ 6"~1 = 1. In the case

6 € (1,1/6,,), the behavior of p (8) exhibits a more exotic character (truncated Laurent
series in #). For example, one has

for each 6 > 1 such that =1 4+ 0=2 > 1. Still, the mapping 6 — P, (#) seems to maintain
a certain degree of smoothness on (1,00) for all n, see Fig. 1.

4.2. Proof of Corollary 1.5 and properties of the fn(e)

Regarding a proof of Corollary 1.5, we first mention that Eq. (15) for the persistence
probabilities pU (6) follows directly from Theorems 1.1 and 1.4 when defining the Jn(6)
by (16). Therefore, it remains to verify the asserted properties of the latter functions,
which is done by Proposition 4.2 below, followed by a discussion of some further notable
properties.
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Proposition 4.2. For ecach n > 1, Jo41(0) is a polynomial in Z[6] of degree n(n —1)/2
that has constant coefficient 2™~ 1n!, while all other coefficients are negative.

Proof. Tt follows from (11) and (16) that the J,,(6) and J,,(6) are related through their
exponential generating functions, namely

n

~ 2" 1 ~ z
> T (0) = 1% > (1) Ty (6) a1l

n=0 n=0

which is equivalent to

o~

ni1(0) zn: (=1)*Jr+1(0) (41)

n k L\
21 nl = 2F k!
for all n > 0 and implies the recursive relation
Tosr(0) = 20 7,(0) + (~1)"T42(0) (12)

for all n > 1, with initial condition j\l(ﬂ) = 1. As an immediate consequence of this
relation and formally proved by induction, each J,,11(6) is indeed a polynomial in Z[6]
of the asserted degree. We further infer from (41) that

N k+1J 0
Jui1(0) = 2" Inl — 2™p) Z —Zk kl!Hl( )

for any n > 2, which together with J2(9) = 1 concludes the proof because, as a conse-
quence of Proposition 3.6, the polynomial

 (—1)FL T (6)
P
k=2

has valuation 1 and positive coefficients for any n > 2. O

For 6 > 2, Formula (41) implies the following curious invariance property in the
expansion of the persistence probability p! (6).

Proposition 4.3. For any 0 > 2, k > 0 andn > k+1, the first k terms in the polynomial
expansion of p% (0) as a function of 1/6 do not depend on n.

Proof. It follows by Theorem 1.4 and (41) that

(1/6) " (=1)J;41(1/6)
U _ n+1 j+1
pn (9) - 2n ’I’L' Z 2]j'

Jj=
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k+1 T

—1)7J,;41(1/0
=y COl0 b L) (43)
- J-
7=0
for any n > k + 1, where P, x(1/0) is zero for n = k + 1 and, by Proposition 3.6, a
polynomial of valuation k + 1 for n > k + 1. This shows that the k first terms of the
expansion of p¥(#) in 1/ are those in the first sum appearing in (43) and thus do not
depend on n > k + 1, as claimed. O

We will see in the next subsection that p¥(#) | £(§) > 0 for all > 1. If § > 2,
Proposition 4.3 contributes to this convergence result an infinite series representation of
the limit, namely

(o) = apb7*,

k>0
where a¢g = % and ay, for k > 1 equals the coefficient of 8% in the polynomial sum
k+1 o~
Z (=1)7Jj41(6)
—
= 27 5!

and is a negative rational. The first terms in the expansion of ¢(6) are

o) = 1 1 N 1 N 5 N 1 N 5
) 80 = 1662 = 9663 = 246+ = 12865
N 7 N 9 N 107 N 641 N
192606 © 256607 307268 1843269

and exhibit some curious combinatorial behavior. For example, the sequence of ratios
{ak+1/ak, k > 1} begins with

15 14 27 107 641

4
5167 157 287 108" 642"

15
2 6
and thus seems to contain terms of the form NL_H only for some integers N. A thorougher
investigation of the limit function £(0) and its coefficients ay for k > 1 is left open for
future research.
Recalling that T,V = inf{n : ¥,, < 0} in the case of uniform innovations on [—1, 1], the
last result of this subsection provides a surprisingly simple formula for the first hitting
probabilities P[T,V = n] in the case 6 > 2.

Proposition 4.4. If 6 > 2, then

(1) 1 Jus1(1/9)
21 p!
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holds for allmn > 1.

Proof. This follows from

=

=2
I

=
[

Pa-1(0) = py,(0)

2nJn(1/0) = Jugr(1/0)  (=1)" Jnia(1/6)

PALE Y 21 n!

for every n > 1, where the second equality holds by Theorem 1.4 and the third one
by (42). O

We note as a particular consequence that the mapping 6 +— IP’[TGU = n] is decreasing
on [2,00) for all n > 1. This follows because the polynomials (—1)"1.J, 11 (#) have only
positive coefficients, and it refines the assertion that 6 — 1 —£(0) =3_ -, PTV = n]
decreases in 0, which is clear from the above series expansion for £(6).

4.8. Asymptotic behavior

The next result is a further consequence of Theorem 1.4 and provides an unexpected
extension of a well-known result for dual pairs of ladder epochs of ordinary random walks
(which occurs here if 8 = 1) to general AR(1) processes with drift § > 1 and symmetric,
continuous innovation law. To see the connection with ladder epochs, we point out the
obvious facts that

pn(0) = P[Ty >n] — P[Th = ] as n — oo,

thus £(0) = P[Ty = oo], and that Ty = inf{n : ¥, < 0} can be viewed as the first
descending ladder epoch of (Y,)n>0-

Proposition 4.5. Given the assumptions of Theorem 1.4, the identity

(0) = P[Ty =] = E[;l/a] (44)

holds true, and the terms are positive if, and only if, 0 > 1 and Elog(l + | X1]) < oc.

If & = 1, then (Y;,)n>0 is an ordinary random walk with continuous and symmetric
increment law. Denoting by 77 = inf{n : Y, < 0} its first weakly descending ladder
epoch, it follows from the famous Spitzer-Baxter identities, see e.g. [8, Sec. 8.4], that
(Th,Ty) form a dual pair satisfying

1 1
d PI} =00 = ——.
gy ond PUIT =o] = @@

P[T} = 0] = (45)
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But under the given additional assumptions on the increment law, it follows immediately
that 77 and T are identically distributed, so that (44) can indeed be viewed as an
extension of (45) of the aforementioned kind. Finally, we should note that all quantities
in (45) are 0 because the random walk is symmetric and thus particularly oscillating.

Proof of Proposition 4.5. We already pointed out in the Introduction that an AR(1)
process (Y;,)n>o defined by (1) is positive recurrent if, and only if, § € (—1,1) and
Elog(l + | X1]) < oo. In particular, we infer here that 6 > 1 is necessary and sufficient
for

ETije = Y P[Tie>n] = > pa(1/0) < .
n>0 n>0

Now use (12) in Theorem 1.4 to infer

n n
= Y P[Ty > k|P[Typ>n—k|] > P[Ty=00]> Py >n—kl
k=0 k=0

for each n > 0 and then upon letting n tend to co that
P[Tg = OO] ETl/g < 1,

in particular that P[Ty = oo] > 0 entails ETy/9 < oo and so # > 1. Conversely, if
ET} /9 < 0o, then (12) provides, for any m > 0 and n > m

1 <P ZPT1/9>]€ + Z ]P[Tl/9>]€]
k=0 k=m+1

and then upon letting n tend to oo that

1 ] Y P[T1je > k] + Y P[T1e > k]
k=0

By finally taking the limit m — oo, we arrive at
1 < P[Tg = OO] ETl/e,

which together with the first part proves the equivalence of P[Ty = oco] > 0 and ET; /9 <
oo (and thus 6 > 1), as well as Eq. (44). O

Remark 4.6. If 0 > 1 and for biexponential innovations, a combination of Proposition 4.5
and Formula (34) in [23] implies
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0746072)

00 et 050w

0o =

which can also be seen directly from (40) and the Hardy-Littlewood Tauberian theorem.

Remark 4.7. Back to the case when innovations are uniform on [—1, 1], Proposition 4.5
provides

0(0) >0 as n — oo, (46)

1
A

n>=0

for any 6 > 1. This should be compared to the following: for 8 > 2, we have already
given in the previous subsection an alternative formula for £(0) in terms of the sequence
of modified Mallows-Riordan polynomials, namely

—1)"Jpi1(1/60 _
n>0 : k>0

with a somewhat mysterious sequence of coefficients aj in the convergent series repre-
sentation on the right-hand side.

The final result of this subsection confirms that p7(6) for § > 1 approaches its limit
£(9) again at an exponential rate, in the case § > 2 given by the first positive root

vg = inf{z>0: L(0,z) =0}

of the function

R 1—2/A(0)
L(0,2) = o Zak(l/a) (1—z/Ak(8))

k>2

Here we have used the notation from Proposition 2.5 and Remark 2.6(a), and further
defined A\, (0) = 2(1—1/6)ay(1/0). It should be recalled that (ax(1/6))k>1 and (Ak(0))k>1
are increasing sequences of positive numbers with A;(6) > 1 and

1
Zm:1<oo.

k>1

This implies that L(6, z) is real-analytic in z on [0, A2(0)), where it decreases from 1 to
—oo and has a unique and simple root vy € (A1(0), A2(0)).

Proposition 4.8. For any 0 > 1, there exists kg > 0 such that

pY(0) — £(0) < e rem for alln >0, (47)
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and if 0 > 2, there further exists cg > 0 such that

1
co vy

pY(0) — £(0) ~ as n — oo. (48)

Proof. Putting 7Y (0) = p¥ (0) — £(0) > 0, it follows from (46) and Theorem 1.4 that

(ZT}K(Q)Z"> (Zpii(l/e) z) = 00) Y _pH(1/0) (14 42"

n>=0 n=0 n=0

for any z € (0,1) and 6 > 1. Moreover, the right-hand side has an analytic extension to
(0, 2(0)) for some z,(0) > 1 satisfying pU (1/6)2.(0)™ — 0 as n — oo, see e.g. Theorem 1
in [21] for the latter property. This clearly implies (47).

For 6 > 2, we have seen in Remark 2.6(a) that, with the above notation,

v I o S
pn (1/0) = Zak(l/G) Ak (0)"

k>1

for every n > 0. By plugging this in the above equation, we find after some easy simpli-
fications and upon using Fubini’s theorem that

LUy UOLO.2)
n;) . (0) 700

for any z € [0, A1(0)), with the notation a(1/0) = (Ak(0) — 1)ar(1/0) for k > 1 and

» B # 1-— Z/Al(e) .
L(0,2) = we k; ar(1/0) (1 — z/A(0))

As (Ag(0))r>1 is increasing, the function z L(0, z), which is real-analytic and decreas-
ing on [0, A2(f)) (as a sum of real-analytic and decreasing functions) must also satisfy
E(Q, z) > 0. Putting everything together while skipping details, we finally obtain that
the function

is meromorphic on B(0, A2(6)), where it has a unique and simple pole at vy. This com-
pletes the proof as in Proposition 2.5. O
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5. Miscellanea
5.1. The Tutte polynomial on a complete graph

Given a finite graph G, its dichromatic polynomial is defined as the bivariate gener-
ating function

Q(G,z,0) = Z o FUH) geCH)+R(H) —v(H)
HCG

where summation ranges over all spanning subgraphs of G and e(H), k(H), v(H) denote
the number of edges, connected components and vertices of H, respectively. For the
complete graph K,, with n vertices, the exponential generating function of the T, (z, ) =
Q(Kpn,x,0) has been computed in [32, Eq. (17)] as

Ox
o B (9_|_ l)n(nfl)/Z N

n=>0 n=>0

— exp leJn(HJr 1) ﬂ (49)

n>1

where (5) has been utilized for the second equality. Introducing the modified polynomials
Ty, (z,0) =1 and

To(z—1,6—1)—1

T 0 =1
Kn(xv) + r—1

for n > 1, we have the identity
TK,,,(]-va) = Jn(e) (50)

For any ¢ € (0,1] and ¢t > 0, consider now the Tutte polytope T, (q,t) C R™ defined as
the set of (x1,...,x,) satisfying the constraints z, > 1 — ¢ and

qr; < q(1+t)z;a — t(1—q)(1 —zi1)

for all 1 < ¢ < j < n, with the convention xy = 1. The limiting Tutte polytope is
obtained as ¢ — 0 and equals

Tn((),t) = {1<£L’1 < 1+t, 1 <$1 < (1+t)1’i_1, 222,,7L}

The following corollary follows directly from Proposition 2.3 and (50) above.
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Corollary 5.1. For alln > 1 andt > 0, one has
vol T,,(0,t) = t" TKnH(l’ 1+¢)/nl
The result particularly provides that the volume of the Cayley polytope
C, =volT,(0,1) = {1<21<2,1<2;<2x_1,1=2,...,n}

equals J,+1(2)/n!, that is 1/n! times the number of labeled connected graphs with n+1
vertices. This fact was conjectured in [6] and proved in [19], as a consequence of the more
general formula

volTy(q,t) = t" Tk, , (1+q/t,1+1)/n! (51)

for any n > 1,q € (0,1] and ¢ > 0, see Theorem 1.3 therein. The limiting case ¢ = 0
follows directly from Proposition 2.3, the proof of which is more elementary than the
arguments developed in [19]. See also Theorem 3 in [20] for another elementary proof of
Corollary 5.1 in the case t = 1 using partitions of integers. The natural question arises
whether the general identity (51) admits a simple proof as well.

Before we finish this subsection by pointing out a curious connection between the
Tutte polynomial T, (z,0) and a certain Poisson process on N for § € [—2, 1), we prove
the following summability criterion for Mallows-Riordan polynomials that seems to have
been unnoticed in the literature.

In(0)

n!

Lemma 5.2. For 0 > —1, the positive series Zn>1 is finite if, and only if, 6 < 0.
Proof. The only-if part is immediate since J,,(6) > J,(0) = (n — 1)! for all n > 1 and
0 > 0. For the if part, we first observe, with the notation of Subsection 2.2, that for all
z € (0,1) and 0 € [—1,0) one has by (5)

n n

(9—1)1ogE<9,—1%9) =3 Jn(Q)% <3 % < oo,

n>1 n>1
recalling the fact mentioned in Remark 2.6(b) that (1 — 0)zp > 1 for each 6 € [-1,0).
Fixing now any such 6 and recalling further that ¥ — (1 — )2y is nonincreasing on
[—1,4] with value zp = 1 at 0 shows that (1 — 6)zg = 1 entails (1 — ¥)zg = 1 for all
¥ € (0,0), which in turn implies the impossible fact that the analytic function

19n(n—1)/2

Ve 2 gy

n>=0

vanishes on (0, —#). So we must have (1 — )z > 1 for all § € [—1,0) and, by picking
some zg € (1,(1 — 0)zp), we finally obtain
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> J’;L(f) <> Jn(ﬁ)xn—g; < 00

n>1 ’ n>1

as required. O

Remark 5.3. Recall from Proposition 2.5 that Ay = 2(1 — )z, thus nonincreasing on
[-1,1), and from (27) in Remark 2.6(a) that

Jor(6) 1 (2

n
— | — as n — o0.
n! z0 )\9)

As a consequence of the previous lemma, we now infer A\g > 2 for 6 € [—1,0) and Mg < 2
for 6 € (0,1).

Lemma 5.2 also ensures that the positive measure

motan) = Y- 2ED 5 (au)

n!
n>1

is finite with total mass m, = 0log(E (0 + 1,1/0)) for any 6 € [—2,—1). Considering
now a compound Poisson process {Xy(t), t > 0} on N with Lévy measure m,(du), the
discrete Lévy-Khintchine formula, see e.g. Theorem I11.3.2 in [30], combined with (49)
implies

o0
n

Z e M (t,0) z_' = exp —t/(l —2%)Ymy(du)| = E [zx"(t)}
n!

n>=0 0

for every z € (0,1). By comparison of coeflicients, this leads to

—tmy Tn (ta 9)

P[Xo(t)=n] = e o

forallt > 0, 8§ € [-2,1) and n > 0, and thus to a probabilistic representation of the
Tutte polynomial. In the limiting case § = —2, m_, = —log(1 —sin 1) and the compound
Poisson process has explicit moment generating function

. t
B [Zsz(t)] _ 1—sinl
1—sinz

for all t > 0 and z € (0,7/2).
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5.2. Infinite divisibility

This subsection is devoted to aspects of infinite divisibility (ID) in connection with
the persistence probabilities p,(6), and it begins with a discussion of the shifted first
passage time below zero Ty = Ty — 1, related to the p, (0) by

]P[f@ =n| = pp(0) — pry1(0) foralln > 0.

Unlike Ty, it qualifies at all to have a discrete ID law by taking values in Ny rather
than N only.

For a downward skip-free Markov chain on Z, it is easy to see by right continuity
that its shifted passage time below zero is indeed always ID, but already replacing the
state space with the whole real line makes the problem less immediate because of the
jumps. Back to the model (1) studied in this work and assuming 6 = 0 (white-noise
case), the random variable TO is geometric and hence ID regardless of the innovation
law, see e.g. Example I1.2.6 in [30]. If § = 1 (random walk case) and the innovation law
is symmetric and continuous, then the Sparre Andersen formula (14) provides

n = 3 (),

and thus P[Ty = n] = pp(1) — pnyi(1) = Cn/22L, where {C,, n > 0} denotes the
sequence of Catalan numbers. Their classical integral representation leads to

el =nt = £ o[ E

for all n > 0 and shows that {P[Ty = n], n > 0} is a sequence of positive moments and

therefore log-convex. It follows by the Goldie-Steutel criterion, see e.g. Theorem I11.10.1
n [30], that Ty is also ID.
In the true Markovian situation 6 € (0, 3] with uniform innovation law on [—1, 1], the
moment sequence argument still applies as established by the following result.

Proposition 5.4. The random variable er is ID for any 6 € [0, 1].

Proof. For 6 as stated, we infer from (3) and (26) that

U _ 1

k>1

where A (0) = 2(1 — 0)ax () is an increasing sequence with A;(#) > 1. This yields
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1
NU_n —_ U _ U — /\k(9>_1 — 2" vo(da
P[TG - ] Pn (0) pn+1(9) ]; ak(ﬁ) (Ak(ﬁ))”‘H b/ ‘9(d )7

with

A (0) —

k>1

and since vy is a positive measure on (0, 1), we arrive at the desired conclusion as in the
case # =1. O

Remark 5.5. (a) The moment sequence representation argument to show log-convexity

does no longer work if § = —1. Indeed, by using Euler’s summation for the cotangent,
we have
1+ sin(z/2) T—z : 4
U n
g py(—1)2" = —————= = cot = lim E _
= cos(z/2) 4 oo £ m(dj+1)— 2z

which after some simple transformations leads to
1
P[T;U =n] = /1:" v(dz)
-1

with A\; =1/(m(4j 4+ 1)) for all j € Z and
v(de) = 4(1 —x) Z Aj Oy, (dz).
JEZL

But the latter is obviously only a signed measure on (—1,1).

(b) If § > 2 and thus P[T,Y = oc] > 0 (defective case), the ID of T,” remains an open
problem. Yet, we remark that

Jns1(1/0) Ju1(1/60) = (14 1/n) J,(1/6)> for all n > 2

provides a sufficient condition for the log-convexity of {]P’[er = n|,n > 1} and thus
the ID of TOU7 as can be shown with the help of Proposition 4.4. Another line of attack
might be the Wiener-Hopf type factorization

(- [T0]) (1-E [% 150.y]) = 1-%

valid for all z € (0,1) and a straightforward consequence of Theorem 1.4. In support of
this, we recall that for Lévy processes, the Wiener-Hopf factors are indeed ID random
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variables. Finally, we point out that, because of the negative signs, the recursive for-
mula (31) does not give, at least not directly, the canonical representation of a discrete
ID distribution as stated in Theorem II.4.4. of [30].

(c¢) The argument given in the above proof of Proposition 5.4 amounts to a total pos-
itivity property for Mallows-Riordan polynomials that is mentioned in [27]. To explain,

recall that

oo

Jn+1(9) _ 1 _ 2" Do (da
nl D OO 0/ o(d)

k>1

for all § € (0,1), where the b(0) := (1 — 0)ax () = A\(0)/2 are positive and increasing
numbers, and

~ 1
I/@(dx) = Z a—@ 51/bk-(9) (d(E)
p>1 Ok

a positive measure on (0, 00). By Stieltjes’ criterion, this entails the total positivity of
the Hankel matrix

{%}g?)} 4,520

for any 6 € (0,1), which means that all minors of this matrix are non-negative. Now
it has been conjectured in [27] that this Hankel matrix is even coefficientwise totally
positive, that is, all minors are polynomials with nonnegative coefficients. But even the
assertion that the polynomial

Tns1(0) Ju-1(0) — (1+1/n) (Ju(0))?

has only nonnegative coefficients for all n > 1, which provides to the coefficientwise
log-convexity of the sequence {J,41(6)/n!, n > 0}, remains an open problem.

Propositions 2.5, 3.11 and 4.5 have shown that E[T,”] < oo if, and only if, § < 1. In
this case, the random variable TOU with law

- P[T,Y > n]
P/ =n] = —2——

B = = T
for all n > 0 can be considered. This law is called the size-biasing of the law of T
and appears, for instance, in renewal theory. Regarding infinite divisibility, we have the
following result.

Proposition 5.6. The random variable ng is ID for 6 € [—1, %} and fails to be so for
0 < —1.
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Proof. If 6 € [0, 1], the result follows from the log-convexity of the sequence {]P’[TGU =
n], n > 1} shown in the proof of Proposition 5.4 combined with [30, Prop. 11.10.7],
which then ensures the same property for the corresponding size-biased probabilities
P[TY = n).

If € [-1,0), we use Theorem 1.1 and the exponential formula (8), giving

ZP[?QU:TL]Zn = ﬁel]] ZJ”+1(9)2i—:L’L|

n>=0 n>=0

.. n71
exp | — Z 01 ;rnn! ) (1—2")

for all z € (0, 1]. Now the discrete Lévy-Khintchine formula and the fact that J,(8) (1 +
<401 > 0foralln >1and @ € [—1,0) imply that 7,V is ID.
Finally, if # < —1, we note as a direct consequence of (15) and (32) that

—1)1 e 1-n

2n !

and this shows that fGU cannot be ID because (—1)"71.J,(1/60) (1 + --- + 017") takes
negative values. 0O

Remark 5.7. (a) If § < —1 the argument just given has shown that the sequence {IP [@U =
n], n = 0} is not log-convex and so, again by [30, Prop. I1.10.7], that the sequence
{P[T,V = n], n > 0} is not log-convex either.

(b) If = —1, one has J,(—=1) (1 + -+ (=1)!7") = B,_1 > 0, where B,, is Euler’s
n-th secant or “zig” number, and so we retrieve the well-known formula

22n+1

D A (2n+1)!

n>0

n
Z A, S exp
n!

n>0

)

ZBn—l Z_T] = €xXp

n>1

which (see e.g. (1.2) in [29]) amounts to

cost
0

1+
dt lo <w> ) z € (0,7/2).

COS ™
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5.8. Uniform innovations on non-symmetric intervals

Finally, we want to briefly discuss how some of our results can be extended to the case
when the innovation law is uniform on [—a, b] for arbitrary a,b > 0. Let p%®(6) denote
the corresponding persistence probability.

Proposition 5.8. For every a,b > 0 and n > 0, one has

b " Jn+1(0) . a
pa’b(g) B (a—i— b) n! ifoe [_17 a——l-b} ’
m b\ Ty (1/6)
<a " b> +1n! if € (—o0, —1].

Proof. Given uniform innovations on [—a,b] in (1), it is no loss of generality to assume
b = 1, for otherwise this holds for the innovations )A(n = b~'X,, upon multiplication
of (1) by b=! and p»?(0) = P[Y; > 0,...,Y, > 0]. Recalling the discussion prior to (18),
it is easy to see that in the present situation

1 1

1

p%,l(e) — (a+1)n/ / / dun...dUQdU1
0 —

-

Our  —(Oup—_1+-+0""1uq)

o Jn+1(9)
~ (a+1)nn!

for any 6 > —1 such that § + --- + 6"~ < a. But the latter holds for all n > 0 if
0e[-1,a/(a+1)]. If @ < —1, we observe that

1

1 1
1
a,l - -

0 (=0ui)AL  (—0Oup_1—-—0""1ug)AL

because each of the lower integration bounds are > 0 and thus independent of a. In
other words, a — (a + 1)"p®1(6) is constant for each n > 1, and the constant equals
27pLl(9) = J,41(1/0)/n! by Corollary 1.3. O

Remark 5.9. (a) Proposition 5.8 covers the comfortable cases when (a + 1) p%!(0) =
27pL1(9) so that we can give closed-form expressions by resorting to our results for
symmetric uniform innovations. For § > 1 + 1/a, this comfortable situation does no
longer occur whence a closed-form expression cannot be derived from Theorem 1.4 and
its corollary. In the random walk case 6 = 1, the same disclaimer applies whenever a # 1.
Finally, as a consequence of the previous result combined with what has been pointed
out in Remarks 2.4 and 3.10, we note that 6 — p®®(6) is non-decreasing on R for all
a,b>0and n > 0.



50 G. Alsmeyer et al. / Advances in Applied Mathematics 150 (2023) 102555

(b) Regarding asymptotic behavior, it follows from Propositions 2.5 and 3.11 that

1 b " . a
£<(a+b)(1—o)29> “e{_l’aw]’
1

co ((a + b)(lb— 0) z1/6 )n

as n — 0o, where zp = inf{z > 0: E(#,—z) = 0} and ¢y denotes a positive constant.

pa’(6) ~

if 6 € (—o0, —1],

The first asymptotics extends Proposition 3.1 in [3] dealing with the zigzag case § = —1.
From Proposition 5.4, we can also deduce that the shifted first passage time T@a’b7 with
obvious meaning, is ID for all € [0,a/(a + b)].

(¢) Taking a = 0 € (0,1) and b = 1—6, a simple transformation leads to the alternative
representation

pP1=%0) = P2 <1,...,Z, <1], n>1,

where Zyg = 1 and Z,, = 0Z,,_1 + U,, for n > 1 and i.i.d. innovations U, Us, ... with
uniform law on (0, 1). By this representation, it is clear that the mapping 6 — p%1=%(0)
is non-increasing on (0, 1), and, by the above asymptotics, that 6 — zy is non-decreasing
on (0,1). This is a very first step towards the Big Conjecture #4 in [28], which states
that actually all mappings 6 — zp(k), zo(k) the k*" positive zero of E(f, —z), should be
absolutely monotone.

(d) For any a,b > 0 and 6 € R, the truncated Volterra endomorphism K on Cp(R™, R),
defined by

b
1
Ky(z) = / By +00) 1ysaesoy dy, @30

a+b

is totally bounded and equicontinuous and hence compact by the Arzela-Ascoli theorem.
It follows from Theorem 2.1 in [3] and the above asymptotics that its largest eigenvalue
equals

b

—(a—|—b)(1—9)z9 <1 1f9€[—17

_*
a-+b
and

b
(@a+0b)(1—0) 21

<1 it ebe(—o0,—1].

If 6 = 0, the largest eigenvalue equals b/(a+b) and the corresponding eigenvectors are the
constant functions. If § = —1, the largest eigenvalue is 2wb/(a+b) and the corresponding
eigenvectors are the constant multiples of cos(mz/2b)1 (). In all other cases, the
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eigenvectors are the solutions to certain delayed ODE’s and of unknown explicit form.
Finally, it would also be interesting to know if the largest eigenvalue of this truncated
Volterra operator is computable in the case § = (a/(a +b), 1).

Acknowledgments

We are indebted to an anonymous referee for a very constructive report and many
valuable comments that helped to prepare the final version. Part of this work has been
written during a stay at the Technical University of Berlin of the fourth author, who
would like to thank Jean-Dominique Deuschel for the very good working conditions.

References

[1] F. Aurzada, C. Baumgarten, Survival probabilities of weighted random walks, ALEA Lat. Am. J.
Probab. Math. Stat. 8 (2011) 235-258.

[2] F. Aurzada, M. Kettner, Persistence exponents via perturbation theory: AR(1)-processes, J. Stat.
Phys. 177 (2019) 1411-1441.

[3] F. Aurzada, S. Mukherjee, O. Zeitouni, Persistence exponents in Markov chains, Ann. Inst. Henri
Poincaré B, Probab. Stat. 57 (2021) 1411-1441.

[4] F. Aurzada, T. Simon, Persistence probabilities and exponents, in: Lévy Matters V - Functionals of
Lévy Processes, in: Lect. Notes. Math., vol. 2149, Springer, New York, 2015, pp. 41-54.

[6] C. Baumgarten, Survival probabilities of autoregressive processes, ESAIM Probab. Stat. 18 (2014)
293-316.

[6] M. Beck, B. Braun, N. Le, Mahonian partition identities via polyhedral geometry, in: From Fourier
Analysis and Number Theory to Radon Transforms and Geometry, in: Dev. Math., vol. 28, Springer,
New York, 2013, pp. 41-54.

[7] M. Braverman, Termination of integer linear programs, in: Computer Aided Verification, in: Lect.
Notes in Comput. Science, vol. 4144, Springer, New York, 2006, pp. 372-385.

[8] K.L. Chung, A Course in Probability Theory, 3rd ed., Academic Press Inc., San Diego, CA, 2001.

[9] J.B. Conway, Functions of One Complex Variable, 2nd ed., Graduate Texts in Mathematics, vol. 11,
Springer-Verlag, New York-Berlin, 1978.

[10] A. Dembo, J. Ding, J. Yan, Persistence versus stability for auto-regressive processes, arXiv:1906.
00473.

[11] D. Denisov, G. Hinrichs, M. Kolb, V. Wachtel, Persistence of autoregressive sequences with loga-
rithmic tails, Electron. J. Probab. 27 (2022) 1-43.

[12] P. Flajolet, B. Salvy, G. Schaeffer, Airy phenomena and analytic combinatorics of connected graphs,
Electron. J. Comb. 11 (2004), Research Paper 34, 30.

[13] .M. Gessel, A noncommutative generalization and g-analog of the Lagrange inversion formula,
Trans. Am. Math. Soc. 257 (1980) 455-482.

[14] I.M. Gessel, B.E. Sagan, Y.-N. Yeh, Enumeration of trees by inversions, J. Graph Theory 19 (1995)
435-459.

[15] I.M. Gessel, D.-L. Wang, Depth-first search as a combinatorial correspondence, J. Comb. Theory,
Ser. A 26 (1979) 308-313.

[16] P.W. Glynn, A. Zeevi, Recurrence properties of autoregressive processes with super-heavy tailed
innovations, J. Appl. Probab. 41 (2004) 639-653.

[17] C.M. Goldie, R.A. Maller, Stability of perpetuities, Ann. Probab. 28 (2000) 1195-1218.

[18] G. Hinrichs, M. Kolb, V. Wachtel, Persistence of one-dimensional AR(1) sequences, J. Theor.
Probab. 33 (2020) 65-102.

[19] M. Konvalinka, I. Pak, Triangulations of Cayley and Tutte polytopes, Adv. Math. 245 (2013) 1-33.

[20] M. Konvalinka, I. Pak, Cayley compositions, partitions, polytopes, and geometric bijections, J.
Comb. Theory, Ser. A 123 (2014) 86-91.

[21] N. Kordzakhia, A. Novikov, Martingales and first passage times of AR(1) sequences, Stochastics 80
(2008) 197-210.


http://refhub.elsevier.com/S0196-8858(23)00073-8/bib3145387C985ABB6FB933D36B54B0AE5Bs1
http://refhub.elsevier.com/S0196-8858(23)00073-8/bib3145387C985ABB6FB933D36B54B0AE5Bs1
http://refhub.elsevier.com/S0196-8858(23)00073-8/bib4274BA470A0B1469413DA377753891E1s1
http://refhub.elsevier.com/S0196-8858(23)00073-8/bib4274BA470A0B1469413DA377753891E1s1
http://refhub.elsevier.com/S0196-8858(23)00073-8/bib8DB28553A6808D0753E22BC797FD0379s1
http://refhub.elsevier.com/S0196-8858(23)00073-8/bib8DB28553A6808D0753E22BC797FD0379s1
http://refhub.elsevier.com/S0196-8858(23)00073-8/bib3CA160221DA57E5AFEE4D5F420835357s1
http://refhub.elsevier.com/S0196-8858(23)00073-8/bib3CA160221DA57E5AFEE4D5F420835357s1
http://refhub.elsevier.com/S0196-8858(23)00073-8/bib74F135563AD8A5247ED9A7A330F2230Bs1
http://refhub.elsevier.com/S0196-8858(23)00073-8/bib74F135563AD8A5247ED9A7A330F2230Bs1
http://refhub.elsevier.com/S0196-8858(23)00073-8/bibC369BEF66091682E10058512349D48EFs1
http://refhub.elsevier.com/S0196-8858(23)00073-8/bibC369BEF66091682E10058512349D48EFs1
http://refhub.elsevier.com/S0196-8858(23)00073-8/bibC369BEF66091682E10058512349D48EFs1
http://refhub.elsevier.com/S0196-8858(23)00073-8/bibB27B5AA10A17AA5961DBC8236DB3D671s1
http://refhub.elsevier.com/S0196-8858(23)00073-8/bibB27B5AA10A17AA5961DBC8236DB3D671s1
http://refhub.elsevier.com/S0196-8858(23)00073-8/bib653AC92D11E41CBEDAA6401189CAAFC2s1
http://refhub.elsevier.com/S0196-8858(23)00073-8/bib424F91C9E457A96E0F99F229661B854As1
http://refhub.elsevier.com/S0196-8858(23)00073-8/bib424F91C9E457A96E0F99F229661B854As1
http://refhub.elsevier.com/S0196-8858(23)00073-8/bib82A687CE3F986DDC86A53F0C34CE95FAs1
http://refhub.elsevier.com/S0196-8858(23)00073-8/bib82A687CE3F986DDC86A53F0C34CE95FAs1
http://refhub.elsevier.com/S0196-8858(23)00073-8/bib020FC385E8EF90C8ECACBA117D05F960s1
http://refhub.elsevier.com/S0196-8858(23)00073-8/bib020FC385E8EF90C8ECACBA117D05F960s1
http://refhub.elsevier.com/S0196-8858(23)00073-8/bibE761EAE597555E7AB682365355C643A9s1
http://refhub.elsevier.com/S0196-8858(23)00073-8/bibE761EAE597555E7AB682365355C643A9s1
http://refhub.elsevier.com/S0196-8858(23)00073-8/bib90DD50AD4BE7459E92454AF9B2E4855Es1
http://refhub.elsevier.com/S0196-8858(23)00073-8/bib90DD50AD4BE7459E92454AF9B2E4855Es1
http://refhub.elsevier.com/S0196-8858(23)00073-8/bib272EC386B69174C5B4A9E3D784A4F745s1
http://refhub.elsevier.com/S0196-8858(23)00073-8/bib272EC386B69174C5B4A9E3D784A4F745s1
http://refhub.elsevier.com/S0196-8858(23)00073-8/bibE3C60ACDC04769166AC56F7EF2D8C2A7s1
http://refhub.elsevier.com/S0196-8858(23)00073-8/bibE3C60ACDC04769166AC56F7EF2D8C2A7s1
http://refhub.elsevier.com/S0196-8858(23)00073-8/bib68E0C487B1BCB0633505DAD1FEE05CA9s1
http://refhub.elsevier.com/S0196-8858(23)00073-8/bib68E0C487B1BCB0633505DAD1FEE05CA9s1
http://refhub.elsevier.com/S0196-8858(23)00073-8/bib2F96425EC4840A994254E4E0F419FF0Cs1
http://refhub.elsevier.com/S0196-8858(23)00073-8/bibED0E656866753C7CADD1BEFE0169CC87s1
http://refhub.elsevier.com/S0196-8858(23)00073-8/bibED0E656866753C7CADD1BEFE0169CC87s1
http://refhub.elsevier.com/S0196-8858(23)00073-8/bibFB19E94CE4E09A466D73772085094C55s1
http://refhub.elsevier.com/S0196-8858(23)00073-8/bib84300DEAC44CF98956996CEF795ADDECs1
http://refhub.elsevier.com/S0196-8858(23)00073-8/bib84300DEAC44CF98956996CEF795ADDECs1
http://refhub.elsevier.com/S0196-8858(23)00073-8/bib7E72E69C7F226EDE55694E94DD82ECD7s1
http://refhub.elsevier.com/S0196-8858(23)00073-8/bib7E72E69C7F226EDE55694E94DD82ECD7s1

52 G. Alsmeyer et al. / Advances in Applied Mathematics 150 (2023) 102555

[22] G. Kreweras, Une famille de polyndomes ayant plusieurs propriétés énumeratives, Period. Math.
Hung. 11 (1980) 309-320.

[23] H. Larralde, A first passage time distribution for a discrete version of the Ornstein-Uhlenbeck
process, J. Phys. A 37 (2004) 3759-3767.

[24] C.L. Mallows, J. Riordan, The inversion enumerator for labeled trees, Bull. Am. Math. Soc. 74
(1968) 92-94.

[25] G. Pélya, On the zeros of an integral function represented by Fourier’s integral, Messenger Math.
52 (1923) 185-188.

[26] R.W. Robinson, Counting labeled acyclic digraphs, in: New Directions in the Theory of Graphs,
Academic Press, New York, 1973, pp. 239-273.

[27] A. Sokal, Coefficientwise total positivity (via continued fractions) for some Hankel matrices of
combinatorial polynomials, Available at http://semflajolet.math.cnrs.fr/uploads/Main/Sokal-slides-
THP.pdf.

[28] A. Sokal, Some wonderful conjectures (but almost no theorems) at the boundary between analy-
sis, combinatorics and probability, Available at https://www.ipht.fr/Meetings/Statcomb2009/misc/
Sokal_20091109.pdf.

[29] R.P. Stanley, A survey of alternating permutations, in: Combinatorics and Graphs, in: Contemp.
Math., vol. 531, Amer. Math. Soc., Providence, RI, 2010, pp. 165-196.

[30] F. Steutel, K. van Harn, Infinite Divisibility of Probability Distributions on the Real Line, Marcel
Dekker, New York-Basel, 2004.

[31] J. Touchard, Sur un probléme de configurations et sur les fractions continues, Can. J. Math. 4 (1952)
2-25.

[32] W.T. Tutte, On dichromatic polynomials, J. Comb. Theory 2 (1967) 301-320.

[33] L. Wang, C. Zhang, Zeros of the deformed exponential function, Adv. Math. 322 (2018) 311-348.

[34] D.A. Wolfram, Solving generalized Fibonacci recurrences, Fibonacci Q. 36 (1998) 129-145.


http://refhub.elsevier.com/S0196-8858(23)00073-8/bib9D73F6315417E7434C22754295B073A5s1
http://refhub.elsevier.com/S0196-8858(23)00073-8/bib9D73F6315417E7434C22754295B073A5s1
http://refhub.elsevier.com/S0196-8858(23)00073-8/bibA21F9F6A38AFAD6D34EAC5E402E34B19s1
http://refhub.elsevier.com/S0196-8858(23)00073-8/bibA21F9F6A38AFAD6D34EAC5E402E34B19s1
http://refhub.elsevier.com/S0196-8858(23)00073-8/bib8E4F78435230B53A26C95B648C0F9FBBs1
http://refhub.elsevier.com/S0196-8858(23)00073-8/bib8E4F78435230B53A26C95B648C0F9FBBs1
http://refhub.elsevier.com/S0196-8858(23)00073-8/bib71CBCA772625FE84F6996FDA4FE2CB9Bs1
http://refhub.elsevier.com/S0196-8858(23)00073-8/bib71CBCA772625FE84F6996FDA4FE2CB9Bs1
http://refhub.elsevier.com/S0196-8858(23)00073-8/bibA1C3AFC906CF4E1D66051AA3FE3F66EBs1
http://refhub.elsevier.com/S0196-8858(23)00073-8/bibA1C3AFC906CF4E1D66051AA3FE3F66EBs1
http://semflajolet.math.cnrs.fr/uploads/Main/Sokal-slides-IHP.pdf
http://semflajolet.math.cnrs.fr/uploads/Main/Sokal-slides-IHP.pdf
https://www.ipht.fr/Meetings/Statcomb2009/misc/Sokal_20091109.pdf
https://www.ipht.fr/Meetings/Statcomb2009/misc/Sokal_20091109.pdf
http://refhub.elsevier.com/S0196-8858(23)00073-8/bibFE1C383D265C7B012A1C9C3D7C433AF5s1
http://refhub.elsevier.com/S0196-8858(23)00073-8/bibFE1C383D265C7B012A1C9C3D7C433AF5s1
http://refhub.elsevier.com/S0196-8858(23)00073-8/bibA30416B785282CA5F04A153274DF7138s1
http://refhub.elsevier.com/S0196-8858(23)00073-8/bibA30416B785282CA5F04A153274DF7138s1
http://refhub.elsevier.com/S0196-8858(23)00073-8/bib61ADEC8082CDCC6060B87BE733FFC46Fs1
http://refhub.elsevier.com/S0196-8858(23)00073-8/bib61ADEC8082CDCC6060B87BE733FFC46Fs1
http://refhub.elsevier.com/S0196-8858(23)00073-8/bibE8C942648568732863BEEC3465DE104Bs1
http://refhub.elsevier.com/S0196-8858(23)00073-8/bib7AF45EE8636FCA36F1A8EFDE61FE6402s1
http://refhub.elsevier.com/S0196-8858(23)00073-8/bibBD5B83A748305A4FCCDF967ED39BAFEAs1

	Persistence for a class of order-one autoregressive processes and Mallows-Riordan polynomials
	1 Introduction and main results
	2 The case θ∈[−1,1/2]
	2.1 Proof of Theorem 1.1
	2.1.1 Proof via linear recurrence
	2.1.2 Proof via polytope volumes

	2.2 Asymptotic behavior

	3 The case θ<0
	3.1 Proof of Theorem 1.2
	3.2 Behavior at θ=−1
	3.3 Proof of Corollary 1.3 and properties of the Jn(θ)
	3.4 Asymptotic behavior

	4 The case θ>0
	4.1 Proof of Theorem 1.4
	4.2 Proof of Corollary 1.5 and properties of the Jn(θ)
	4.3 Asymptotic behavior

	5 Miscellanea
	5.1 The Tutte polynomial on a complete graph
	5.2 Infinite divisibility
	5.3 Uniform innovations on non-symmetric intervals

	Acknowledgments
	References


