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The theory of commuting ODOs

The theory of commuting ODOs has broad connections with many
branches of modern mathematics:

® Non-linear partial differential equations (find new exact
solutions).

¢ Algebra (the Dixmier or Jacobian or Poisson conjectures,
representation theory)

e Complex analysis. Deformation quantisation ...
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The theory of commuting ODOs

Non-linear differential equations (KdV, Boussinesq, KN...KP)
Korteweg-de Vries equation modeled the solitary waves (solitons)
in shallow water.

)
COMMUTING ODOs «— ALGEBRAIC CURVES

Commutative Ordinary Differential Operators.
By J. L. BurcaNats and T. W. CHAUNDY.

(Communicated by A. L. Dixon, F.R.S.—Received December 22, 1926.—Revised
February 1, 1928.)

Schur, Wallemberg, Baker, Krichever, Mumford, Mulase ...
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The theory of commuting ODOs

Non-linear differential equations (KdV, Boussinesq, KN...KP)
)
COMMUTING ODOs (Lax pairs) «— ALGEBRAIC CURVES

DIRECT PROBLEM —
Implicitization
Inverse problem <+—
Parametrization

Beret's conjecture [Guo, Zheglov 2022].
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Spectral problem

Schrédinger equation
Vo — u(x)¥ = AV (1)

with u(x) satisfying a Korteweg de Vries (KdV) equation of the
celebrated KdV hierarchy. For instance, the classical stationary
KdV equation

Ussx — OuL, = 0.

A spectral parameter

(Drach’s Ideology, 1919) Brehznev 2008, 2012, 2013.
Integrate (1) as an ODE to obtain a parametric solution W(x; \)
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Spectral problem

(X, 0) ordinary differential field
field of constants C = C, characteristic 0.

Given

L in T[A]\C[3)]

assuming L is

Spectral PV fields
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ALGEBRO-GEOMETRIC = NON-TRIVIAL CENTRALIZER Z(L)

Parametric solutions W(x; A, 1)

L(W) =\, B(V) = uW
for Be Z(L), 0(\) =0, 9(n) = 0.



Commuting ODOs GD hierarchies Computing spectral curves Factorization Spectral PV fields

00000080 000000000000 00 00000 000000
00000000 [e]e] 0000000
0000000

Centralizers and spectral curves

Schur, Flanders, Krichever, Amitsur, Carlson, Ore....
[Goodearl, 1983]

Z(L) ={A e X9 | [L,A] = 0}

e Trivial Z(L) = C[L]
e Non-trivial Z(L) is a free C[L]-module, the cardinal of a basis
divides ord(L).

SPECTRAL CURVE T := Spec(Z(L))

Z(L) maximal commutative domain in X[3].
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ADAI Goals

Algorithmic Differential Algebra and Integrability (ADAI)

Develop Picard-Vessiot (PV) theory for spectral problems.
Use effective differential algebra to develop symbolic algorithms:

1. Compute almost commuting bases and Gelfand-Dikey
hierarchies.

2. Compute new algebro-geometric ODOs, order > 3.
3. Parametric factorization of algebro-geometric ODOs.

4. Existence and computation of spectral Picard-Vessiot fields.
Generalize
(MRZ 2021) J.J. Morales-Ruiz. S.L. Rueda, and M.A. Zurro. Spectral

Picard-Vessiot fields for algebro-geometric Schrodinger operators.
Annales de I'Institut Fourier, Vol. 71, No. 3, pp. 1287-1324, 2021.
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Centralizers in ring of pseudo-differential operators

Commutative differential ring (R, d), whose ring of constants is a
field of zero characteristic C

R((07Y)) = { zn: a0 |a;€ R, n€E Z}

i=—o00

L € R[0], centralizer in the ring of pseudo-differential operators

2(L)c 2((L)) ={A€ R((07) | [L,A] = 0}
ord(L) = n, 3! monic pseudo-differential operator @ = L/
Generalized Schur's Theorem [Goodearl, 1983]

Z((L) = zm: G@ |geC,meZ

j=—00
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Almost commuting basis
Based on [Wilson 1985]

W(L) = {B € R[9] | ord([L, B]) < n — 2}.
Given A=>"" 2;0" in R((071)) then AL =30, 2;0".

Z((L)+ ={A+ [ Ac Z2((L))}
(DJHRZ 2024) L € R[], ord(L) = n,
W(L) = Z((L))+-
C-vector space of almost commuting operators with basis

B(L) :={Pn:=(Q™)y |meN,Q=1Y"}
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Formal differential operators

U= {uwo,...,un_2} differential variables over Q.

L=0"+up20""% -+ 10+ up € Q{U}[I]

(DHJRZ 2024) Symbolic algorithms in Q{ U}[]:
e Almost commuting basis of Wy (L)

{(Pm=(Qm)y | 0<m<M,Q=LY"}
® Gelfand-Dikey (GD) hierarchy H,,; € Q{U}

[L, Pr] = Hmo 4+ Hm10 + ... + Hpn 20" 2.
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Wilson's Theorem
U= {u,...,u,} differential variables over Q.
Weight function w on Q{U} by w(u;) =¥, and
W(uék)):é—{—q, k=1,2,....

extend to Q{U}[0] by w(9) = 1, homogeneity of dp = pd + I(p),
for every p € Q{U} then
L=0"4+ud "2 4 up_10 + u, € Q{U}[I]
homogeneous of weight n
H(L) = {Pj=(//")4 | j €N}

is the unique C-basis of W/(L) under homogeneity condition: each
P; is homogeneous of weight j. (monic and in normal form).
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Triangular System

Fix 2 < m < M, differential variables Y = {y>,...,ym} over
Q{U}. Extend weight function w (yé”) =/{+ k.

P = 0™ 4+ 20" 2 -t Y10+ Y
homogeneous of weight m,
(L, Pm] = Emo+ Em10 + ...+ Eppym—30"T™3,

homogeneous of weight n+ m in Q{U, Y }[J]
(DHJRZ 2024) n, m > 2, the system

T = B U V)] = O | =80 o g e L)

has a unique solution Z = {q2,...,q9m} € Q{U} in the variables
Ym ={)2,...,¥m}, with weights w(q,) = ¢.
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Triangular System
Z={qo,...,qm} C Q{U} the weighted solution of E, ,

(DHJRZ 2024) i =3,..., m+ 1, the differential polynomial
Em,m+n—i(U7 Y)= ”y;—l + em,i—Z(Ua Yi_2),

with en j—» € Q{U}{Y_2} homogeneous of weight i for i > 3 and

they are total derivatives of polynomials in Q{U}.

We have recursive formulas

m 1__ .
qo ‘= ;U2, qi = Ea 1em,i(q27"'7qi*1)7 = 37"‘7m'

INTEG(em,;) with [Bilge 1992], [Boulier et al. 2016] for partial
derivations and general rankings.

F(z) € Q{z}, write as F(z) = 0(A(z)) + B(z)

in Q{U} iterate over uy > uz > -+ > u,.
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Gelfand-Dickey hierarchy for fix n

L=0"+ud" 2+ ...+ up_10 + up.
Differential field of constants (C, ) zero characteristic, Q C C.
The Lax equations in this case are
Ly =[Am, L], witht=tp,,

where
Am =04 a0 24 ...+ ap 10+ am € W(L) C C{U}[I].

in terms of the almost commuting basis

Am = Pm+ Cm,m—l'Dm—l +-+ Cm,OPOa Cmj € C.

ui,t_ m,n— I + E Cmd Jn / ),fOI“ I.:2,...,f77 mZQ
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n = 2, Korteweg-de Vries (KdV) hierarchy L, = 9?2+ up
m—1

urt = Hmo(U) + Z cmjHjo(U), m>2.
j=1

m—1
urr = KdVp(u2) + Z cmjKdVi(up) , m>2.
j=1

n =3, Bousinesq systems L3 = 0% 4+ 120 + u3

)

m—1
Uit = Hm3—i(U) + Z cmjHj3—i(U) ,for i=2,3, m>2.
j=1
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Boussinesq system m =5

[L3, Ps] = Es 50° + E5.40* + E5 30° + E520° + E5 10 + Es 0,
where
E575 = 3yI2 — 5U/27
E5’4 = 3y§ + 3y’2’ — IOU/Z/ — 5U/37
Esz= 3y, +3y5 +y5 + u2y; — 3upys — 10uy’ — 10uf,
Esp, = 3ys+3y; +y3 + uzy; — 3ujys — 2upys — 3ujys — 5u(24) —10uy’,
Es1= 3yl +y)" +wy, — ui'yo — ujys — upya — 3ufyr — 2uiys — u£5) - 5u§
Eso= uyl— uf'ys — ufys — uhys — o) + y2".
Solving the triangular system w.r.t. {ya, y3, s, y5} we obtain
Z ={42,93,q4,95} and
~ 5 5 5 10 5 5
P5 = 5Z(P5) :85 + §U283 + (3Ué + 3U3> 82 + <9Ug + gUé + 9U§> 8

+ l—ou”—l—Euu
9 3" 92
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The system of the GD hierarchy at level m =5 is,

upt = Hs1+ csaHa1 + cspHo1 + c51H1 1,
u3,s = Hso+ csaHao + cspHa o+ c51H1 0

where
10 5 10 20
—Hso(ua,u3) = “——thuous + ~usuly + —uy uz + —uiul
9 9 9 9
5 5 5 5 1 s
= 52(E5’0) —|—§U£Ug + §U2U”/ — §UgU3 — §Ué2 + §U:(3 )
5 5 5
—Hs1(u2,u3) = §u§u§ + §u§”uQ + §u§’u§ + §U£IU3 + guéug
10 1
= 5Z(E571) —fU§U3 + §u£5)

3
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SageMath module almost_commuting.py

https://github.com/Antonio-JP/da_wilson

n:
n
n:

SvwnN

-
-
-

Figure: Time (in seconds) spent when calling the method
almost_commuting_wilson for inputs (n, m) ranging n =2,3,5,7 and
m =2, ...,14. Each line represents the different times for a specific
value of n while values for m = 0 (mod n) are skipped since they are not
representative for time considerations.


https://github.com/Antonio-JP/da_wilson
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Spectral curve of L

(RZ 2024)

Generalized Schur's Theorem

m
Z((L) =4 > gP/"lgeCmez

j=—o0
n = ord(L), in the ring of pseudo-differential operators X ((971)).

Commutative differential domain
Z(L) = z2((L)nx[9]
Spec(Z(L)) is an abstract algebraic curve I

Compute the defining ideal of
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BC Ideal of a pair

Commuting P and Q@ in X[0]
ep.q ¢ CIA 1] — Z[0]
homomorphism of C-algebras defined by
g(P, Q) = ep,q(g) = ep,o(0ij\ 1) = 0;;P'Q.
Define the Burchnall-Chaundy BC ideal of the pair P and @ as
BC(P, Q) := Ker(er,o) = {g € C[A, 1] | g(P, Q) = 0}.

Its elements are BC polynomials
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Spectral curve of a pair

Commuting P and Q@ in X[0]\C[0]
Z(P) finitely generated C[P]-module = BC(P, Q) non zero ideal.
Y [0] domain = BC(P, Q) prime ideal.

Spectral curve I'p g := V(BC(P, Q))

Coordinate ring of ['p g

CA 4]

BC(P. Q) ~ C[P, Q].
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Spectral curve of a pair

There exists an irreducible polynomial f € C[\, p] such that

BC(P, Q) = (f)

Mp.o = { (Mo. o) € C?| f(No, o) =0} .

How do we compute 1?7
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Computing BC ideals

Given (monic) P, Q € X[J], then P — X\, @ — p in D = X[\, .
ord(P) = n, ord(Q) =m
h(A, ) =0Res(P — A\, Q — ) = p" — A" + ...
a non trivial polynomial in X[\, y]
Generalize [Wilson, 1985], [Previato, 1991].
(RZ 2023) Arbitrary (X,9), Const(X) = C = C.
If [P, Q] = 0 then h(\, u) € BC(P, Q).

1. Proof by Poisson's Formula h(\, ) € C[A, ).
2. Proof by elimination ideals h(P, Q) = 0.
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Ly

ggo&gcorérgggzoo Computing spectral curves gaocct)cc»)rgatwon %%cggglol)\/ fields
- _ -2
Rosen-Morse potential u; = o ()
—0? + w1, [L1,A3] = KdVo(u;) + KdVy(u;) =0
(A ) = =1 = AN = 1)? =
= ORes(L1 — N\, A3 — u) =
_2 sinh(x) 4 (sinh(><))2
0 oo~ 8lmmty @ ~ L2 oty
-2 sinh(x)
-1 0 (cosh(x))? A (cosh(x))?
-2
0 -1 0 (cosh(x))? A
-3 sinh(x) 3 (sinh(x))2
0 7 71 oy “H  eom@P ~ 2 (cosh())"
-3 sinh(x)
-1 0 oG T3 sy
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Elimination ideals
Left ideal
(P=XQ—u)={C(P=X)+D(Q—p)| C,DeXA uld]}
Two sided ideals
EP-NQ—p):=(P-X\Q—uNI\ ul

and
Ec(P=AQ—p)=(P—-AQ—pu)NCIA p]

By definition of the differential resultant
h(A, ) = ORes(P — X\, Q — ) € Ec(P— X\, Q — p).

Thus both elimination ideals are nonzero.
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Elimination ideals

Commuting P and Q in X[0]\C[0], both of positive order,
f = /h, with h = ORes(P — \, Q — ).

(RZ 2023)
1. The radical of the elimination ideal Ec(P — A, Q@ — p) equals

BC(P, Q) = (f).

2. The radical of the elimination ideal £(P — X\, Q — ) equals [f].
Recall f € C[A, ],

(f) = C[A\, u]f and [f] = X[\, p]f differential ideal.
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New coefficient field
P,Q € X[0]

[P, Q] = 0= dRes(P — X\, Q — p) = f(A, )" € C[A, p].

As differential operators in X[\, ][9],

ORes(P— A\, Q — ) #0 = gerd(P — A\, Q — u) = 1.

cor0= ()

As differential operators in (I'p q)[d],

ORes(P— A\, Q — ) =0= gerd(P — X\, Q — u) # 1.
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Centralizer ord(L) = 3

Given L € X[0]\C[0], with Z(L) # C[L].
Z(L) is a free C[L]-module of rank 3.

{1, A1, A>} basis of Z(L) as a C[L]-module.
A; is a monic operator in Z(L)\ C[L] of minimal order

oj :=ord(A;) =i (mod 3).

2(L) = Cl1] & C[L]Ar & C[LAs = CIL, Ay, A



Commuting ODOs GD hierarchies Computing spectral curves Factorization

00000000 000000000000 00 00000
00000000 [e]e]
O®00000

BC ideal ord(L) =3

eL : C[A, pa, 2] — X[0]
ep,@(A) =L, epq(u1) = A1, ep q(u2) = As.

Image of e,
Z(L) = C[L, A1, A7)

Given g € C[A, u1, u2] denote

g(L, Al, A2) = el_(g).

Spectral PV fields

000000
0000000

BC(L) = Ker(e/_) = {g S C[)\,,ul,ug] | g(L, Al,Az) = 0}
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Spectral curve ord(L) =3

Spectral PV fields
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ord(L) = 3 in X[8], Z(L) = C[L, A1, As], ord(A;) =3 i

{ f; = aReS(L*)\,A,‘ — ,'), i = 1,2
f:{ = 8Res(A1 — U1, A2 — ,ug)

are irreducible in C[\, u1, 2] since

BC(L, A;) = (f;) and BC(A1, A2) = (3)

(0) C (fi) C (£, )

N

M= V(BC(L)) C ~:=V(A,h k) C B:=V(h,h)

(. f.f) CBC(L), i=1,2.

Space algebraic curve 8 = V/(fi) N V(f) is the intersection of the
irreducible surfaces defined by fi(\, 1) = 0 and f(\, u2) = 0.
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Spectral curve ord(L) =3

Theorem: (RZ 2024) BC(L) is a prime ideal
BC(L) = (h, 2, f3)
Irreducible affine algebraic curve in C3
= V(BC(L))

C[>\7 M1, ,u2]

2(L) = €l = =5

Spectral PV fields
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If ord(Az) = 2 then A; = A3 implying that f3 = (1 — +?)2.

CIA\ 4]

Z(L) = C(Az) = C[L, Ao] ~ (5)

coordinate ring of a plane algebraic curve.
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Planar spectral curves

[Dickson, Gesztesy, Unterkofler, 1999] ¥ = C(x),0 = d/dx

Z(L) = C[L, A1, Az] , ord(A1) = 4,0rd(A) = 8.

We compute the generators of the ideal BC(L) = (f1, 2, f3)
using differential resultants

fl:_Mi’_{_()‘_h)‘l’@:_M3+(>‘_h)87f-34:(/$2_:u%)4'

Since f3 is the BC polynomial of A; and A, we have A, = A%,
implying that
C[)\v ,Ufl]

Z(L) = C[L, Ay] ~ @
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Non-planar spectral curves
(RZ 2022) ¥ = C(x),d = d/dx

12

L:83—%8+—3+h, heC.
X X

Z(L) = (C[L, A1, A2] with ()I"d(Al) =4, ()I'd(A2) =5.
Using differential resultants we compute

=3+ (A=h* b=+ (A= h)>, =915

BC(L) = (f1, f, f3) is a prime ideal.
First explicit example of a non-planar spectral curve.

The curve defined by BC(L) is a non-planar curve ' parametrized by

R(7)=(h— 73,7 775),7' e C.
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New coefficient field

ord(L) =3
Theorem: (RZ 2024)

[BC(L)] is a prime differential ideal of X[\, 11, o]
Differential domain

X[\ g, o)
== "G

Its fraction field
()

is a differential field with the extended derivation.

Spectral PV fields
00000

0000000
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Intrinsic right factor
ord(L) =3 in X[9], Z(L) = C[L, A1, A)]
Theorem: (RZ 2024) The greatest common right divisor in X(I")[J]
0+ ¢ =gerd(L— N\, AL — p1, Az — o)

equals gerd(L — A\, A; — p1) = gerd(L — A, Ax — 12)
and divides gCl“d(Al — M1, A2 — /,42)).

Assume L = 93 4+ 110 + ug
L=X= (0" =90+t —20'+¢%) - (0+9),
in X(IM[9], under the condition

¢* + g —3¢¢ — ug+¢" + A= 0.
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Non-planar spectral curve

N(r) = (—7'3 +1,74, —7'5), T e C.
The first differential subresultants of L — A\, Ay — 1 and Ay — po
pairwise are equal to

¢i,0 + ¢i,187 = 17 27 37 ./ = 07 17
with

¢1,0:(1*)\)M1*XL BAZL). P11 =(A—-1)*— 2“1+4( by,
¢2,o:(1—A)3_M+8#2 o1 =(A—1)3 - M+M

x4 x3

4 8 2u2 | 4
$30 = —p2 (u1+ 7 —L) ¢33 = pd — T2 + M,
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We have ord(A;) = 4 and ord(Az) =5 thus

6=3 = zo L BC(L)], i=1,2,3.

1,i

733 4+ 272x2 —4rx + 4

o(7) == ¢i(R(7)) = (722 — 27x 1 2)x

Thus
3 2 2 ;0
L+7m°—-1= (6 + ¢(1)0 + (1) + 2¢(7) — x2> (0 + ¢(1))

At every point Py = R(7p) of the spectral curve ' of L we recover
a right factor 0 + ¢(1p), for 79 # 0.

7 free parameter. Full factorization? — Parametric Picard-Vessiot
theory [Cassidy, Singer, 2006], [Arreche 2016]
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Algebro-geometric Schrédinger operators

Ls = —0%+ us

where us are KdV-solitons, solutions of KdV4(u,¢®) = 0.

Rational Rosen-Morse Elliptic
s(s+1) —s(s+1)
Us= ———= | Us = ————= | Us = s(s + 1)p(x; g,
s X2 s coshz(x) s ( )o(x; 82, 83)

[Veselov, A.P., 2011. On Darboux-Treibich-Verdier Potentials.
Letters in Mathematical Physics, 96(1), 209-216.]
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Algebro-geometric Schroédinger operator

Algebro-geometric Schrodinger operator Ly = —02 + us
Z(Ls) = C[LS, A2s+1]-

fs()‘a ;UJ) = 8ReS(Ls — A Aosy1 — ,U) = _MZ + R2s+1(A)
fs is irreducible in X[\, p]

- () mer-o ()

Factorization of Ls — A = (=0 — ¢5)(0 — ¢s) in £(I'5)[0].

0 — ¢s = gerd(Ls — A, Axs 1 — 1)
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Spectral Picard-Vessiot extension

Theorem: (MRZ 2021) The field of constants of (X(I's), d) is C(T’).
C(Ts) is not algebraically closed!

Definition:(MRZ 2021) A differential field extension £ of ¥(Is) is
called a Spectral Picard-Vessiot extension over the curve I'; of
the equation (Ls — \)(W) =0 if:
1. £L=%(Is)(V1,V3), the differential field extension of X (')
generated by {W;, W5}, a fundamental set of solutions of
(Ls — A)(V) =0.
2. L and X(Is) have the same field of constants C(Is).

[Kaplansky, 1976], [Crespo, Hajto, 2011]
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From the right factor to the solutions

Ls — A= (=0 — ¢s)(0 — ¢s) in X(T5)[0]
p+ () —p+ aA)
b= s = LT BN gnd = HTRA
i p2(A) ©2(A)
Nonzero solutions W and W_ of (Ls — \)(V) = 0 are defined by
the differential relations
6(\U+) = ¢+\U+ and 8(\U_) = gb_\ll_
WV, and W_ belong to the differential closure of the field X(Ts).

A U
VoW = paw(V, V) e X(Is).

24
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Existence of spectral Picard-Vessiot extension
We have
(M) (W, Vo) =E(Ts)(Wy) = E(Ts)(V-)
a Liouvillian extension of ¥(I's) since

(V)
vy

= ¢4 and 8(“\1!/) = ¢_ belong to X ().

X(Fs) & Z(Is)(Vs)

)

c(rs) C(rs)
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Existence of spectral Picard-Vessiot extension

Ls algebro-geometric Schrodinger operator
Ls — A= —(0— ¢s)(0 — ¢s) in X(['5)[D].
Solution W of (Ls — A\)W = 0 defined by 9(Vs) = ¢psWVs.

Using [Bronstein, 2013]

Theorem:(MRZ 2021)
1. W, is transcendental over X(Is).
2. The field of constants of X(I's)(Ws) is C(I's).

Theorem:(MRZ 2021) X(I's)(Ws) is a Spectral Picard-Vessiot exten-
sion over the curve I of the equation (Ls — A)(V) = 0.
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Recovering classical Picard—Vessiot

Ls = —0? + us algebro-geometric,
K = C{us), field of constants C = C
(—0+65)(Vs)=0
C(Ts) K(s) ————— K(Is)(Vs)
Po = (Mo, o) in T's (singular or not),
Po & Zs = {(},0)| Ras+1(A) = 0}

K{(yo) is the PV extension of K = C(us) for Lsy = Agy.
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Rational spectral curves

T is an algebraic indeterminate over K = C(us)

C(Is) 2 C(r)  with p1(A) = x1(7) and p1() = x2(7)

K(I's) ="~ K(7)

C(rs) —2=C(7)

p1 extends to an isomorphism o: K(I'5)[0] ~ K(7)[0].

[Makar-Limanov, 2021]. Centralizers of rank one in the first Weyl
algebra provide rational curves.
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One-parameter form factorization

Ls — x1(7) = o(Ls — \) -
in K(7)[0], with ¢s = p1(¢s)
Azsy1 — x2(T) = 0(Aast1 — 1)

Ls = x1(r) = (=0 = $5)( = &5), in K(7)[2].

Theorem:(MRZ 2021) The Liouvillian extension K(7)(Ts) of K(7),
by a nonzero solution T, € K(7) of (9 — ¢5)T =0, is a transcen-
dental extension with field of constants C(7).
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One-parameter form Spectral Picard-Vessiot

Spectral PV extension K(I's)(Ws) of K(I's) for Ls — A

K(Fo)(Ws) —2m K(7)(Ts)

Jo

C(rs) ——=C(7)

Parametric Picard-Vessiot theory 7 free parameter.
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Advanteges:

e FEffective computation of Liouvillian solution Ts.
K(7) = Clus)(7) = C(7)(us)C K(7)(Ts).

If us is a monomial over the differential field C(7) one can
address the integration of (0 — ¢s)T = 0 in the differential
algebraic setting of (Bronstein, 2013).

® We established the appropriate algebraic setting to solve the
spectral problem analytically for rational curves, possibly with
singularities. Whenever u = u(x) is an analytic potential in
some complex domain, we describe the analytic character of
the Liouvillian solution.
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Rosen-Morse us = ijl) s>1
cosh”(x)
K = C(z = €¥), 0 = d/dXx, field of constants C.

Rational curves I's, (x1(7), x2(7)) = (=72, =7 [[[_1(7? — ?)) .

p+ 30(¢)
P

- (22 +1)3xa2(7) + 2* — 22

= € C(7)(z
é1 (Z2+1)((22+ 1) a(r)+ 24+ 22+ 1) (1))

Since z = e is transcendental over C(7), using the symbolic

integration package of Maple to obtain T as int(¢s, x).

¢1 =

T—-1)z22+7+1
z2+1

T, = ( eTe C(r, e, e 7).

All functions are analytic outside the analytic set

E={z+22+1-(2+1)0**=0} cC?
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Spectral problem

(X, 0) ordinary differential field
with field of constants C = C, characteristic 0.

Given a normalized ODO and p prime or not

L=0P 4 up20P 2+ + u1d+ up in Z[J],
assuming L algebro-geometric

NON-TRIVIAL CENTRALIZER Z(L) ~ C[I]

=N
Spectral PV extension of X(I') for L(W) = AV
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